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''pHE present work is intended as a te: 

olasses of students in onr schools. It di 
respeots from the existing text-books on the 



Algebra like every other branch of Mathematics should be studied 
more as a subject for mental discipline than for anything else. Ac 
intelligent grasp of principles, therefore, is to be ohiefly aimed at and 
net the mere learning by rote of a certain number of rules with some 
readiness in their application. This is tbe ideal I have ever kept is 
view in the preparation of this work. 


The elementary principles of the subjeot have been dwelt upos 
at considerable length in the earlier chapters of the book. The full 
import of negative quantities has been explained, it is believed, with, 
some degree of dearness, almost at the very outset, and rules for their 
addition and subtraction have subsequently been deduced therefrom by 
a very simple mode of reasoning. 


The proposition of each article after being dearly demonstrated 
has been copiously illustrated by a number of seleot examples, a much 
larger number of other examples, arranged progressively, has then been 
added as an exercise for the student. The last article of each chapter 
consists of a number of miscellaneous examples fully worked out as 
interesting illustrations of special artifioes; these again are followed 
by Bimilar others for exercise. 


The ohapters on Formulae and Factors will, it is hoped, be 
particularly acceptable to the young learner. The subject of factori¬ 
sation has been treated exhaustively as far as the limits of this work 
would allow. The last ohapter, on Elimination and Miscellaneous 
Artifices will, I hope, be of considerable use to the more advanoed 
student. 


Entrance Examination Papers of tbe Calcutta University from 
1858 to 1890 will be found at the very end. The more important 
and difficult problems from these papers aie fully worked out in the 
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body ol the work in Illustration of the principles upon which their 
solutions depend, whilst others, comparatively simpler, have been 
suitably introduced among the exercises, just to give the student an 
opportunity of reassuring himself, when successful in working them 
out with unaided exertion, that his knowledge has, to some extent 
at lust, come up to the University standard. With the examination 
papers are also given references to the pages where these problems 
are to be found in the body of the work, 

Instead of ending the book with a collection of miscellaneous 
examples promiscuously arranged, I have added a number of mis* 
aellaneous examples in the form of separate examination papers, any one 
of which may be regarded as a good exercise for the student at a 
sitting of about two hours and a half. 

The entire book contains nearly 3000 examples in all, of whlob 
over 4D0 are fully worked out. Many of these examples have been 
specially devised for this work whilst for the rest I am indebted to 
several of the standard works of English Universities. 

I have attempted to make the work useful to the school student 
so a muns of acquiring algebraical skill along with a sound knowledge 
of principles, and I have spared no painB for it. It is now ior all 
experienced teachers of mathematics to judge as to how far I have 
been successful in my endeavour. To gentlemen interested in the 
uuse of education I shall be much obliged if they will kindly com* 
munloate to me any corrections or suggestions that they may oonsider 
neoeeaary for the improvement of the work. 


DACCA : March, 1890 


K. P. BASU 
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PREFACE TO THE SECOND EDITION 

A FEW words of explanation seem to be necessary in connection 
with the publication of this edition. The first edition having been 
published rather unseasonably- last year, I did not at all anticipate 
that a second edition would be in domand so soon. Accordingly the 
work of re-publication was not taken at hand earlier than January 
last. But the book beginning to be received with increased favour 
in different educational circles with the commencement of the new 
academic session, the first edition, consisting of 2250 copies, was found 
to be exhausted before the end of the last month. Hence, in the 
interests of the Btudents of all thoBe schools in which the book has 
been adopted as a text-book, my publisher had no other alternative 
than to hasten the work by all possible means. In consequenoe of 
this, I am sorry, I have not been able to give the book as thorough 
a revision as I intended, nor to effect suoh improvements as have 
been kindly suggested by some friends 

DACCA : March, 1891 K. P. BASE 


PREFACE TO THE FIFTH EDITION 

in this edition the bulk of the work has increased by about 60 pages. 
The additions that have been made are as follows : (l) an inorease 
in the number of examples of exercises in the earlier chapters of 
the book; (2) the insertion of examples with Fractional Indices In 
the chapters on Multiplication and Division ; (3) the introduction 
of three sets of Miscellaneous Exeroises in suitable places in the 
body of the work ; (4) an article on the Method of finding the Cube 
Boot of a Compound Algebraical Expression ; and (5) a ohapter on 
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Quadratic Equations. For several o( these Improvements I am 
indebted to the kind and repeated suggestions cl triends who aie 
praotieal workers in the field of eduoation. It is, therefore, hoped that 
the present edition will be found considerably more useful than ite 
predecessors. 

Dacca : January, 1894 K. P, BASD 


PBEFACE TO THE SIXTH EDITION 

In this edition the book has been thoroughly revised and answers 
to the examples in all the exercises have been carefully verified. Some 
additions and alterations have been occasionally made, but they do 
not deserve any special mention. I am indebted to several friends 
for their kindness in pointing out errors and misprints. My special 
thanks are due to Babu Bepinbihari Ganguly, B.A., Teacher, Jubilee 
Sohool, Dacca, and to Moulvie Abdullah Khan, leaoner, D. B. School, 
Dipalpur (Montgomery), 


Dacca : April, 1896 


K. P. BASD 
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INTRODUCTION 

1. How things are measured and represented by number. 

This will bo best explained by taking up some particular instances 
familiar to the student. 

(i) If we want to know the length of a piece of cloth, we are 
satisfied when we find how often this length contains a smaller length 
oalled a metre (lonnicnnth of the distance between a pole and the equa¬ 
tor of tho earth—39’37011... inches). 

(ii) If we want to know the distance between Daoca and Calcutta, 
we are satisfied when we aro told how often this distance contains 
a smallor distance called a kilometre. 

(iii) If we want to know the value of a sum of money, we are 
satisfied when wo are told how often this sum contains a smaller 
sum called a rupee. 

(iv) If we want to know the weight of a quantity of rice, we are 
satisfied when we find how often this weight contains a smaller weight 
called a kiloyram. 

From the above instances it is clear that whenever we have 
to measure a thing, we do so by finding how often it contains a smaller 
thing of the same kind. The ‘smaller thing' chosen for this purpose is 
called the unit and the number which shows how often this unit is con¬ 
tained in the thing measured is called the numerical measure (or simply, 
the measure) of the latter ; thus, in the first instance, the unit of length 
is a metre ; in the second, the unit of distance is a kilometre ; in the third, 
the unit of money is a rupee ; and in tho fourth instance, the unit of 
weight is a kiloyram. Again, if we know that the piece of cloth is 
10 metres long, that the distance between Dacca and Calcutta is 
416 kilometres, that the sum of money is 500 rupees, and that the 
weight of the rice is 25 kilograms, then, 10 is the measure of the 
length of the cloth, 416 is the measure of the distance between Daoca 
and Calcutta, 500 is the measure of the sum of money, and 25 is the 
measure of the weight of the rice. 

A thing is said to be represented by the number which shows how 
often that thing contains the unit of its kind ; thus, in the above 
instances, the length of the piece of cloth is represented by 10, the 
distance between the two places is represented by 416 ; and so on. 
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Note 1. Such expressions as ‘a sum of money estimated Aft pounds -SO'. 
‘a distance estimated in kilometres-96’, and the like, respectively mean ‘the numerical 
measure of a sum of money when a £ is the unit, is SO', ‘the numerical measure of 
a distance when the unit is a kilometre, is 96’, <tc. 

Note 2. It must be clearly understood that one and the same thing will be 
represented by different numbers when the units are different; thus, taking a metre as 
the unit, a length of 10 metres is represented by 10, Out if the unit be 9 metres, the 
same length is represented by 6. 

Example 1. If the unit of length be a metre, what will be the 
measure of 5 decametres and Si metres ? 

5 decametres and 2 metreB, being equivalent to 52 metres, evidet tly 
contains the unit of length (i.e., a metre) 62 times. 

Qenoe, the required measure is 52. 

Example 2. If a minute and a half be represented by 30, what is 
the unit of time ? 

A minute and a half is equivalent to 90 seconds. 

Now, since 30 is the measure of 90 seconds, it is clear that tie 
unit of time is contained 30 times in 90 seoonds. 

Hence, the unit of time is Ath part of 90 seconds, and is, therefore, 
equal to 3 seconds. 


EXERCISE 1 

1. What will be the measure of 2 quintals and 20 kilograms, 
when a kilogram is the unit of weight ? 

2. What will be the measure of the same weight, when 10 kilo* 
grams is the unit 1 

3. If a distance of 360 kilometres be represented by 30, what is 
the unif of distance ? 

4. If the same distance be represented by 45, what is the unit 1 

5. If a sum of 400 rupees be represented by 16, what will be the 
measure of Rs. 225 ? 

6. If a length of 8 metres and.8 decimetres be represented by 22, 
what will be the measure of 4 metres and 8 decimetres ? 

1 . Wbat must be the unit of time in order that 3 hours End 
45 minutes may be represented by 6 ? 

8. If the unit of time be 15 seconds, what time will be represented 

*§«>? 
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9. If the unit of weight be 74 kilograms, what number will 
represent 14 quintals ? 

10. If 8 square metres be the unit of area, what number will repre¬ 
sent an area of 1250 square centimetres and what will represent 162 sq. 
metres 7 

11. If an area of 125 sq. metres be represented by 84, how many 
square metres are there in 3 times the unit of area ? 

12. What is the unit of money if a sum of £10. 2s. 6d. be repre¬ 
sented by 27 7 

18. If 7s. 8(2. be the unit of money, what will be the measure of 
£7.13s. id. 1 

14. If Rs. 5. 71P. be the unit of money, what will be the 
measure of Rs. 51. 39 P. 7 

15. If 23 kilograms 55 grams be the unit of weight, what will be the 
measure of 6 quintals 45 kilograms 540 grams 7 

16. If Rs. 20. 2 P. be represented by 54. what will be the measure 
of Rs. 43. 68 P., supposing the new unit to be 3 times the former 7 

17. If 273 be the measure of 9 cwt. 3 qrs., what number will re¬ 
present one ton, supposing the new unit to be one-eighth of the former 7 

18. If 84 be the measure of 11 metres 9 decimetres, what number 
will represent 22 metres 5 decimetres supposing the new unit to be 
three-seventeenths of the former 7 

19. If 26 days 10 hours and 26 minutes be represented by 120, 
what number will represent a leap-year, supposing the new unit to be 
47 minutes 13 seconds less than the former 7 

20. In the preceding example what would be the answer if the 
latter unit exceeded the former by 6 hours 54 minutes 47 seoonds 7 

2. Different uses of the word Quantity. 

(i) Anything that can be represented by number is called a 
Quantity. Thus, time, weight, money, distance, &c., which all admit of 
numerical representation, as shown in the preceding article, are 
quantities. 

(ii) Quantity is also often used in the sense of number, integral 
or fractional. 

(iii) An algebraical expression also is sometimes called a quantity. 
[We shall refer to this again in its proper place. ] 

N. B. Quantities like weight, money, distance, area, Ac., are often spoken 
of as concrete quantities as distinguished from numerical quantities which mean 
only Arithmetical numbers, integral or fractional. 

[ Note. Any whole number is called an integer or aft integral number. ] 
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3. What is Algebra ? Algebra, like Arithmetic, is a sclenoe 
ot Humbert with this distinction that the numbers in Algebra are 
generally denoted by letters instead of by figures. 

Hence, whenever concrete quantities come under the domain of 
Algebra, it is only their numerical measures (i.e., the abstract numbers 
whioh represent them) with which we must concern ourselves. 

Note. The name 'Algebra' is derived from the title of a certain Arabian 
treatise ’Al-jebrui’al Muqabalah’ . This book was-translated by early European 
scholars who first learnt of Algebra from the Arabs. But as in Arithmetic, so in 
Algebra, the Arabs got their first lessons from the ancient Hindus whose contributions 
to (hit science are of a fundamental character. Even some of the technical terms 
which are commonly used in modern Algebra are of Hindu origin, 
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CHAPTER I 

SYMBOLS : SIGNS : SUBSTITUTIONS 


4. Symbols. The letters of the alphabet a, b, c . . Ac. are 

need to denote numbers and the signs +, —, x, +, — ,.&o. are 

used either to denote operations to be performed upon the number to 
which they are attached or as abbreviations. Those letters and signs 
are called symbols. 

The letters as distinguished from the Bigns are called symbols oj 
Quantity. 

5. The Plus Sign. The sign + is read plus and when placed 
before a number indicates that the number is to be added to what 
precedes it. Thus, a + b (which is read a plus b) means that the number 
denoted by b is to be added to that denoted by a ; hence, if a denote 5 
and b denote 3, a + b denotes 8. Again, a + b + c means that the number 
denoted by b is to be added to that denoted by a, and to the result thus 
obtainod, is to be added the nutnbor donoted by c ; hence, if a, b, C 
denote 5, 3, 2 respectively, a + b + c denotes 10. 

6. The Minus Sign. The sign - is read minus and when 
placed before a number indicates that the number is to be subtracted 
from what precedes it. Tims, a- b (which is read a minus b) means 
that the number denoted by b is to be subtracted from that denoted 
by a ; hcnco, if a denote 8 and b denotS 3, a — b denotes 5. Again, 
a — b — c means that the number donoted by b is to be subtracted from 
that donoted by a, and from the result thus obtained, the number 
denoted by c is to be subtracted ; hence, if a, b, c denote 8, 3, 1 respeo 
tively, a-b — c denotes 4. 

N. B. When lany number of quantities are connected' with one another by 
the signs plus and minus, the order n) the operations is from lmil to right. Thus, 
fl —b + c cans that the number denoted by b is to be subtracted from that denoted by a 
and to the result thus obtained , is to be added the number denoted by c. 

7. The Sign Plus or Minus. The sign ± is read plus or 
minus and when placed before a number indicates that the number is 
to be either added to or subtracted from what precedes it. Thus,' if 
a denote 7 and b denote 2, a±b (which is read a plus or minus b) denotes 
either 9 or 5.. 

8 . The Sign of Difference. The sign ~ when placed between 
two numbers indicates that the less of the two is to be subtracted 
from the greater. Thus, if a denote 5 and b denote 8,a*l denotes 3. 
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9. The Sign of Multiplication. The sign x i B read into and 
when placed between two numbers indicates that the number on the 
right of it is to be multiplied by that on the left. 

Thus, a x b (which is read a into b ) means that the number denoted 
by 6 is to be multiplied by that denoted by a ; hence, if a denote S and 
b denote 3, a x b denotes 5 times 3, or 15. 

The sign of multiplication is generally omitted when its position 
is between two numbers either (1) both of which are denoted by letters, 
or (2) the first of which is denoted by a figure and the second by a letter. 
Thus, ab is used for a x b, and la for 4 x a. 

Note. The reason why S3 cannot be used for 8x3 is clear, because in Arith¬ 
metic 83 has already been understood to mean 80+3. 

Sometimes the sign x is replaced by a dot, thus, a.b and 5.4 
respectively mean the same as a x b and 6x4. The dot so used is always 
placed as shown in the above instances in order to distinguish it from 
the decimal point which is put a little higher up ; thus, 5.4 is read five 
into four whereas 6'4 is read five decimal four. 

10. The Sign of Division. _ The sign + is read by and when 
placed between two numbers indicates that the number on the left of it 
is to be divided by that on the right. Thus, a+5 (which is read a by b) 
means that the number denoted by a is to be divided by that denoted 
by b ; hence, if a denote 6 and b denote 3, a+b denotes 2. Similarly, 
a -+5+c means that the number denoted by a is to be divided by that 
denoted by b; and the result, thus obtained, is to be divided by that 
ntunber denoted by c. 

N. B. When any number of quantities are connected together by the signs of 
multiplication and division, the order of the operations is always from left to right. 
Thus, a x 6+e means that the number denoted by bis to be multiplied by that denoted 
by a, and the result, thus obtained, is to be divided by the number denoted by e. 
Similarly, a+b x c means that the fuimixr denoted by a is to be divided by that i ' ended 
by b and the result, thus obtained, is to be multiplied by the number denoted by c. 

Note, a divided by b is also often expressed as r > thus, z means the same 

0 o 

as a+b, 

11. Expression; Term. Any intelligible collection of letters, 
figures and signs of operation is called an Algebraical Expression. Suoh 
a collection is also sometimes called an Algebraical Quantity, or briefly, 
a Quantity. [ See Art. 2 ] 

Note. Signs like +, —, x, +, which indicate the operations to be performed 
■upon the numbers to which they are attached, are called eigne of operation. 

The parts of an Algebraical Expression that are connected by the 
sign + or - are oalled its terms. 

Thus, 5a+a6 +exd-8flx/+flf is an algebraioal expression of whloh 
the terms are 6a, ab-*-e x d, 8c x/+j. 
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Expressions are either simple or compound. A simple expression 
is one which has no parts connected by the sign + or —, i.e., whiob 

consists oi only one term, as 3 ab, ^ —g z 1 an ^ * 8 a ^ B0 ca ^ 6 ^ a 
Monomial. A compound expression consists of two or more terms ; if it 
consist oi swo terms, as 2a + 5bcd, 5* + ^' it is called a Binomial', if 

of three terms, as a + bc + Befg, x xy+z + aXc ~9e’ a Trinomial ; and if 
of more than three terms, a Multinomial or a Polynomial. 

12. Functions; Variables. Any expression involving a letter 
is called a function of that letter. Thus, x“+5x + 8 is a function 
of x ; a a + ab+b a is a function of a and b ; a 8 + b B + c" + 2 abc is a funo* 
tion of a, b and c ; and so on, 

The letters of which a function consists are called its variable t. 
Thus, x a + 5xy + v a is a function of which the variables are x and y. 

13. Sign of Equality. The sign — is read ‘equals' or 'is equal 
to' and when placed between two expressions indicates that they are 
ejnal to one another. Thus, i + C“a (which is read b plus cequalsa ) 
means that the number denoted by b + c is equal to that denoted by o. 

EXAMPLES 

N. B. (1) A distinction must be observed between a-5-bxe and a-rbc. The 
tatter means that the number denoted by a is to be divided by that denoted, by be, 
whereas the former means that the number denoted by a ts to be divided by that deno¬ 
ted by i, and the result, thus obtained, is to be multiplied by the number denoted by e. 
That is to say, when the sign of multiplication is omitted between any number of 
guanliiies, the result obtained by multiplying them together is to be regarded as a 
single quantity. 

N. B. (0) In finding the value of any expression the values of the several 
terms which it contains must be first determined by the process mentioned in the Note 
of Art. 10 and afterwards the value of the whole expression is <o be found by the 
process mentioned in the Note of Art. 6. Thus, i« finding the value of the expression 
axb-e-i-dxe+fxg we must first of all find the values of the three terms, namely, 
oxt, e-rdxe and fug ; then subtract the valite of the second term from that of th» 
first, and to the result, thus obtained, add the value of the third. 

The above principles will be sufficiently illustrated by the following 

examples : 
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Example 1. If a =2, b= 3, c = 5, find fclie value of 5a + 8b + 7c 
5a = 5xa“5><2=10 ; 

8b = 8xb=8x3*24 ; 

7c = 7 x c=7 x 5 = 35. 

Therefore, 5a + 8b + 7c = 10 + 24 + 35 = 34 + 35 = 69. 

Example 2. If a=8, b=5, c = 2, find the value of 6a - fib + 4c. 

6a = 6xa=6x8 = 48 ; 

5b=5 x b=5 x 5=25 ; 

4c=4*c=4*2=8. 

Therefore, 6a - 5b + 4c = 48 - 25 + 8 • 

“23 + 8 = 31, 

Example 3. If m— 3, n = 7, t=9, «=4, find the value of 
7wi-*-2n * 8f-*-3u. 

As the ordor of the operations is from left to right, we mutt proceed 
as follow^ : Divide lm by 2 n ; multiply 8f by the reBult; and then 
divide the product thus ohtained by 3v. 

xt n\ r, ^ n 7m 7x3 3, 

Now, (l)7m+2»- 2n - 2x7 - 3 . 

(2) | x8t=S x8x9 = 3x4x9 ; 

(3) 3x4x9+3 t) = 3 g^ 9 =g i 
Hence, the required value=9. 

Example 4. If a=l, b=2, c=3, d—6, e-6, /”0, find the value 
of abc-d+bxa + def+b-'-axc-d+hc. 

The given expression consists of 5 terms, namely, abe, d+b * a, def, 
fc+flxc and d+bc. 

Now, (1) abc=axbxc=lx2x3 = 6 ; 

(2) d+bxa=6-t-2xl«3xl-3 ; 

(3) de/“dx g x/=6x5x0=0; 

(4) b+axc=2-*-lx3=2x3“6; 

Bence, the required value“6-3+0+6-l“3+6-l“8. 
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I. I 


EXERCISE 2 


If 

a —8, 5 = 2, c- 

4, find 

the numerical 

values 

of the following 

expressions; 




i. 

■ b + C X a. 

2. 

a - h x c. 

3. 

a+ c x 5, 

4. 

a a cb. 

5. 

a »- 3 x 5. 

6 . 

a-r 35. 

7. 

a-c ■■ b. 

S. 

i + a-^c. 

9. 

3a — 4c + 26 

10. 

a-c + 5 + a + c. 

11. 

a + c ^2 x 5. 

12. 

a + c-*- 26. 

13. 

5 a + 2c. 

14. 

5a 2 x c. 



15. 

4 be — a • 4 x 5 + 

c * 25, 




16. 

80 * c*a5 + 80 

x ca x 5. 




17. 

3ca ! 1G6 + ba-*- 

1G x 5- 

a + 2c>ic + 5x4, 




IS. 48a i c ■■ h x f> 4c- 3a r2c-+ 4 <:i + iix8tG6+a + 2xc+'!» r ) 


If m~ c 2, ’? = 3, p = 4, q — 0, r- 7, s = 10, find the numerical values 
of the following expressions • 

1 9. 8 m -3 pi- mv + q x 3r + 5s 2 x p_ 

20. s x (l-i-Swi x8p-elGrc. 

21. rn?tr + fx/s - 3s + + 5« + 4r + ’ip * Gwt. 

22. 3 > * 5 ■■ s *■ 7 x p Srs ' w • 3 x n ■: 7p + 5/ao 2/' x 7. 

^ _ *i- r,: _ , 7 1 — t o 

p n m 


21. 

11 r 4 i) 

v+q 

„ , 14s + 4 a + 2;* 

an +- 2 

25. 

3m + 2n 

4p —3i; | ‘2p 4- 3m 

q + p 

q + r i/4 m 

11. Factor. If any number no equal to the product of two ot 
more numbers, each of the latter is called a factor of the former 


[ Note. IVtr product o/ Lee or mmc numbers is the result obtained by multi 
plytnq them UtqUher. ] 

Thus, 3, 5 and 7 are the factors of 105, V 105 = 3x5 *7, 

Similarly, 3, a, b and r are the factors of 3 abx, because 
3 abx = 3 x a x 6 x z. 

15. Coefficient. The number expressed in 'figures or symbols, 
which Btands before an algebraical quantity as a multiplier, is called 
its coefficient. Thus, in babe, 5 is the coefficient of abc, 5o is the 
coefficient of 5c and 5a6 is the coefficient of c. 
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A coefficient which is purely a numerical quantity is called 
a numerical coefficient ; thus, in babe, the coefficient of abo is 
numerical. 

A coefficient which is not wholly numerical is called a literal 
coefficient, thus, in babe, coefficients of be and c are literal. 

[ Note. When no arithmetical number stands before a quantity, the number 1 
is understood ; thus, a is understood to mean la. 1 

16. Power ; Index ; Exponent. If a quantity be multiplied by 
Itself any number of times, the oroduct is called a power of that 
quantity. Thus, a*a, a*a*a, a* a* a* a, &c., are powers of a. 

a x a is called the second power or square of a and is written a® ! 

o x a x a is called the third power or cube of a and is written a* ; 

axaxaxaxax&c. ton factors is called the nth power of a and is 
written a". 

The small figure or letter placed above a quantity and to the right 
of it to express its power is called the Index or Exponent of that power. 
Thus, 2, 3, 6, m are respectively the indices or exponents of a®, a 8 , a 8 , a m . 

[ Note, a 1 is usually redd 'a squared", a* is read ‘a cubed', a 4 is read 
'a to the fourth’, or simply, 'a fourth' ; and so on. Thus, a* is read 'a to the nth’ 
or ‘a nth’. 

The quantity a itself is called the firet power of a and thus a is understood 
(s mean a'. ] 

17. Dimensions and Degree of a Product. Each of the 
letters which occur as factors of an algebraical product is called 
a dimension of the product, and the number of the letters is called the 
degree of the product. Thus, a a x‘v which is equivalent to axax*xrx 
x x x x x x y, is Baid to be of eight dimensions, or of the eighth degree ; 
similarly, ab t c i d t is Baid to be of twelve dimensions or of the twelfth 
degree. 

A numerical coefficient is not counted. Thus, 6a6*c 8 and ofc®c 8 
are both said to be of six dimensions or of the sixth degree. 

When an algebraical expression contains terms of different dimen¬ 
sions, the degree of the term which is of the highest dimensions is also 
oalled the degree of the expression. 

18. Homogeneous Expression. An algebraical expression is 
said to be homogeneous when all its terms are of the same dimensions. 
Thus, the expression 6a , h-7fl*hc+8i*c* is homogeneous, for each of 
its terms Is of four dimensions. 
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EXAMPLES 

Example 1. If a—3, find the numerical value of -5a. 
We have a*-axaxax a xa 

-8x3x3x3x3-243 ; 
and 6a—fixa 

-5x3-15. 

Hence, the given expression —243-15—228. 

Example 2. If a—4, find the numerical value of 2a* —5a*. 
We have 2a®—2xaxaxaxaxa 
—2x4x4x4x4x4 
-2048; 

and 5a*-5xaxa 

-5x4x4-80. 

Hence, the given expression — 2048 - 80 —1968. 


Examples. If a —2, 6—3, c—4, d —5, find the numerical value 
a*6®<2 
c* 


The given expression 


_ qxflxqxaxqx6x6x&xd 
CXc 

2 x 2x2x 2 x2x3x3x3x5 
" 4x4 

-2 x 3 x 3 x 3 x 5 - 270. 


EXERCISE 3 


If 

1. 


4. 

7. 

9. 

11 . 

12 . 

13. 

14. 

15. 


a—8, 6-12, c-4, »n-7, n-6, ®-2, y-3, find the values of: 

3sr®. 2. 7a*+6. 8. 2s T -7n*. 

8cy*-aarv*. 5. 5c®-*-3a®. 6. 76®*v* + »»n*. 

o“+c B . 8. 9a*6 8 c*'-'-8n a a; e y*-6“y-*-SE. 

2a; 0 6+a*6*. 10. ScV+a’V- 

Find the value of y® -65y*+66y* — 21y + 40, when y—8. 

Find the value of 8* 4 +6*® + ll®* + 18a!+29, when *—'75. 

Find the value of 15a® - 34a* + 7a—4a*+35a*—3, when a—♦. 
Find the value of 23+20m+78m® - 199m*+25m*. when to- 2'6. 
Find the value of 60y T - Sly* + 85y - 563y* -19. when y-3'4. 
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16. Find the value oi 64n 10 -55n* + 32w® — 121n*+64n* — 4»* + 79, 
when n-1‘375. 

Find the values of a“ + b* + c 8 - 3 abc : 

17. When a-29, 24, c=27. 

18. When n=5'G25, 6-3‘625, c-4'625. 

19. When a—44?, 5—51?, c = 58?. 

20. When a-1667, b -1674, c = 1659. 

19. Roots. That quantity whose square (or second power) is 
equal to any given quantity a, is called the square root of o, and is 
denoted by ‘ihe Bymbol $/a, or more simply, by Ja. Thus, 3“ J 8, 
because 3 s — 1 . 

That quau‘ ; ty whose cube (or third powor) is equal to any given 
quantity a, is called the cube root of a, and is denoted by the symbol 
5/a. Thus, 2"5/8. because 2” = 8. 

Generally, that quantity, whose wth power, where n is any whole 
number, is equal to any given quantity a, is called the nth root of a, and 
is denoted by the symbol ’^a Thus, 2 = V32, because 2*-32 ; 3-^/8!, 
beoause 3* “81 ; and so on. 

The. sign J is often called the Radical sign. It is said to be 
a corruption of tho letter r, the first lettor of the word radix. 

Note. Ja, which means the square root of a, is often read simply as 'root a', 

20. Brackets. Eaoh of the symbols (), 1 (, and [ ] is called 
a pair of brackets. When an algebraioal expression is enclosed within 
brackets, it is to be regarded as a single quantity by itself. Thus, {a + b)x 
means that the number denoted by x is to be multiplied by that donoted 
by a + b, whereas a + bx means that x is to be multiplied by b and the 
product added to a. 

Hence, the expression d + {a + b)x must be regarded as a binomial , 
Ihe two terms being d and (a + b)x. Similarly, c-\d + (a + b)x\ also must 
be regarded as a binomial, the terms being c and |d + (a + 5)»|, whereaB, 
if the brackets be taken oil, c — d + a + bx is a multinomial consisting of 
four terms, namely, c, d, a and bx. 

Sometimes instead of enclosing an expression within a pair of 
brackets a line oalled a vinculum is drawn over it. 

Thus, a-b-c and a-[b-c) have the same meaning. 

N. B. From the above it is easy to understand the distinction between Ja + b 
or J (a + b) and Ja+b ; either of the first two expressions means the square root of 
(A* number denoted by a+b, whereas the last means that b is to be added to the squarS 
root of a. Similarly, Jab or J{ab) means the square root of the number denoted by 
Oh whereas Jab means the product of b and the square root of a. 
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Note. The three different hinds of brackets (), (}, [ ] are often called respec¬ 
tively parenfhen >, brace* and crotchete. 

EXAMPLES 

Example 1. If a “2, 5=4, c = 9, find the values of; 

(i) Jcb+ Jb + 5, (ii) -jcb+ 7(5 + 5) and (iii) V26 + Jia. 

(i) Jcb+ Jb + b“ 79x4 + 74 + 5 

“3 x4 + 2 + 5 
- 12+2 + 5 = 19. 

(ii) 7e5 + 7(5 + 5) = 79 x 4 + 7 (4 + 5 ) 

= 736 + 79 
=6+3 = 9. 

(iii) 72 b+ 74a *=1/2x4 + 74x2 

= ^8 + 2 x 2 
= 2 + 4 = 6 . 

Example 2. If a = 3, 5 = 5, c = 8, d = 12, « = 20, find the differonae 
betwoen the numerical values of : 

alc + 5* —a(e-d)l and aic + 5“ -a(e-d)l. 

The 1st expression = 3 x 18 + 5“-3 x (20-12)1 
= 3x18 + 25-3x81 
= 3x18 + 25 - 241 
= 3x9 = 27 ; 

and the 2nd expression = 3 x 18 + (5 a — 3) x (20-12)1 
= 3x18 + 22x81 
= 3x18 + 176! 

= 3x184 = 552. 

Thus, the reqd, diff. =552 - 27 = 525. 

Example 3. If wi = 10 , n = 8 , p = 2, y = 12 , r — 15, find the difference 
between the numerical values of the expressions 
[\rm-2q~n[pq-m)\+p] x(r-wt-p) 

and [\rm-%q-n(pq-m)\+p] *r~ m-p. 

The first expression 

= [H5xlO-2xl2-8x(2x 12-10)1 + 2] x(l5-io-2) 

= [1150 - 24 - 8x141 + 2] x3 
= [1126-1121+2] x 3 
= [14+2] x 3=7x3 = 21 ; 
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and the seoond expression 

- [U5 x 10 - 2 x (12-8X2 x 12 -10)1+2] x 16- (Id- 2) 
••[U50-2X 4 x 14|+2] x 16-8 

—[U50-1121+2] x 15-8 

- [38+2] x 16-8 
-19x15 - 8-286 - 8 - 277. 

Thus, the reqd. difference -277 - 21-256. 

EXERCISE 4 


Ii a-7, b-3, c-8, d-9, «-4, /-0, m-5, n-2. p-1, find the 
values of; 

1. Veen. 2- Vofl. 3. Vcb ; 4. 6 *Jb*d. 

6. 4Vis. 6 . *Vs‘. 7. 2 V4e». 8. 2V4e*. 

9. m+njd. 10. m+nJd. 11. 3 Jp + o. 12. 3jo+p. 

13. \Mo+p). 14. 3$/8(& + 3e). 16. 3 V8(6+ 3c) 

16. fjm+d . 17. f Ja+d. 18. 3d - (2« -«). 

18. 3d - 2(e - «). 20. 3(d-2e)-n. 21. (3d-2)«-«. 

22. (Sd-2)e-n. 28. 3[d-(2«-n)(. 24. 3[d-2X«-n). 

26. 7c-(i>*-n*). 26. (7c-i)» 27. 7c-(6*-») 2 . 

28. 7(o-fe)‘-n*. 29. )7o-(6*-nH*. 

80. Ve+3p+ii(p+6)*. 31. l/a+Sp+Mp+bY. 

82. Vc+ 3p + 4e(y+6) 8 . 33. Ve + (3p+4fi)p+&‘. 

34 •/c+3[(p+4)«p+i B }. 

If as—2, v—3, s-4, a-6, d-8, c-5, n-9, j>-l, find the values of: 
36. a(a;+v)*(a-c-r)”. 86. 4in-o(d-o+p)f"'4]n-o(d-a)+j»h 

87. 5(o + a:* + v(n - d - «)[ "* 5)(c+ &“ + y)n ~d~ s\. 

38. [a+v*(®P _ *(c-o-*)(] - [s+v*Kap-*)e-a)~ie]. 


g «+ v «+ g «-7y » 
3(**+p*)+v* + s* 


// e , + s* + a; 1 _ «(«*-** + c*)\ 
V lfl*-(s a +n:*) n s + s*-c* 1 


21. Like and Unlike Terms. Terms or simple expressions are 
said to be like when they do not differ at all or differ only in their 
numerical coefficients ; otherwise they are called unlike. Thus, 3az*v‘ 
and 5ax*v‘ are like terms, whereas 8az*v‘ and 5ax s v* are unlike ; 
similarly, abc, 5 asbd, 1a s b‘ and c“d a x are all unlike. 

22. Special meaning of the word Sign: Like and Unlike 
Signs. The word sign is often used to denote exclusively the signs 
+ and -. Thus, when we speak of the sign of a term we mean the 
plus or minus sign whioh stands before it. 
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Two signs are oalled like when they are both + or both -, other¬ 
wise they are called unlike. Thus, in the expression ax' + bx-oy + d* - f, 
the signs of the 3rd and 5th terms are like as also those of the 1st, 2nd 
and 4th, whereas the signs of the 2nd and 3rd terms as well as those of 
the 4th and 5th are unlike. 

23. The Signs >, <, V and . The sign > when placed 
between two quantities indicates that the quantity on the left of it is 
greater than that on the right. Thus, a + b > c + d means that a + b is 
greater than c + d. 

The sign < when placed between two quantities indicates that 
the quantity on the left of it is lesi than that on the right. Thus, 
a + x < b + y means that a + x is less than b + y. 

The sign V is used as an abbreviation for the word because or 
lines. 

The sign is used as an abbreviation for the word therefore or 
hence. 



24. Quantities of the same class, but of opposite character. 

When we speak of a quantity of money it may be either a gam or 
a loss, a receipt or a payment. Now, it is quite clear that whilst a gain 
adds to our stock, a loss lessens it ; moreover, gain and loss are so 
related that if we gain as much as we lose, the effect on our stock 
is nothing. Hence, a quantity of money which forms a gain is said 
to be opposite in character to a quantity which forms a loss. 

When we speak of a distance measured from a point, it may be in 
either of two opposite directions, either towards the north or towards 
the south of the point, either towards the east or towards the west of 
the point, either towards the north-east or towards the south-west of 
the point; and so on. It is also clear that distances measured towards 
the east are bo related to those measured towards the west that if we 
first walk any distance towards the east and then walk an equal distanoe 
towards the west there will be no change in our position with rospect to 
the starting point. Hence, a distance measured in any direction is said 
to be opposite in character to that measured in the opposite direction. 

Thus, in the first illustration, in so far as a gain and a loss are both 
looked upon as portions of money, they are said to be quantities of the 
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Sanaa class, bu ( hb thoy affect our stock in directly opposite ways (a gam 
increasing ami a loss diminishing it), they are said to be of opposite 
Character. In the second illustration, a distance measured towards the 
south of the point as well as one measured towards the north may both 
be styled distance and thus far they are said to bo quantities of the same 
Class ; but when we consider the directions in which they are measured, 
they must be regarded as opposite m character. 

25. The Signs Plus and Minus under a new aspect. It naB 

been shown in the introduction how concrete quantities are represented 
by numbers. It now remains to he seen how quantities of the same 
olass but of opposite character are distinguished in their numerical 
representation. 

Whon wo consider any pair of such quantities, we prefix the sign 
+ before the numerical measures of one, add the sign - before those of 
the other, It is quite immaterial which of the two quantities, we select 
for representation by numbers preceded by the sign +, but whon 
we have once mado our choice, wo must stick to it throughout any 
connected series of operations. The following example will illustrate 
the principle : 

Income and debt are evidently quantities of opposite character. II 
then we choose to represent incomes by numbers preceded by the sign 
+ , we must represent debts by numbers proccded by the sign a n d 
Vice versa." 

Hence, if in any problem W’e choose the sign + tor incomes and the 
sign - for debts, +30, +45, +90 will respectively represent incomes of 
£30, £45 and £90 whereas -30, -45, -90 will represent debts of £30, 
£45 and £90 respectively, a £ being the unit. But if the contrary choice 
be made +10, +25, +36 will respectively represent debts of £10, £25 
and £36 and -10, -25, -36 will represent incomes of £10, £25 and £36 
respectively. 

Hence, generally, if a represent a portion of any quantity, -o will 
represent an equal portion of the quantity opposite in character to it.? 

Graphical Illustration : 

A D O C B 

Suppose, AB is a road. If a person starting from any point 0 on it 
travels towards B to any point 0 and then travels back to 0, it is evident 
that his position on the road is iust the same at the end of his journey 
as at the commencement. Thus, it is clear that distances measured 
along the road from left to right are opposite in character to those 
measured from right to left. Accordingly, if distances measured from 
left to right be represented by numbers preceded by the sign +, those 
measured from right to left must be represented by numbers preceded 
by tb^slgn and vice versa. 
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On the other hand, if we ehoose the sign + for distances measured 
from right to left, distance of —3 kilometres from any point 0 will mean 
a distance of 3 kilometres measured from 0 towards the right ; again, if 
a kilometro be the unit of distance, and if C and D be two points on 
opposite sides of 0 at distances of 5 kilometres and 4 kilometres 
respectively then the distances OD, OC, CD and DC will be respectively 
represented by +4, -5, +9 and -9. 

From the above instances it is quite clear that the signs + and -, 
besides being used as signs of the operations of addition and subtraction, 
are also used as signs of distinction between quantities of opposite 
character. The signs when used in this sense are often called signs of 
affection. 

N. B. When no sign is >prefixed to a number, the sign + is understood ! thus, 
a and + a have the same meaning. 

26. Positive and Negative Quantities. Numbers or symbols 
preceded by the sign + or no sign are called positive quantities. 
Whilst those preceded by the sign - are called negative quantities. 
Thus, each of the expressions 4, + 6 , o, + b, + c is a positive quantity, 
whilst each of - 4, - 6, - a, -h, - c is a negative quantity. 

Hence, the signs + and - are often respectively called the positive 
and negative signs. 

Note 1. In 'positive and negative quantities' the word quantity is used in the 
tense of number. There is no difficulty however in understanding a negative number, 
when the explanation given in Art. !il> is remembered. 

Note 2. The abeolute value of a positive or a negative quantity is its value 
considered apart from its sign. Thus, if a stands for 5 and b for 3, +(ab) and —(at) 
have the tame absolute value, namely, IS. 

N. B. It is important to bear in mind the meanings of such expressions as 
'a gain of -£20’, ‘a rite of -8 centimetres’, 'a distance of —6 kilometres to the 
north’, dc. The expressions respectively mean ‘a lore of £20’, ‘a fall of 8 centimetres', 
‘fl distance of fi kilometres to the south’, dc. 

EXERCISE 5 

1 . If £4 be the unit, what is meant by ‘M's gain — -25" ? 

2. If a trader's loss of Rs. 30 be represented by 30, what will 
represent a gain of Rs. 70 ? 

3. If an income of Rs. 60 be represented by 15, what will represent 
a debt of Rs. 100? 

4. If a debt of £100 be represented by 25, what will represent an 
inoome of £400 ? 

,— 2 ?«■»' Sut'ff 
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6.. If a distane of 75 kilometres to the north of a point be 
represented by 15, what will represent a distance of 150 kilometreB to the 
south of it 7 

8. If a river level rises 12 centimetres on any day, falls 9 centimetres 
Ihe next day, and again rises 15 centimetres on the third, how would you 
represent the rises on successive days, taking 3 centimotres as the unit 
of length ? 

7. A man gains Kb. 30 in one year, loses Kb. 20 in the second 
year, loses Ks. 40 in the third year, and ’ains Rs. 60 in the fourth year; 
how would you represent his yams in success!' e years, taking Ks. 2 
as iihe unit 7 

8. Id the precoding question, how would the man’s losses be 
represented 7 


CHAPTER III 
FOUR SIMPLE RULES 

I. Addition 

27, Definition. When two or more quantities are united 
together, the result is called their sum and the process of finding the 
result S s called addition. 

Note. At negative numbert are not recognised in Arithmetic, there is clearly 
a difference between the Arithmetical and the Algebraical significance of the word 
addition. Hence, when we speak of an Algebraic earn, we mean that quantities 
added together are not necessarily all positive. 


28. The result when one positive quantity is added to 
another. Suppose B'B is a road and that distances measured from 
left to right are reckoned positive whilst those measured in the opposite 
direetion, negative. 

B’ A' O A B 

Suppose, 0, A and B are three points on the road such that OA is 
2 kilometreB and AB is 3 kilometres ; then, if a kilometre be the unit of 
distanoe and if A and B be situated as shown in the figure, OA and AB 
will be respectively represented by +2 and +3. 

%v. v If then a man starting from 0 travels to A in the first hour and 
■fro.te A to 8 in the seoond hour, his distanoe from 0 at the end of two 
bo&rs is evidently OB and will, therefore, be represented by +5. 
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Henoe, since (the distance travelled in the 1st hour) + (the distanoc 
travelled in the 2nd hour) 3 *(the distanee travelled in two hours), we 
have ( + 2) + ( + 8)—5, 

Hence, generally speaking, ( + o)+( + 5)-+(o+6), or more simply, 
(o )+(b)~{a + S). 

Thus, when two positive quantities are added together, the sun it 
a positive quantity whose absolute value is equal to the arithmetical sun 
of the absolute values of those quantities. 

29. The result when one negative quantity is added to another. 
Suppose, in the above figure OA' *2 kilometres and A'B' — 3 kilometres, 
and that A' is on the left of 0 and B on the left of A' as shown in the 
figure. Then, the distances OA' and A'B are respectively represented 
by -2 and -3. 

If a man starting from 0 travels to A' in the first hour and from 
A' to B in the second hour, his distance from 0 at the end of the second 
hoar, will evidently be OB' and will, therefore, be represented by —5. 

Hence, since (the distance travelled in the 1st hour)+(the distance 
travelled in the 2nd hour) — (the distance travelled in two hours), wa 
have (- 2)+(- 3) — —5. 

Henoe, generally speaking, (-o)+(-6)— -(a+5). 

Thus, when two negative quantities are added together, the sum is 
a negative quantity whose absolute value is equal to the arithmetical sun 
of the absolute values of those quantities. 

Example 1. Find the sum of —a, -bo, —a*b, when a—2, 6“3, 

c-5. 


We have a-2, 5e-3x5—15, a*6—2* x3—12. 

Hence, (-a)+(-5c)+(-a*f>)-(-2)+(-15)+(-12) 

--(2+15+12)--29. 

Example 2. Find the value of (-3 c)+(-a*d)+(b+f+g), when 
o-3, b- -2, o-4, d-5, f- -6, 0- -8. 

We have b+f+g~{- 2)+(-6)+(-8) 

--(2+6+8)--16; 
also, So-12, 

and a\2-8 # x5-27x5—185. 

Henoe, the given expression—(-12)+(-135)+(-16) 

--(12+185+16)--168. 
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EXERCISE 6 

1. Find the sum of — 2, — 9 and —11. 

2. Find the sum of -5®, -y and -s, when ®—2, V —3, * —5. 

3. Find the sum of -7, X and y, and find the result of adding it 
to —10, when * — - 5 and y — — 19. 

4. Find the value of 2a-3(6+c), when a - - 5, b “2, c—1. 

5. Find the value of ( — a*c 4 ) + ( — a 4 6 *)+| — (c*-a*)l, when o*“2, 
6-3. c—4. 

6 . Find the Bum of -3a 8 6 8 , d, e, -20c* and (d + e), when a-1, 

6-2, c-3, d- -4, e- -5. 

7. Find the sum of -a 4 ( 6 -c), - 6 4 {c-a) and -c*( 6 -o), when 
a—2. 6 — 6 , c—4, 

8 . Find the value of 1 - (a* - 6 *)i + \ - (a 8 - 6 8 )t + Ma* - b*)\, when 
o-3, 6 - 6 . 

9. Find the sum of — sc 8 (y“ —« 9 ), -y a (z*-x a ) and - 2 %*-®*), 
when ®—3, y = 6 , 2 — 5. 

10. Find the sum of Ha 4 + 6 4 -c 4 t, -5a 4 +-(6 4 -c 4 )i, -ia 4 -6 4 xe 4 ) 
and -|(a 4 - 6 4 )*c 4 h when a—60, 6=4, c=2. 

30. The result when a negative quantity is added to a 
positive quantity. In the figure of Art. 28 suppose a man starting 
from 0 travels to B in the first hour and torn It to A in the second 
hour ; then, the distances travelled in the first and second hours 
will be respectively represented by +5 and -3, and therefore, the 
■ distance from 0 at the end of the second hour will be represented by 
( + 5) + (_ 3 )_ J3ut the distance of the man from 0 at the end of the 
second hour (*.«., OA) is also evidently represented by +2. Hence, we 
have ( + 5) +( — 3)= +2, that is, — +(5 — 3). 

Again, if the man starting from 0 travels to B in the 1st hour and 
from B to A in the Becond hour, then, the distances travelled by him 
in the 1st and 2nd hours will be respectively represented by +5 and 
— 7, and therefore, his distance from 0 at the end of the second hour 
will be represented by ( + 5) + (-7). But his distance from 0 at the end 
of the second hour ( i.e ., OA') is also represented by -2. Hence, wo 
have (+ 6)+(— 7) — — 2, that is, — — (7—5). 

Thus, generally speaking, we have (+ a)+(- 6 ) — + (a — 6 ) or, - ( 6 —a) 
according as 6 is less or greater than a. In other words, if a positive 
and a negative quantity be added together, the sign of the result 
positive or negative according at the absolute value of the negative 
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Quantity it lets or greater than that of the positive quantity and the 
absolute value of the result is always equal to the difference between the 
absolute values of the quantities. 

Cor. 1. Since, o + (-i>)“ -[b—a) when b is greater than a, put¬ 
ting a— 0, we have +( — 6)— —b ; that is, to add a negative quantity ts 
the same as to subtract its absolute value, and conversely, to subtract 
a positive quantity is the same as to add a negative quantity having the 
same absolute value. 

Note. Bence, there is no difficulty in finding the value of a—b when b is greater 
than a; for a — b can always be taken to be equivalent to a+(— b), and the latter il 
equal to — lb-a) when b is greater than a. Thus, 3— 8 = S + ( — 8)— — (8 — 3)- — 5, 

Cor. 2. From Cor. 1, it is evident that the sum of any number 
ot quantities can be expressed by writing down the quantities one after 
the other with their respective signs. Thus, a-b + c-d means the 
same as a+(-b)+c+(-d). 

Example 1. Find the value of a-3b + 2c — 7d, when 0 — 2, 6—4, 

e-S, d—1. 

o-36+2c-7d=o + (-36) + 2c+(-7d) 

—2 + ( — 12 )+ 6 +( — 7 )— - 10 + 6 +( — 7 ) 

— —4 + { — 7 )— — 11 . 

Example 2. Find the value of a 9 b-b 9 c + c 9 d-d 9 a — bc 9 , when 
a-1, fc—2, c = 3, d = 4. 

The given exp. -(1* x 2)-(2* x 3) + (3* x 4)-(4* x l)-(2x 3*) 

-2-12 + 36-16-18--10 + 36-16-18 
“26-16-18 = 10-18--8. 

EXERCISE 7 

1. Find the sum of 117 and —114. 

2. Find the sum of 218 and — 228, 

8. Find the value of a:—y+s, when *—8, y—25, *—18. 

4. Find the sum of 3x, -6y, 2 z, u and 14t>, when *— 2, y— 5, 

•—1, « —3, v- -2. 

6. Find the value of 3m-5n+Gq+r, when m-4, »-6, <?=2 

r- -8. 

6. Find the sum of —o*e, bd 9 , — ob 9 and ~a 9 d*, when 0—2, 
i—6, o-S, d-6. 
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7. Find the value of 2z"y - Sy 8 ® - 6z s v“ + x'v*, when £C”V“2. 

8. Find the value of a 8 —3o 8 f>+3afc* — i>®, when a—8 and 6=5. 

9. Find the value of m s -5OT 4 n + 10«t 8 n*-10m*n 8 + 6»»n*-«*, 
when m— 4 and »—6. 

10. Find the value of a 8 — 6a B f>+15a*b* -20a 8 fc 8 + 15a“5* — 6a&* + 6 8 , 
when a-3 and f>“2. 

31. When any number of quantities are added together, 
the result will be the same in whatever order the quantities may 
be taken. 

Suppose, a man starting from a place travels 6 kilometres to the 
north and then travels back along the same path 8 kilometres to the 
eonth. Then his position at the end of the journey is 2 kilometres to the 
south of that plaoe. 

Again, if the man first travels 8 kilometres to the sonth and then 
travels 6 kilometres to the north, then also at the end of the journey he 
ia still 2 kilometres to the south of the place. 

Thus, we have 6+( —8)“( —8)+ 6, each being equal to —2, or, more 
briefly, we have 6-8“ - 8+6, and a similar result in every other case. 

Hence, generally, a-b— -b+a. 

Again, sinoe 2-10+6“ —8+6“ -2, 

and also —10+6+2“—4+2“—2, 

we have 2-10+6” —10 + 6 + 2, and a similar resu't in 

every other case. 

Henoe, generally, o— b+C“ —b+c + a. 

Similarly, it may be shown that 

a— b+c —d + « —/“a+o+e— b—d—f 
“ -b+e-d-f+c+a 
“ Ac. Ac. Ao. 

32. When any number of quantities are added together, they 
ean be divided into groups and tbe result expressed as the sum of 
these groups. 

We have 

3-7-8+6-4+2“-4-8+6-4 + 2“-12+6-4 + 2 

--6-4+2--10+2--8; 

(8-7)+(-8+6)+(-4+2)- -4+( —2)+( —2)“ -8 ; 

3+(-7-8+6)+(-4+2)”S+(-9)+(-2)”-8; 

8+(-7-8)+(6-4)+2-8+(-16)+2+2-»-8. 
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Thus, we have 

3 — 7—8 + 6 — 4 + 2=(3-7) + (- 8 + 6) + ( — 4 + 2) 

*3 + (-7-8 + 6) + (-4 + 2) 

«3 + (-7-8)f(6-4) + 2, 

similar results in all o; hm cs. 3es. 

Hence, generally, the expression a + 5 — a-d+e-f+ g can be ppt 
tn any one of the following fonrs : 

(1) (a + 5) + {-- c — d) + e + {-J 4 p), 

(2) a + (5-c)~ d +(e-/+o), 

(3) (a+ 5 — c) + ( — <£ + e—f)+g, 

(4) a + (b-c-d)+e + [-f+g), 

(5) (a + b-c-d) + {e-f+g ), 

&o &c. &c. 

Cor. 1. Conversely, we have (a + 5) + (-c~d) + a + (-/+jf) 
—a + b-c-d+e—f+g. Hence, the following rule : 

To add together two or more algebraical expressions write down the 
terms in succession with their proper signs. 

Cor.2. Since, a-5+c-d + fl-/=a+c+e-5-d—f [Art, 31] 
“=(«+ c + e) + { — b — d— /), we have the following rule : 
When any number of quantities are to be added some of which are 
positive and other negative , collect the positive terms in one group and 
the negative terms in another, and express the result as the sum of these 
two groups. 

Thus, 3-7 + 8—9 + 5 —6-(3 + 8 + 5)+( —7 —9-6)-16 + (—22)--B. 
Example 1. Simplify 5o - 35+2e - 4a+25 - 7c. 

The given expression“5a-4a-35+26+ 2c-7c [ Art. 31 ] 

—(5a - 4a) + (— 35 + 25) + (2c - 7c) [Art. 32] 
*a+(—5)+(—5c)=a—5-5c, 

Example 2. Simplify 3a*5+55*c - 6c*a - 10a*5 - 75*c+8c*a+4a*ft 
— 6 , c+c*a. 

The given expression 

- Sa*5 - 10a*5+4a*5+55*c - 75*« - 6*c - 6c*a +8c*a+e*a 

- (3a*6 - 10a*5+4a*5)+(55*c - 75*c - 6*c)+(- 6c*a+8o*a+e*a) 
■“(-7a , 6+4a*6)+(-26*c-5*c)+(2e , a+c*a) 

■•(—8a*5)+(—86“c)+(3c*a) ” — 3a*5—35*c+3o*a. 
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Note. In the process above, it must be noticed that when like terms are added 
together, Use result is obtained by annexing the common letters to the sum of the 
numerical coefficients. For instance, we find that 5b’c — Ib'c-b'c** — 36’e, and 
evidently, -8 is the sum of the coefficients 5,-7 and -1. 

Example 3. Add together 3a-26 + c and - 5<? + 6e -/, and find the 
numerical value of the sum, when a—2, 6*1, c = 3, d —4, g“7,/”5. 

We have (3a-26+e) + (-5d + 6 c-/) 

”3a-26+c-5d + 6 e -/”6 - 2 + 3 - 20 + 42 -5 
“(6 + 3 + 42)+ (- 2 - 20 - 5) ”51+ (-27)” 24. 

33. The ordinary rule for adding together compound expres¬ 
sions. Put the expressions under one another so that the different 
sets of like terms may stand in vertical columns and draw a line below 
the last expression ; then add up each vertical column and put the 
result below it. The following examples will illustrate the method : 

Example 1. Add together 3a-56 + 7c-9d, - 8 c + 5a-3d + 76, 
4d+2c-a and 26-3c + 6 d. 

The first expression” 3a-56+7c-9d 

The 2nd expression” 5a+ 76-8c-3d [ Art. 31 ] 

The 3rd expression”- a +2c + 4d 
The 4th expression” 26-3c + 6 d 

The sum” 7a + 46-2c-2d 

Example 2. Find the numerical value of the sum of 20a*6“ 
-256V + d T , - 22a*6" +196“c 4 - 3d’ and 2a V + 76*c 4 + 2d\ when 
a“498, 6 “3, c-2, d”19. 

The first expression” 20a*6“ - 256V + d T 
The 2nd expression”-22a*6 8 +196V-3d T 
The 3rd expression” 2a*6*+ 76 V + 2 d* 

The sum- 6 V 

-3 s x2 4 - 27x16 - 432. 

EXERCISE 8 

Simplify the following: 

1. 2x + 3y — * - 3* - 2y + r. 2. 9TO*-7n* + 5p , +8« , -4p , -8m*. 

B. 8a , -5a*6-7a* + 5c*-2a 8 + 6a*6-4c*. 

4. 3a6e - 5c* + 6mnf>* - abc +7c* - 9mnp 3 - 2c*. 

5. - 7a*6 - 56V + 10a*6-36V+3d/-a*6-6 V - Rdf. 

6. 8® 4 p - 5 xv* - 17« 4 v+20* V - 2 wyt - 35e*p •+ 3cs*v - 4 out +6»*p*. 
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7. 9 a a bc - 76*ca + 5c a ab+3b a ca - 5 a*b6 - c*a 6 . 

8 . 2C )x B mn - 23m B nx + 14n*x?n - 37 x B mn — 47 n B xm + 5im B nx 

- 8x B mn + 13ra*xm - 15m B nx +20n*xm. 

If a-9, 6—10, c-12, d = 5, k = 2, m — 3, n-4, x- 6 , y-7, 2 - 8 , find 
the numerical value of the sum of: 

9. —k + 3m + 5n and 5d — 4x — Gy. 

10. 5m — 2y — 76 — 8 c and 3d + x — 10a. 

11. 3A;*, -5m a + 7n a , — 2x + 56-c and lOd- 7a, 

12. -2fe+3«i-4», — d- 5x + 6 y and 32 — 5a — 36+5c. 

13. -km + az, bc — imd + y, — n a — d^+ab and 6kn — 5y — 7x + kmn, 

14. k B m-dnx, by a -ckm-x B d, - 62 + 3a“ - 2m*d and 5«*-76d* 
+ 2ak a -3b a d. 

15. 3«t 4 6 - 5a*x - 46*2, -13&*6+42*cZ-7ci*n, -5c*n + 86 *y + 9d* 

and 5a2*-76*c — 4x“6 + 8 adn. 

Add together : 

16. a —26 + 5cand — 7a+36-8e. 

17. — 3x + £y-92, 5x — 3y + 7z and -2y + z. 

18. x* + 3x*-5x+4, 2x® - 6 x* + 7x - 8 , -x* + 7x*-2x+9and 5x* + 2. 

19. 3a-26 + 7c-8d, 2e + 6d-5a, 36+d-10c, c-46+a and — 7i + 56. 

20. x* + 2xy + 3y*-x + y + 2, -5x a + y a + 2x-5, -3xy-7y* + 3y + l 
and 6 x* + xy-x-4y + 2. 

If a —5, 6—4, x— 8 , y —7, find the numerical value of : 

21. (3x B + 5y* - 20a* + 496*)+(17a* - 276* - 23x*) + (- y* + 36* - 3a*) 
+ (- 236* - 4y * + 7a* + 20x*). 

22 . ( 10 a* - 26xV + 30x*6* + 17a*y T ) + (35xV + 16aV - 304a* 
- 28x*6*)+(- 8 a*y T - 9x‘y* - 7x*6*) + (5x*6* - 25a V + 289a*). 

23. (2a*-76* + 9x*-13y* + 15a6-21xy) + (5y* + 86*+17xy-6a* 
- 8 a 6 - 20x*) + (13x* - 20a6 + 5a*-16xy-10y*-26‘) + (13a6-2x* + 36* 
+ 23xy-a* + 18y*). 

24. (29a6e-396xy+49xya-59ya6) + (296*y+49ya6-19a6x-39xya) 
+(2a6x - 12xya+66xy+24ya6)+(8xya+46®y - 13a6x - 14ya6). 

25. (18a*6* - 436*x* + 62x*y* - 23a6xy) + (39a6xy+286*x* - 25a*6* 
-42x*y‘) + (196*«* + 37a“6* - 25a6xy + 35x*y*)+(9a6xy - 29a*6* - 55«*y* 
-to*®*). 
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II. Subtraction 

84. Definition. Any quantity b is said to bo subtracted from 
any other quantity a when a third quantity c is found such that the 
sum of b and c is equai to a. In other words, c—a —6, when e is 
suob that 6+c- a. 

The quantity from which another quantity is subtracted is called 
the minuend and the Quantity subtracted is called the subtrahend. The 
result, is called the difference or the remainder. Thus, if a — b — c,a is 
the minuend, b the subtrahend and c the remainder. 

35.. To subtract a positive quantity is the same as to add 
a negative quantity having the same absolute value, and to subtract 
a negative quantity is the same as to add a positive quantity having 
the same absolute value. 

Since, 3 + 4-7, we have 7-3- 4=7 + (-3), 

■again, since 6 + (-2)-4, we have 4-6--2 = 4+(-6). 

Hence, generally, o — 5—a + (-6); to subtract a positive 

Quantity is the same as to add a negative quantity having the same 
absolute value. [ See Art. 33, Cor. 1 ] 

Since, ( —3)+6—2, we have 2—(-3)—5 [ by definition ] —2+3, 
similarly, since (- 6)+(- 4) - -10, 

we have (— 10) — (—6) — -4-(-10)+6. 

Thus, generally, since [-b) + {a + 6)-a, we have a-(-£>)-a + ii, 
to subtract a negative quantity is the same as to add a positive quan¬ 
tity having the same absolute value. 


Note. One quantity a is said to be greater than another quantity 6 when a —1> 
is a positive quantity. Thus, -4 is greater than -6/or {-4)-(-6)--4 + 6-1. 
Similarly, -6 > -7, -10 > -20 ; and so on. Bence, in the series 6, 4, 8, 2, 1, 0, 
"b —8i — 8, —4, —6, —6, —7, —8, <£c., each number is less than the one before it. 


36. Illustration. Suppose, AD is a railway line running from 
A o b C D 


west to east, and A, 0, B, C, D are stations on it suoh that JO—02?— 
90 kilometres, BC -30 kilometres and CD-10 kilometres. Suppose, 
a man travels from 0 to C m two dayB. 


Then evidently, (the distance travelled on the first day)+(the 
distance travelled on the second day )—50 kilometres ; and hence, by 
definition, 60 kilometres-(the distance travelled on the first day )-the 
distance travelled on the second day. 

, Now, (i) II on the first day the min' travels from O to B, i.»„ 
■travels SO kilometres towards the east of 0, then on the seoond day he fatal 



HI.] 


FOUB SIMPLE BULEB 


27 


to travel from JR to C, a distanoe of 30 kilometres more tc wards the east; 
thus we have { 50 kilometres ) — ( 20 kilometres )—3C kilometres. 

(ii) If on the first day the man travels from 0 to A, travels 
a distance of 20 kilometres towards the west, then on the second day he 
most travel from A to C, a distance of 70 kilometres towards the east ; 
thus, we have ( 50 kilometres ) — ( —20 kilometres )=70 kilometres. 

(iii) Again, if on the first day the man travels from 0 to D, 

a distance of 60 kilometres towards the east, then on the second day he 
must travel from D to C, i.e., a distance of 10 kilometres towards the 
west ; thus, we have ( 50 kilometres ) — ( GO kilometres ) — —10 kilometres. 

lienee, taking a kilometre as the unit of distance, we get ths 
following resalts ; 

50- 20- 30) 

50 — (— 20) — 70 

60 - 60— —10 J 

Example 1 . Find the value of a — b + c, when a—5, 6— —2, c— —8. 
a —6+c—6-(-2}+(-8) 

—5 + 2—3 —4. 

Example 2. Find the value of —a—(—fc)+e, when o- -2, 6— -3, 
e- -4. 

The given expression — — a + b + c 

— —( — 2 ) + ( — 8 )+( — 4 ) 

—2-3-4— —6, 

EXERCISE 9 

If o—3, 6— -5, c- -6, d— -8, find the values of: 

1. —a+b—c+d. 2 . o+(— b)+c-d, 3. c —d—[—b)—a, 

4. c-(-d)+i»-o. 5. ~{-a) + b-(~c)-d. 

If to— — 47, «-50, a;- -154, y- -234, find the values of : 

6. «-»»—(—®)+y. 7. -(-TO)+y-(-n)-«. 

8. —(—*)+»»—y—( — »). 9. -(-y)-m-*-(-»). 

10. -{-n)-y-(-e)-TO. 

87. To prove that a-(b+c)“a-b-c, 

and a-(&-£)— a-b+c. 

Since, (fe+c)+(o-6-c)—a, 

.*. by definition, a-(6+e)-a-fi-e. 
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Again, since (6-c) + (a-6+c)—a, 

a-(6-c)—a-6+c.* 

Cor. Thus, we arrive at the following rule for subtracting on* 
algebraical expression from another: Change the sign of every term 
of the subtrahend from + to - or from - to + as the case may be, and 
then write down those terms in succession after the minuend. Thus, the 
result of subtracting 2a + 36 - 5c from a-26+c—a-26+c-2a-86 + 5o 
— —a —56+6c. 

Example 1. Subtract - 3a + 26 - 5c from 2a+6 - 8c. 

The reqd. result—2a+ 6-8c + 3a-26+5c 

—(2a + 3a) + (6—26)+( —8c + 5c) 

—5a+( —6)+( —3c) 

—5a-6-3c. 

Example 2. Subtract 2a* + 3a6- 56* from -3a* + 2a6-46*. 

The reqd. result - - 3a* + 2a6 - 46* - 2a* - 3a6 f 66* 

- (- 3a* - 2a»)+(2a6 - 3a6)+(- 46*+56*) 

— -6a*-a6 + &*. 


38. The ordinary rule for subtracting one compound expres¬ 
sion from another. Put the subtrahend below the minuend in suoh 
a way that the different sets of like terms may stand in vertical oolumns 
and draw a line below the subtrahend ; then supposing the sign of 
every term of the subtrahend to be changed, write down the sum of 
eaoh vertical column underneath it. 

Example 1, Subtract - 2a;* + 3 xy - y * from a;* - 2xy + 3y\ 

The minuend — ®* - 2 xy + 3y* 

The subtrahend —-2®* + 3i ey- y* 

. ‘. The remainder — 3®* - 5xy + 4y * 

Note. It must be notieed that the signs of the terms of the subtrahend are net 
actually altered in the process, but they are supposed to be altered and the operation 
of combining each pair of like terms is performed mentally. 

•When a, b, e see all positive quantities and a is greater than 6, and b Is 
greater than e, the following proof Is generally given of this result In most treatises 
on Algebra. 

If we subtraot b from a, we get a-b, but we thus subtree! *oo muoh from a, 
for we have to subtraot not & but a quantity whloh Is loss than 6 by e. Hanot, we 
must edd } to this result; thus, a-(t-e)-o-b+s. 
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Example 2. Subtract a* — 3ab 4- 5®* — y* from 3®* + 2y* - 7a*. 

The minuend “ 3®“ + 2y* - 7a* 

The subtrahend ■* 5®* — y* + a* — 3 ab 

.'. The remainder “ — 2®* + 3y* — 8a* + 3a6 

EXERCISE 10 

Subtraot: 

1. a — 6+c from 3a + 26-c. 2. 2a-56+4c from -a — 26+8fl. 

3. -x+y-z from 2® + 3y-4z, 

4. 5wi* - 6m + 3 from 7m* — -1, 

6. ®* — 2y“ + 3a* from 3®* — y* + 2z*. 

6. 4y* + 4®y —2®* from 2y* —3®y + ®*. 

7. -3a* + 2a6-76* from a*-5a6—86*. 

8. — 26c + 6c* — 8®y from 56c - c* + 2®y. 

9. 2® 8 -4®*+ 7®+ 5 from ® 8 -3®*+ 6®+ 7. 

What is to be added to : 

10. ® + 2y + a to make a ? 11. — 2®+5y — 4a to make x+y + z ? 

12. 3m“ + 5w — 6 to make m* ? 

13. a 8 + 3a*6 + 3a6* + 6 8 to make a 8 + 6 8 ? 

14. a 4 — 2a“6* + 6 4 to make a 4 + 6 4 ? 

15. What is to be subtracted from a 8 — 3a*6+3a6* — 6 8 

to make a 8 — 6“ 7 


39. Removal and Insertion of Brackets. 

(a) The laws for the removal of brackets are : 

(i) If any number of terms be enclosed within a pair of brackets 
preceded by the sign +, the brackets may be struck out as of no value ; 

(ii) If any number of terms be enclosed within a pair of brackets 
preceded by the sign the brackets may be removed provided that the 
sign of every term within the brackets be changed, namely, + to and 
— to +. 

The reason is obvious, for any expression, included within brackets 
preceded by the sign +, has to be added to, whilst one, enclosed within 
brackets preceded by the sign - has to be subtracted from what goes 
before. 

Thus, a-b+(c — d + e)**a-b + c- d + e, 

whilst a-b-(c-d + e)= m a-b-c + d~e. 



so 
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(6) The laws of insertion of brackets are : 

(i) Any number of terms in an expression may be enolosed within 
a pair of brackets, with the sign + prefixed ; 

(ii) Any number of terms in an expression may be enclosed within 
a pair of brackets, with the sign - prefixed, if the Bign of every term 
put within the brackets be altered. 

Thus, a — b+c-d + e-f’ m a-b-(-c + d-e +f). 

Note, We often find brackets within brackets as in the expression 2a-[86— 
(4o—<6d-6e)}]; here it ts meant that the expression within the braces 51 is to bt 
subtracted from 36 and the result thus obtained is to be subtracted from 2a ; whilst 
the expression within t'le braces s to be found by subtracting the expression within the 
parentheses ( ) from 4c. 

When an expression of ikes kind is to be cleared of brackets, 4 is best /or 
a beginner to remove first the innermost pair, then the innermost of those that remain* 
and so on ; and lastly the outermost pair. 

Examine 1. Simplify a— [6-(c-d)[. 

a-\b-[c-&)\ m a-\b-c+d\ ,m a-b+c-d. 

Example2. Simplify a-[6-[c-(d-«)l-/]. 

a-[b-\o-[d-t)\-f\^a-[b-\c-d + e\-f\ 

“ a - [6 - c + <2 - a -/] “ a - 6 + o - d + a +/. 

Example 8. Simplify a+[-b-\c-{d- e-/)-g\-h], 

a+[-b-{c-(d-e-f)-gl~h] 

~a+[-b-\c-(d-e+f)-g\-h] 

“ a+[-b-\c-d + e-f-g\-h ] 

“a+t~ b-c+d-e+f+g-h] 

“ a-b—e+d-e+f+g—h, 

Example 4. Simplify 2a - [3a + [46—(2a - b) +5a[ - 76], 

The given expression - 2a - [3a + ]46-2a+ b+ 5a[- 76] 
“2a-[3a+[56+8a[-76] 

- 2a - [3a+56+Sa - 76] - 2a - [6a - 26] 

“2a-6a+26“ — 4a+26. 

Examples. Simplify a- [-6-first removing [J, 
then [ i, then (), and laBt ol all the vinculum. 

a-[-6-{c-(d-«-/)}]“a+6+lc-(d-«^7)l“a+6+o-(d-*-/) 
“a+6+o-d + a-/“a+6+e-d+s-/. 
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Note. The expression within [ ] consists of two terms namely ~b and 
—{c-(d-e-f))! hence, when this pair of brackets , which te preceded by the sign -, 
1» removed, we get b+{c~(d- e ~f)}. A similar reasoning applies to the removal f 
other brackets. It must be noticed carefully that only one pair at brackets is to be 
remooed at a time. 

Example 6. Simplify [a-(6-(c-ci)(]-[2a-(36 + (''',c-4d)(]. 

We have o — (6-(c-<f)( =a -(6 — c + d\ — b + c — d ; 

and 2a-(36 + (2c-4rf)( =2a-(36 + 2c-4iif 
*“ 2a — 3b — 2c + id. 

Henc6, the rjven expression 

=*[a-b + c-d]-[2a-3b-'2c + id] 

•*a-b+c-d-2a + 3b + 2i*— 4 d 
” — a + 26 + 3c — 5 d. 

Example 7. Of the expression a + b-c + d -e-f enclose the first 
three terms within a pa.r of brackets and the last three in another, each 
preceded by the sign -, and then put the last two terms >t eaob of these 
bracketed expressions within an inner pair of brackets preceded by the 
sign - 

According to the given directions, 

a + b-c + d — e-f* — {—a —b + c\ — \ — d + e +f\ 

~-\-a-{b-c)\-\-d-{,~e-f)\. 

EXERCISE 11 

Simplify : 


1. 

2a — 36 — (4a — 66) + (— 2a + 56). 


2. 

% + {-V + ix)-(- 2* + 3p). 3. 

-(5x-p)+(-3x+p)-(2p-6a;). 

4. 

3a—6a+(26—a). 5. 

-a-(26-(6a + 46){. 

6. 

2a - (56 - 76 - 2a}. 7. 

3—(5 —(6—7-9)}. 

8. 

-2-[-3-(-4 —(-5 — 6)(], 


9. 

- a - [ - 36 - (- 2a - (- a - 46)(]. 


10. 

a-[26-(3c-(a-26-3c)}]. 


11. 

8x - [by - UOk - (5ar - lOp - 3k)}]. 


12. 

-a-[-6-(-c-(-a-6- c)}]. 


Simplify the following expressions 

removing the braokets in the 

reverse order, t.e., the outermost first and the innermost last: 

13. 

2*-[5p-(9*-(10p-4<r)}]. 

14. -5a-[36-(6a-(66-7a)}]. 

15. 

- 7m - [3n - (8m - (4n - 10m)!]. 
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16. -2a-[-46-{-6c-(-8a- -106-12c)}]. 

17. - 3* - [ — 5y - i — 7a - (- 9cc - -lly-13*)}]. 

18. -2x-[-4y-}-6«-{-3ic - -5v-7«)}]. 

19. -x-[-3y + {-5«-(-2x + -4y-6z)}]. 

20. -2a+[-56-)-8c+(-3a—-66+9c)}]. 

21. -x+[-5y-)-9z + (-3a;— 7y + llz)}]. 

Simplify : 

22. 12a - (36 - 5c)} - [a - {26 - [c - 4a)} - 7c]. 

23. [x - \y - (z - x)f - (y -*)]-[*- )x - (y - *)}]. 

24. [2a - (6 - c) - {36 - (2a - c)} - {- 2a + (c - 46)}] 

- [ - 36 - (2a - 4c) + )6c - (26 - 3a)} - {- 5c + (Ga - 76)}]. 

In the expression a-b-c + d-m + n-x + y-z ; 

25. Include the 2nd, 3rd and 4th terms in a pair of brackets 
preceded by the sign -, and the 5th, 6tb and 7th in a pair of brackets 
preceded by the sign +. 

26. Include all the terms after the 1st in a pair of brackets preced* 
ed by the sign -, and of the expression thus enclosed put the last four 
terms within a pair of brackets preceded by the sign +. 

27. Enclose the first five terms within a pair of brackets preceded 
by no sign and the last four within a pair of brackets preceded by the 
sign -, and then put the last three terms of each of these bracketed 
expressions within a pair of brackets preceded by the sign -. 

28. Enclose every three terms from the first in a pair of brackets 
preceded by the sign -, and then put the last two terms of each of these 
braoketed expressions within a pair of brackets preceded by the sign —. 


III. Multiplication 


40. Definition. One number is said to be multiplied by another 
when we do to the former what is done to unity to obtain the latter. 

Thus, since 4 —1 + 1 + 1 +1, we must have 

4*x or ix^x+x + x + x. 


Similarly, 4*5 = 5 + 5 + 5 + 5 “20 ^ 

3*6=6 + o + 6 -18 1 

5x3-3+3+3+3+3-15' 


3x 
4 x 


6x(-4)- 



... i 

... n 
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Again, since -4— — 1 — 1-1-1, we must have 
(-4)x*» -x-x-x-x. 

Similarly, 

( — 4 X5--5-5-5-5 “ -20 \ 

(-3 X6--6-6-6 --18 

(-5)x3~-3-3-3-3-3«-15 ) 

Also, 

(-3)x(-5)--( —5)-(-5)-(-5) 

-5 + 5 + 5 - 15 

( —4)x(-3)= - (-3)-(-3)-(-3)-(-3) 

— 3 + 3 + 3 + S - 12 

(— 5) x (- 4) — — {— 4) - (— 4) - (— 4) - (- 4) - (— 4) 

— 4 + 4 + 4 + 4 + 4 - 20 

The number multiplied is called the multiplicand and the number 
by which it is multiplied is called the multiplier ; the result is called the 
product. 

EXERCISE 12 

From the definition of multiplication deduce the result: 

1. When 6 is multiplied by 3. 

2. When 6 is multiplied by 3. 

8. When 9 is multiplied by 4. 

4. When -8 is multiplied by 4. 

5. When -15 is multiplied by 3. 

6. When -13 is multiplied by 6. 

7. When 8 is multiplied by - 3. 

8. When 7 is multiplied by -5. 

9. When 15 is multiplied by - 3. 

10. When -9 is multiplied by-4. 

11. When -12 is multiplied by -5. 

12. When —16 is multiplied by -4. 

41. The Law of Signs. From the last artiole it Is dear that if 
a and b are two whole numbers, we have 

1 + a) x (+ b) — + (ob) 

+ a) x i — i) — - lab) 

— AJxf + M— —laM 
-o)x(-5)- +(ab) 


~ in 


- iv 


1—8 
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Thus, the product of two whole numbers is positive or negative 
aooording as the multiplicand and the multiplier have like or unlike 

signs. 

The Bame thing can be found when the numbers are fractional. 
For instance, since, -f- since, is obtained by subtract¬ 

ing a third part of unity, twice, to multiply any numbor x by -} we 
must subtract a third part of x twice. 

Hence, (-l)xx-- J - | - 

Similarly, (— 2 ) x i “ - A~ A“ -A. 

(-3)*(-4H-(-AM-A) 

* A + A” A 1 and so on. 

Henca, we can enunciate the Law of Signs in a more general way, 
thus : The sign of the product of any two quantities is positi re or 
negative according as the multiplicand and the multiplier have like 
or unlike signs. Or, more briefly, thus : Like signs produce +, and 
unlike signs -. 

Cor. Sinoe, x'-x* and also (+x) x (+ s) - a;* we have 

±x. Thus, every positive algebraical quantity has got two square 
roots which are equal in absolute value but opposite in sign. 

Example. Find the value of (a*i- cdfc* -d*), when a— -2, b— -3, 
e- -4, d- 6 . 

Since, a* 6 «( - 2)* x (- 3 )* 4 x (- 3 ) * - 12 , 

and «J-(-4)x6--20, 

a*fc-cd--12-(-20)--12 + 20-8. ™ (A) 

Also, since c*-(-4)*"16, 

and d*-(5)*-25, .'. c*-d*-16-26--9. — (B) 

Hence, from (A) and (B), we have 

(a*6-odXc , -d*)«8x(-9)- -72. 

EXERCISE 13 

Find the value of: 

1. tib-cd, when o--2, 6 --3, c—- 8 , d— 6 . 

2. {x t -y t )b-axv, when a-1, 6 - -3, x-4. v - 6 . 

3. 31 * 1 /- 8 * 1 /*+ xye, when e-- 1 , y-- 2 , *-- 7 . 

4. (- 0 ) 6 * - cd* + M _ c)\ when a—5, 6 — -r7, c—4, d— -3. 

6 . -x*[-c)+b*{-y) + ia t , when a--2, 6--3, o--l, x-5, 
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6 . a*(6—c) + 6*(c-a) + c*(a-6), when a-— 2, 6— -5, c — - 7. 

7. x B {v - z) + v*(e -!r) + z*(z- y), when z” -3, t/”8, z — -6. 

8. p*{q a -r*)+q*(r*-p*)+r*(p*-q*), when p—- 3, ff- -5, 
r— - 7. 

9. a* + b B + c* — 3abc, when a** —12, 6** —13, c** -16. 

10. Show that (a + 6)“ *a‘+5a*6+10a*6* + 10a*6 B + 5a6* + 6 B , when 
a-3, 6- -6. 

42. To prove that ax6-*6xa, l.e., b multiplied by a gives the 
same result as a multiplied by b. 

(i) First let a and b be any two positive integers. 

Place b units in a horizontal row and write down a such rows in 
such a manner that units in similar positions in the different rows may 


be in the same vertical column ; thus : 
11111... 

. 6 times 

1 

1 

1 

1 

1 

. 6 times 

1 

t 

1 

• 

1 

1 

1 

. 6 times 


to a rows. 


This being done, evidently it may also be said that we have written 
down b columns, each containing a units. 

Now let us count up the total number of units thus written down. 

Since, we have got a rows each containing b units, the total number 
of units“(the number in the 1st row )+(the number in the 2nd row) 

+ {the number in the 3rd row ) +.+ (the number in the ath row) 

•■ 6 + 6 + 6 +.to o terms■• 0 x 6 . ••• ••• ••• (1) 

Also, since we have got 6 columns each containing o units, the 
total number oi units ■*(the number in the 1st column) +(the number in 
the 2nd column) + (the number in the 3rd column ) + ••• + ( the number in 
the 6th column )=“o+o+a+”'to 6 terms^bxa. ••• ••• (2) 

Hence from (1)and (2),-wehave'ox6”6x a* 

6 taken a. times”a taken 6 times. 

• Since ab — ba, It does not matter muoh whether we read ab as a time* b or 
6 times a ( as b multiplied by a or a multiplied by b ); but until the propoeition 
qf the present article has been proved It seems expedient to stick to one and the 
same mode oi Interpreting It. II a beginner Is taught to read 7a as ‘7 times a’ whilst 
T x 4 as ‘4 times 7’ he Is but unconsciously led to think that suoh expressions as ba 
and ab mean the same, but that consequently no amount oi reasoning Is neoeasary 
to establish the above propoeition. As a safeguard against this evil, I have hitherto 
throughout taken a X b to mean ‘ a times 6’ or '6 multiplied by a’. 
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(il) Next let a and b be two positive fractions; suppose, a 1 


m 


(I) 

(II) 


and b m ^ 1 where m, n, p, g are positive integers. 

Then, ^ x ® *mx |( P ) + 

71 g u g I I nq nq 

and fcx a« ® x — px ]-t-gl—yx 

On l\w/ “J * qn qn 

But m and p are positive integers, therefore, mp^pm, and simi¬ 
larly, ng* ®n. 

Eenoe, from (I) and (II), we have a x b“b x a* 

Thus, it is established that for all positive values of a and b we 
must haveaxb*=&xa. ... ... ... (A) 

Cor. 1 . From Art. 41, we have x * (- y )“ - [xy), 
and (-j/)xsr“ ~[yx) ; but xy“VX, 

jrx(-y)«(-jr)XjE. ... ... (B) 


Cor. 2. From Art. 41, (- a;) x (- y) “ + xy, 

and ( - v)x(-®)“ +yx ; but xy=yx, 

(-&)*(-lO“(-p)x(-a;). ... (C) 

Hence, from (A), (B) and (C), we conclude that for aii values of 
a and b, axb^bxa. 


* We can Illustrate a x i> • b x a when 6 and a are tractions as follows; 

Let ns prove that |x{»Jx8. 

I x 1 means that we have to divide 1 of a thing into 3 equal parts and take 
8 of;those parts, whilst 4 xj means that we have to divide 8 of a thing into 6 equal 
parts and take 4 of those parts. 


>VSs,«1W: KrSSgSXfc** 


Take a lice AB 15 oentimetres long, then { of the Una wlU be 18 centimetres, 
and evidently I of 18 oentimetres >■ 8 oentimetres; thus, f x { of the Une - 8 oentimetres. 
Again, 1 . ‘ | of the line is 10 oentimetres, and | of 10 centimetres - 8 oenttmetres, 
4 xf of the Une also-8 oentimetres. 

Henoe, we have 8 x 4 - 4 x 8. BlmUarly, any other oase may be lUostrated. 
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EXERCISE 14 

Prove that: 

1. 4x5«5*4. 2. 6x3 —3x6. 3. 7x5-5x7. 

4. 4x 8-8x4. 5. 9x5-5 x 9. 

43. To prove that (aA)xc—ax(ftc), or, — bx(ac), l.e., to 
multiply c by the product of a and b is the same aB to multiply c 
first by either of them and then that result by the other. 

Place b brackets in a horizontal row each containing o units 
and write down a such rows in such a manner that the brackets in 
Bimilar positions in the different rows may be in the same vertical 
column, thus : 


[c] 

W 

[c] 

[c]_6 times 

M 

[c] 

[c] 

[c]...6 times 

[c] 

[c] 

M 

[c]_6 times 


to a rows. 

This being done, it may also be said that we have written down 
b oolumns each containing a brackets. 

As we have got together a x 6 brackets and as each braoket 
oontains o units, the total number of units-( 06 ) x c. ... ... (a) 

Again, since we have got b brackets in a row each containing 
o units, ihe number of units in a row— be, and as there are a rows 
altogether, therefore, the total number of units—a x ( 6 c) ... ( 0 ) 

' Again, since we have got a brackets in a column each containing 
c units, the number of units in a column—oc, and as there are b oolumns 
altogether, therefore the total number of units — 6 x(oc). ... (y) 

Hence, from (a), (0) and (y), we have 
(ab) x c - o x (be)—b x (ac). 

Cor. From the results of the last article and this, we deduce that 
abc-bca-cab. For, by the present article abc-ax(bc), and by the last 
article ax( 6 c)—( 6 c)xo — 6 co ; hence, we have abc—bca, and similarly, 
bca—cab. Thus, we are led to conclude that the value of a product it 
the tame in whatever order the factors may be taken.* 

Note 1. Although the factors of a product can be taken in any order, W is 
always found convenient to place first the factor expressed in figures, and to put after 

* The validity of the oonolusion has been, established only for three factors. A 
general proof, however, has not been attempted as being too tedious for the olau of 
students for whom the book is meant. 
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(he factors expressed in letters in the alphabetical order of those letters. Thus* 
t'xdxTxbxa* is smitten la'bc'd 

Note 2. We are nose in a position to modify a little the definition of Coeffi¬ 
cient given in Art. IS. In an algebraical product one or more of the factors may be 
tailed the coefficient of the remaining factors. 

For instance, in labcd toe may oall lac as the coefficient of bd for 7 abed eon ie 
written as 7 acbd and therefore by the definition alluded to, 7 ac is the coefficient of bd. 

44. To prove that a m *a n ~a m+n , where m and » are any two 
poaltive integers. 

N. B. From Art. M, toe know that the quantity on either side of x may It 
regarded as the multiplier and that on the other as the multiplicand. Hence, we need 
not any longer observe the restriction we have hitherto placed upon the meaning of 
oxb. ‘ ~ ‘ - 


Since, 

and a 
.'. a**a* 


a*— aa 

8 


aaa, 

{aa) x (aaa) 

a*axaxaxa 


[ See foot-note, pages 36, 86. ] 


[ Art. 43 ] 


“/I 8 a 


.148 


Again, Bince a‘-aaaa, 
and a tmc aaaaaa, 

a 1 x a® ■* (aaaa) x ( aaaaaa ) 


■■axoxoxoxoxaxoxaxflxo [Art. 43] 
-o l0 -o 4+ * 

Generally, since a m =aaaa 

to m factors, 

and a" m aaaaa 

to n factors, 

.'. a’"Xo n -(ooaa 

to m factors) 

x(oaaoa ... to n factors) 

- aaaaaaaaa ... 

to {m+n) factors 


Cor, 1. a"* x a n x o* * a’ rt ' m+ ®, when m,» and p are positive integer!. 
For o m xa n '=o' n+t ‘; a m xa*xa , «a , *™xo*«a tm+B ^<“a m ' MM,, . 

Cor. 2, (a m ) -a mB , where m and n are positive integers. 


For 


(a*)"- 


o’" x o m x a m x ••• to n factors 


“O 


> to n tsrmi 
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45. Applications of the principles established in the preced¬ 
ing articles. 

Example 1. Shew that (- ah)* = a a b a . 
f — o-h)' —( - ul) * (- ab) '■ 

«-{ufc)x( ul) [Art. H] 

■=axfcxoxi [ Art. 43 ] 

[ Cor., Art. 43 ] 

—(da) x {bb) [ Art. 43 ] 

»a 8 & 8 . [AH. 44] 

Example 2. Multiply -5a 8 Z>* Ly 4a B i*. 

< - 5 a s b a ) x (4a' b*) - - K5a B 6 s ) x (4a' 6*)J [ Art. 41 ] 

— — )5 x a 8 x fc* x 4 x a' x b*} [ Art. 43 ] 

— —15 x 4 x a 8 x a' x b a x [ Cor., Art. 43 ] 

--|20x(flV)x(W)( [Art. 43] 

--20a 8 fc 8 . [Art. 44] 

Example 3. Simplify (- 2x'y'z) x (4a s y T z 8 )* (~ 6a:y 8 z'). 

We have (- 2a'y 4 z) x (4rr 8 y T z 8 ) 

- - K2<r'y 4 z) x (4®*y T z*)} 

— — )2 x a' x y 4 x z x 4 x a 8 x y T x z*( 

— -12 x 4 x x s x x a x j/ 8 x y T x z x 

- H8 x (a*®*) x (y 4 y T ) x (zz®)( - -8® T y ll z 8 . 

Hence, the given expression 

-(- 8a T y“* 8 ) x (-6®y 8 z 4 )-(8* T y ll z 8 ) x (6®y 8 z 4 ) 

-8 x x 1 x y 11 x z 8 x 6 x a x y» x z* 

-8 x 6 x x T x a x y 11 x y® x z 8 x z 4 
-48 x (a T ar) x (y 11 y 8 ) x (z®z 4 )-48as 8 v l V 

EXERCISE 15 

Show that: 

1. {-o)x6h“ -6ab. 2. (4a)x(-26)--8a&. 

8. -7a T x8a 8 — -66a 1 '. 4. (-25)x(-10a)-20a6, 

5. (-7c)x(-3ai)-21a5e. 6. 10 x 35 - 25x14. 

7. 15x76-5*x3*. 8. (-a) 8 --a 8 . 

9. (-ai>) 8 — — a 8 6®. 10. (a‘6*) 8 -a 18 6 8 . 

11. (-«•&*)•-a®6 10 . 1?. (-a)'--x 8 . 

18. (-4®V)*-16a:V. 
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Multiply: 

14. 2a*v by -3a‘v*. 15. -7a‘b’c by -3a6e*. 

16. -5a*V by -8aV*. 17. -12aVz* by 13aV*‘. 

18. -14ayV by-lOxVz 1 *. 

Simplify : 

19. {-x)*x{-2xv a ) a x(x*y)\ 20. (-2a*)x(7a*6 T )x(5a®6‘). 

21. (- 6a* p*z) x (2z*a V) x {- 4 y a z*x*). 

22. (- 3a*v) x (4 zy*x) x (- a®z V) x (2 zxy). 

46. Products of monomial expressions can be always found by 
the method illustrated in the last article; it is necessary, however, 
when dealing with more complicated cases of multi t lication, that snob 
products should be found mentally. Hence, the student must get 
thoroughly accustomed to this kind of mental work, for which an 
exercise is added below. 

Example 1. Write down the product of 3a* and -5xv. 

(3a*) x (- 5xy) - - 15x B v. . 

Example 2. Write down the product of —5a*6 and -8<*6*. 

(- 5a*6) x (- 8a6*) * 40a* 6*. 

EXERCISE 16 

Write down the product of: 


1 . 

- 2a* and 5a*. 

2. 5a*6 and -4a6‘. 

8. 

-3»»*n* and-7w*m*. 

4. 3x*v‘ and -6ay\ 

5. 

-a*6* and -3a«6*. 

6. 5mn a and -8wt T ». 

7. 

-10 xyz* and - 5ay*e. 

8. 4a*y*« and -6 xyt*. 

9. 

-6aV**and -8a*y*e. 

10. -5a“6‘o T and -5a*6*c". 

11. 

3a*y«* and -8ay“*. 

12. r&abxv and -8a*&&v*. 

13. 

-7a“6*z® and - 5o6z. 

14. 6a*a*y and -12a*y*o*. 

15. 

- 14ap* and - 5 x*yz. 

16. 2a6e* and -9a T 6*c. 

17. 

- 7a*a“v and -9a*ya*. 

18. -8a*y*z* and -20y'**B* 

19. 

-lSa^d 1 *^* and -56c*a*. 


20. 

-7a’a*y*z* and -16**a*oV. 

47. 

To prove that o(6+c)*-oft+ac. 


Whatever b and c may be if a be a positivt integer, we have 
a(6+e)“(6+e)+(6+c)+(6+c)+.to a terms 


* Every binomial expression out be pat In the lorm 6 + o. Poe lnstanoe, the 
•xpreislon Sa’-9»*, which oan alio be written ae (2a’)+(-8p’) Is of the form' i-ffl, 
Se* being regarded ae b and - 3g’ as e. 
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“(& + & + &+••• to a terms) 

+(c+e+c+~“" to a terms) 
m db+ac. ••• ••• (l) 

Hence, conversely, a ^ a c »6 + c j ^ > + ^ i ! that is, if p and a bo 


any two quantities and r a positive integer, then 


P ? 4 .? 


Next suppose, a is a positive fraction, suppose, a*" - 1 where 
m and n are positive integers. 

Then, — (& + c)“»»x^-^ [ by the definition of multiplication ] 

71 71 

_*n(6 + c) 
n 

E by (1) ] 

n 

Uy(A)) 

“ m b + — c. ••• *** "* (2) 

n fl 

Hence, from (l) and (2), for all positive values of a, we have 

a(6+c)-a& + ac. ••• ••• ••• (8) 

Next suppose, ® is any negative quantity, suppose, a- - x, 
where * is any positive quantity. 

Then, (— x).{b + c) — - [cc (b+c )] 

- ~{xb+xc) [by (3)] 

- -xb-xc™(-x).b+(-x).o ; 

thus, for any negative value of a also, we have 

o(6+e)— db+ao. ••• ••• (4) 

Henoe, from (3) and (4), for all values of a, b and o, we have 
®(6+c)“o6+ac. 

Cor. /. Conversely, ab+ac^afb+c). 

Not*. Hera a Is a faotor oommon to both the term* and la called a common 
faotor of the two terms. Similar results hold far three or more terms having 
common faotor, 

Similarly, wya*+xvb*-xy(a M +b*). 
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Cor. 2. Since, b - c - b + (- c), we have 

a(6-c)=a[& + (-c)]=a6+a(-c)-a&-ac. 

Conversely, ab-ac=a[b - c). Hence, 2ax - 2 ay - 2 a[x - y). 

Cor. 3. a[b + c + d) m a\b + (c + d)\ = ab+a{c + d)** i al + ac + ad. 
Similarly, a{b+c+d + e +/+•••)—ab + ac + ad + at + af+ • •• 

Thus, when any multinomial expression is multiplied by amono- 
taial, the result is the sum of the products obtained by multiplying the 
different terms of the multinomial by the monomial. 

Conversely, ab+ac+ad + ae + -"-a{b+c + d + e + ---). 

Example 1. Multiply 2a6 - 36 s by 5 ab. 

5ab{2ab -36*)- 5o6)2ah+(- 3 b*)\ 

-5a&x2ah+5a&x(-36*) 

- 10a*i>*-15af>*. 

Example 2. Multiply x* - 3a:* + 5a;* - 6a: + 4 by -6* a . 
(-6a;*Xx‘-3a;* + 5a:*-6a; + 4) 

-(- 6x*)te‘ + (- 3a:*) + 5x* + (- 6sc)+ 4[ 

«(- 6®*).** + (- 6a:*X - 3a:*) + (- 6a:*).5a:* 

+ (-6x*X-6a;)+(-6a;*).4 

- - 6a;* + 18a:* - 30a:* + 36a:* - 24a:*. 

N. B. The beginner it particularly recommended to work out at first sack 
example in the method shown above, but after some practice he can safely do away 
with the intermediate steps and write down the result at once in the manner exempli¬ 
fied below. 

Example 8. Write down the product of 

-4a* + 5a*5-6a*6*-8a6* + 9&* and -3a*5*. 

- 4a 1 + 5a*fe - 6a*i* - Sab*+95* 

-3a*fc* 

12a*5* - 15a‘P r +18a*6 i + 24a i fc ? - 27a*h* 

Example 4. Simplify 2x*(3a; - 2)+2a<2a:+3) - 6(a; - 3). 

We have 2a;*(3x-2)-6a:*-4a:®, 

2x(2a:+3)-4a;* + 6a;, 

6{a;-3)«6a:-18. 

Therefore, the given expression 

- (6a:* - 4a:*)+(4a:*+6a:) - (6a: -18) 

-6a;* - 4as* + 4a;*+6a;-6a+18-6a;* +18. 
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III. ] 

Example 5. Simplify 3a(2a~ 5)-3a(a-6). 

Putting * for 2a -5 and y lor a-6, we have 

3a(2a - 5) - 3a(a - 8) - 3aa - 3ay=3a(a - y) 

** 3ai(2a - 5) - (o - 6)1 = 3a(o +1) * 3a* + 3a. 

EXERCISE 17 

Multiply: 

1. 2a — y by — a. 2. a - 2b + 3c by - 5a. 

5. 2a - By by 4ay. 4. 2a* - 3b* - c* by abc. 

6. x*v - 2av* - y* by - Bxy. 6. 3a*b* - ab* - 5a® + a*b by 7b*. 

Write down the product ol: 

7. 3a 1 * - 4aa* + 5aa and - 2a®. 8. - 2m® + 3m*« - 5m w* and 4mn. 

9. a*bc-b*ca + c*ab and -abc. 

10. x‘ + y*+z*-yz-zx-xy and xyz. 

11. -2c*d + 3d*c-5cd*-4e*d* and -6c*d®. 

12. 8a 4 -6a®b + 6a*b*-4ab® and -2a*b*. 

Simplify : 

18. 7a*(a - 2) - 2a“(a - 3) - 8a “(1 - 2a:). 

14. a*(y* - *•)+y*U* - a*) + «*(a* - v'). 

15. 9a*(a* - 2y*) + 6y *(3a® + y*) + 3y*(a® - 10j/*). 

18. a®(a® + 2a* + 2a:) - 2a*(a* + 2a* + 2a) + 2a{a® + 2a* + 2a). 

17. a®b®(a*b* - 2a*b* + 2a*b)+2a 4 b*(a®b® -2a®b* + 2a*b) 

+ 2a*b(a®b®-2a 4 b* + 2a*b). 

18. 2a*b*(2a*b® + 6a®b* + 9a® b*) - 6a*b 4 (2a*b® + 6a®b 4 +9a*b*) 

+ 9a®b*(2a*b® + 6a*b® + 9a*b*). 

19. a*(2a - 3y)+a*(3a + 4y) - a*(5a - 2y). 

20. If a m: x*-vz, b«*v*-za and c“z*-xy, 

find the values of (i) ax+by + cz ; (ii) cx + ay+bz. 

IV. Division 

48. Definition. One quantity a is said to be divided by another 
quantity b, when a third quantity c is found such that exb—a. In other 
words, a+b"e, when a”b*c. 

Thus, when a—v x *, we have a-*-V”*, and a+*=“V. 

When one quantity is divided by another, the former is called the 
dividend and the latter the divisor ; the result is called the quotient. 
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49. Fundamental Propositions. 

(i) To prove that a +b xb-a. 

If we denote a+b by x, we must have, by definition, 
asx6«a. 

Henee, a+6* 6—a:x6—a. 

(ii) To prove that a+b+c-a+bc. 

We bave(a-*-6-*-c)x6c-l(a-<-6)-*-clxcx6 

“[Ka-+-6)-*-clxe]x6 

“■(a+6)x b [by the last result ] 

— a. 

Hence, by definition, a+6-*-e—a+6c. 

That is, to divide any quantity successively by two others it the 
same as to divide it at once by their product. 

Cor. Hence, a+6-*-e—a + c-*-6, for eaoh of them— a +(6c). 

(iii) To prove that a+b- ax -• 

We have ^ x 6—l-*-6x6 —1. t by (i) ] 


Hence, 


x 6-ax xbj 



-axl-a; 


( ox il 

|x6—a. 


Therefore, by definition, a+i-ax j■ 

Thus, to divide any quantity by another it the same at to multiply 
the former by the reciprocal of the latter. 

Cor. a+bxo**axo+b. 

For a+6xfl-ax-i xc-axox [Cor., Art. 48] 
and this latter -axc+6. 


50. Law of signs. 

Since, ax(-b)--ab, 

.* •, by definition, ab)-*-a« - b \ 
M&. V-obV-V-bV a \ 


l 



III. ] 

Again, Binoe 
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(— a) x (— £»)=ab, 

. . ab-*-( — a)” — b 1 

and ab+i-b)”-a j 
It is evident also that ab+a* b \ 
and ab+b= a J 


... n 

••• hi 


Hence, irom I, II and III, we have the following law of signs in 
division : 


When the dividend and the divisor have the same sign, the Quotient 
is positive, and when they have different signs, the Quotient is negative. 
In other words, like signs produce +, and unlike signs —. 


51. Division of one monomial expression by another. 

Let ns examine a few particular cases : 

(i) Since, 3a 8 &x5a 8 & 8 c = 15a'& 8 c t we must have 

(15a“i 8 c)-*-(5a 8 &*c)=3a 2 &. 

Thus, if the dividend = 15a‘6*c 

= 3x5x a 8 xa*x6 s xhxc, 
and the divisor = 5a 8 £> 2 c, 
we have the quotient = 3a 2 £>. 

(ii) Since, (-2a 10 & 2 cd)x(-3a‘c 2 ) = 6a 18 & 2 c 8 i, 
we must have 6a 1 “6 2 c 8 d-*-(-2a 10 & 2 cd)“ — 3o 8 c*.' 

Thus, if the dividend“=6a 18 6 8 c^d 

“2 x 3 x a 10 x a 5 x b a x c x c a x d, 
and the divisor = -2 a 10 b a cd, 
we have the quotient” -3a 6 c 2 . 

(iii) Since, (-5a e b ls c a d)x(4b , c 4 )* s -2Qa e b t c t d, 
we must have (-20a 8 & 8 c 8 d)-*-(-5a 8 6 8 c 2 d)“4& 8 c 4 . 


I 


II 


Thus, if the dividend” -20 a e b e c e d 

“(— 5) x 4 x a 8 x x x c* x c 4 x d, 
and the divisor” -5a 8 5*c*d, 

we have the quotient ”46 8 c 4 . 

Hence, from I, II and III, we are led to deduce the following rule 
for dividing one monomial expression by another : 

Take . away from the dividend all those factors which make up the 
divisor and to the remaining factors prefix the sign +, or no sign, if 
the two expressions have the same sign, and the sign if then have 
different signs. 

Rote. Wtihave # 1 *-^-a' , «■la‘xa’)-S-a , “a , t -a**"’]. 
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Similarly, a’°-f a*-a'\ o ,, -5-a M -a’ t and so oft. Honor, oofiorolh 
»*+«’*«*-, where rr. and ft are positive integers and m > ft. 

Example 1. Divide 18m*n*p by -6m*n*p, 

The dividend *18m*n*p 

“6*3xm ! x»»Xft* xp. 

The divisor * - 6m a n s p. 
the quotient*-3m. 

Example 2. Divide -24a’6*cby -6a*2>e. 

The dividend*-24a’6*e 

*(-6)x4xa 4 xo*x6x&*xo. 

The divisor* -6a*te. 
the quotient *4a 8 6*. 

EXERCISE 18 

Divide: 

1. 16a;* by -ix. 2. -18a:* by 6a:*. 

3. -20a’a:* by -OaV. 4. Xx ie v t by 12*‘y*. 

6. -14a*b*o by-7a*6c. 6. -20p 1, 5*r* by lOp’^'r*. 

7. -70ar 1 *y k s by-14a; 10 tf'. 8. 64a 1 *6’o“ by -8a*b’c*. 

9. -81m 1 *n , ‘p* by 27m*«V. 10. -69a’6V by -23a‘6*o’. 

11. 25x ao v*t t by -5 x lt yz*. 

12. -42a**o:**v*** by -Ha^as 18 ? 1 *. 

13. a 101 by a*’. 14. 28a:* 0 * by -4a: 1 *’. 

16. 66m* 0 ’ by -8m* 8 *. 16. -91a l88 6*°* by 13a*’6". 

6 1. Division of a multinomial by a monomial. 

From Oor. 3, Art. 47, we have 

aS,b +c+ d+e +/+•■•)* ab + ae + ad+ae+af4— 

Hence, [ab+ac+ad+ae+ •••)-*-a ,m b+c+d+e+ . 

*(ab+a)+(ac+a)+(ad+a)+(a«+a)+. 

Thus, to divide a multinomial expression by a monomial we have 

to divide each term of the dividend by the divisor and take the turn of 

those partial Quotients for the complete quotient. 

Example 1. Divide 4a*x* - 6a** 1 + lOaa:* by -2a*. 

, _4a 8 e*-6a*o; 8 + 10aa:* 

The required quotient*-- 
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^ la'x* -6a*a;* , 10az 4 
- 2ax - 2az - 2 ax 

* - 2a*x + 3ox s - 5x® 

Example 2. Divide 9x* - 4x 4 a - 2z*a* by 3x*. 

mi -3 .• 9x* -4x 4 a-2x®a* 9x* , - 4z 4 a . —2x®a* 

The required quotient* 3a .„ “3x i + + —j^y— 

“3z*-Jza-la*. 

Note. After a little practice the student can safely do way with the (inter¬ 
mediate) step in each case and vn ite down the quotient at once , 

EXERCISE 19 

Divide : 

I. 3a*5 a -2a a 6" by a*b*. 2. 2a*5-3ao* by -afc. 

3. 6a 4 5*-9a*5 4 by 3a a 6 s . 4. 12x 4 y*-9x®y by -3x®y. 

5. 14x 7 y‘-21x*y’by -7x*y*. 6. 4mn® - 12m*n* + 16m®n by imit. 

7. -3a®x 4 + 6a a x*-9a 4 x® by -3a*x*. 

8. 12x*-8x*a a + 20ax 4 by -4x®. 

9. 10m* b 4 - 15m T n a - 20m®B® by 5m*n*. 

10. 8j) 4 g*-511*3®-3p*g 4 by -8p a g a . 

II. -14x®y‘ + 21x 10 y*-28x T y* by 7x T y®. 

12. 15a 4 <r® - 30a T x* - 45<z®z® by 20a 4 x*. 

IS. -60x 4 a*-75x®a* + 80x*a 4 by -20x®a 4 . 

14. 125m®n 4 iJ* - 175m 4 n*ii a - 200m a n V by 25m*n V. 

15. - a*5 4 c 4 x 4 y*z* + 2a*b a c*x*y*z* - 3a 4 5 4 c a x 4 y a * 4 

by -a a 5 a c a x a y a s\ 

MISCELLANEOUS EXERCISES I 
I 

1. What number will represent an interval of 5 hours (i) if the 
unit of time be half an hour ; (ii) if the unit of time be 10 hours 7 

2. If x stands for 17 and y lor 25. what does x ~ y denote 7 

3. Define "Coefficient". Distinguish between a numtrioal 

coefficient and a literal coefficient. 

What are the coefficients of x® in 15x®, 2ax®, 7ah a x* and 16m a j>e*® 7 

__ 4. Distinguish between Jab and Jab. Find the value of 
Jab * Jab, when o*9, 5*4. 
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5. If a distance of half a kilometre to the north of a plaoe be 
represented by 40, what will represent a distance of 6i metres to the 
south of it 1 

6 . State the result when a negative quantity is added to a positive 
q uantity. H ence deduce that + (- 6) — - 6. 

7. Define subtraction. Hence deduce that 4-6--2 and that 
5-(-3)«8. 

8 . Arrange the following numbers in descending order of magnl* 
tade : 2, 5. -3, 7, -8, -1, 9, -4, -12. 

II 

1. If 0=4, b “5, find the values of: 

(i)a6-a*6; (ii) 45-a6; (iii) 74 — 7a ; (iv) 85-86. 

2. What does o’* mean ? Distinguish between o B and n“. Find 
the value of a*-4a 5 6 7 8 6 + 6a*6*-4a6 8 + 6‘, when a = 7, 6-5. 

3. What is the relation between o and each of the following : 
%Ja, ija, %/a and %/a ? 

Find the value of Ja.* — 3d x %/b* — c 8 — 2e, when o—8, b m 7, e—6 : 
d—6 and e—1. 

4. What is meant by the absolute value of a positive or a negative 
quantity 1 Illustrate this by an example. 

5. Add together 3x*v, -8x 8 y, - 19x*y and 17x‘y ; and find the 
numerical value of the sum, when sr—4, y=5. 

6 . Writedown the sum of 16a:*, -8xy 8 , 2ix t y t , y* and -32x‘y 
and find its numerical value, when x=4, j/“ 5. 

7. Subtract 4a -136 - 25c from 176-12c- 19a. 

8 . Simplify 3x - [4y +12* - (x - 5v + 3*)}] —(3m — 7y), 

HI 

1 . Express algebraically the following statements : 

(i) The result of multiplying the sum of a and 6 by c is the same 
SB the result of dividing x by the product of V and e. 

(ii) The Bquare of the sum of % and y is the same as the result 
of adding together the square of x. the square of y, and twioe the product 
of x and y. 

(iii) If the cube root of the result of subtracting » from m be 
fllvlded by the product of the cube ol m and n, we get a quantity whiob 
is less than the sum of the square roots of x and y. 
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(iv) Since, a is greater than b, therefore, three times a is greater 
than three times b. 

2. A, B, C, D, E, F, O are a number of successive points oa 
a straight line such that the distances AB, BC, CD, DE, EF, FO are 
respectively 3, 4, 6, 8, 6 and 7 centimetres. If DC be represented by 3. 
what number will represent DB, DE, DF, DA and DO respectively 7 

5. State the result when one negative quantity is added to another. 
Find the value of the sum of - a 8 , - 3a‘b, —3ab a , -b‘, when a*“6 ,b m i. 

4. Show by a numerical example that when any number of quan¬ 
tities are added together, the result is the same in whatever order the 
quantities may be taken. 

6. If a”16, 6-10, c-5, d-1, find the value of 

(a — i>X5 Ja — 6)+ J(a — b)[c + d). 

6. If 0 “i, 6”f, prove that 

- a 4 - a 8 6+a*6* - ab a + b*. 

a + b 

7. Add together 3a* + 46e-a;* + 10, 2e* - do* -15 + 66e and 

ai-B6o-4a*-l(te s . 

8. Simplify a-[56-)a-(3e-36)+2s-(a-26-e)}]. 

IV 

1. If a “9, find the value of: 

(i) n/49- J4a ; (ii) ^49 - Jia. 

2. Show by a numerical example that when any number of 
quantities are added together, they can be divided into groups and 
the result expressed as the sum of these groups. 

3. If o”2, 6-3, c-4, find the value of 

a -b+c + b-e+g c-a+b 
a+b-o b+e-a o+a-b 

4. Define an Algebraical Expression. Distinguish between 
a simple expression and a compound expression. 

Is 42ate* a simple or a compound expression 7 Give the names 
with illustrations of the different classes of compound expressions. 

5. If x”2, y“3, a“6, 6“5, find the value of 

Vft(x+v)* + Vix + atb-Sx) + \fx (6- y)*, 

6. A certain sum is divided between A, B and 0; B reoetaas 
a pounds more than'A, and 0 receives b pounds more than B ; if 
A receives x pounds, find an expression for the whole sum divided. 


1—4 
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7. Add together a*-3ab-itb*, 26*-|6* + c*, ab - ib* + 6* and 

8 . Bedaoe to its simplest form 

12x* - (v* ~xv)i - \v* - (4x* “ V“)f + 12y* ~ (3*y - x*X. 

V 

1. What is meant by the dimensions and degree of a product T 
What is a Homogeneous Expression ? Write down two trinomial homo* 
geneons expressions, one of six dimensions and the other of seven, 

2 . If you were asked to find the value of the expression 
a* 6 - 0 -*-dxe+ how would you proceed ? 

8. Define factor. What are the simple factors of 2a6(a + 6) ? 

4. If a—4 and x-2, find the numerical value of 

'2ar a _ 6Vnx _ 29x , i 
(o-x)* a*. V2o + 4x 64a 

5. Find the value of (x 8 -7x* + 6x + 5)+{-3x+2x B +4+5x*) 

+ (-ll-4x B + 2x-7x B )+(9x B + 2+5x B -4x), when x-6. 

8 . Prove that a-(6-c)«a-6 + c. How is this generally proved 
when a, b, o are all positive quantities and a is greater than 6, and b 
is greater than c ? 

7. Simplify 2x-[(3x-9v)-)(2x-3y)-(x+5yH]. 

8 . When is one number said to be multiplied by another ? From 
the definition deduce the result when -8 is multiplied by —4, 


1. Define the pouw of a number, and the index of the power ; 
and illustrate them by a numerical example. 

2. If a ”16, 6 “10, x—5, y—1, find the numerical value of 

(o-v) *n/24)jx + x b + J(a-xY.b+v). 

S. Show that a* + 6" + c* - 3a6c**(a+6 + cXa* + 5* + o* — a6 - ao - 6o), 

(i) when a“3, 6—4, c**5 ; 

(ii) when a**|, 6**J, e-1. 

4. State the propositions from whioh the following result may be 

deduoed 

a-6+o-d+s-/**(a+c+«)-K(-6-<i-/). 

8. Illustrate dearly by an example that 40-(-15)-55. 

ft. Find the numerical value of the Bum of 7x*-26s/v*+s*, 
Ift and 2s*+6«* + 7 Jyt, when x-17, y-16, s-15. 
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It State the operations indicated by the expression 
5a - [4b - {3c - (2d - 7e)|], 

8. Find the value of 

[(a* + b 8 +o 8 +d 8 )ia+b - (c - a)H-a“b+c 8 d][a* - (b* + o 8 )+d*i 
when a—4. b»*8, c-2, d—1. 

vn 

1. Distinguish between : 

(i) a-*-be and a-*-b*c ; (ii) a* and 4a ; (iii) Bja and Va 
(iv) Ja+b and Ja+b; (v) Jab and Jab. 

2. If a="l, b*2, c”8, d—0, find the value of: 

a g b+b*o 4- c*d+d* a_ . 

1 (a + bXe+d)-l(a-d)+(c-bjl' 

(«) 'Jb-a* + ‘JUa -a) - V3(8a + 6b+3c-2d). 

8. Show that the expressions 

(a+b+c) 8 +a 8 +b* + c 8 , (a + b) 8 + (b+c)* + (a + a)* + 6abe and 
Sa 8 +8b 8 (a+c)+2b 8 + 3c*(a+b}+2c 8 + 3a 8 (b+c)+6abo are equal to one 
another, 

(i) when a-2, b-3, c-4 ; 

(ii) when a—7, b-4, c-1. 

4. Simplify : (i) 1 - [1 - U - (1 - l+i)[]; 

(ii) 8a-(b-2c)-la+e-(8a-b-2c)[-(2a-8b+4oy, 

5. Express algebraically the following statements : 

(i) That the product of the sum of the two numbers multiplied by 
their difference is equal to the difference of the squares of the numbers. 

(ii) That the square of the sum of two numbers exoeeds the sum 
of their squares by twice their product. 

6. Find the value of 

17a-5b-[7a-3b-)4(a-b)-(2a+Sb)H, whena-39, b-52. 

7. If F-6a+4b-6c, X--3a-9b+7c. 

F-20a+7b-5c. F-18a-6b+9c, 

calculate the value of F- (X+ Y)+Z. [ Mad. U. Matrio., 1888 ] 

8. From the sum of a - Jb+Jc— \i, -ic+ia—ib+d, ld-ib+c—a, 
t»~td+b-|e and 8a-6b+8c-4d subtraot Vo-Wb+Sc-Vd. 
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VIII 


1. Prove that axb m bxa, when a and b are any two positive 
Integers. 

2. Ii M stands tor a[m + n) and N stands for U.m - n), find the 

values of ^ + £ and ^ ~ t ’ 
a b a b 

3. In the identity* c(a +6) - ca + cb substitute : 

(i) m+n for c and find the value of the product (ro+nXo+b) i 

(ii) a+b for o and evaluate (a + b)*. 

4. Simplify: (i) x(y - s)+y(s - x)+z[x - y ); 


(ii) *=}+*=; 

vs zx 


+ *ZV. 
xy 


6. Prove that 

(i) o m -*-o*“o m-,l 1 where m and n are positive integers and m> it i 
and (ii) a 

6 . If a—3xy-yz-zx, b—Syz-xy-zx and c-3s® -xy-yz, 

find the value of — - + e - 
xye 

7. Multiply io , 6 10 e 1 *!eVs* + Va lo 6 l, c , !r , v 4 s* 

+ fta 1 ‘b‘c 10 x l v* by SMaWcVs*. 

8. Divide ta 10 & l, c*V 1 V 0 **+¥tf l, 6*V°& 1 V* 1 * 

+ fa* 0 6 1 V‘x B v 1, s 10 by ia 10 i 10 c 10 x*v’s e . 


CHAPTER IV 

SIMPLE FORMUL/E AND THEIR APPLICATION 

58. Definition. Any general result expressed in symbols is 
oailed a formula. In other words, a formula is the most general expres¬ 
sion for any theorem respecting numerical quantities. 

64. Formula (o+6)*-o 9 +2o6+fi*. 

[ (a+6)*“(a+6Xo+tt“o(o+6)+6(o+6) 

■*a*+2a&+6*. ] 

*Ii la an equality both aides are equal for any and every value of the symbolical 
quantities Involved, or when one aide of the equality oaa be simplified Into the othes, 
the equality la aald to be an identity. (Also see Art. 69.) 
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That is, the square of the sum of any two quantities is equal to the 
turn of their squares plus twice their product. 

Cor. a* + 6* - (a*+2 ab+ 6*) -2 ab-(a+ 6)* - 2ab. 


Example 1. Find the square of 2x + 3y. 

(2®+3 y)*~ (2®)* + 2(2®X3 y) +(8y )* - 4®* + 12a*+9y*. 


Example 2. Find the square of 5a:+ 4. 

(6*+4)* - (5®)* + 2(5®).4+4* - 25®*+40®+16. 

Example 8. Find the square of 4a* + 76*. 

(4a* + 76*)* - (4 a*)*+ 2(4a*X76*)+(76*)* - 16a*+66o*6*+496*. 


Example 4. Find the square of J® + | y. 
[be + lv)* - (4®)*+2(4®Xfv)+(fv)* 

-l®* + l®y+*y*. 


Example 5. Find the square of (i) (| ^ |> (ii) (^ + ” j' 

«»(Kr-(ir +a H^r-.w- 


Example 6. Find the square of 8012. 

8012* “(8000+12)* “8000*+2.8000.12+12* 

-64000000 + 192000+144-64192144. 

Example 7. Express 16®* + 40®v+25y* as a perfect square. 
16®*+40®»+25y*—(4®)*+2.4®.5p+(5?)* 

-(4®+6»)*. 


Example 8. Find the value of ®* + when ®+ \ -8. 

X X 

- 2 .®.\ -3*-2-7. 
e x e / e 

Example 9. Find the value of o* + ^v when a+ ~ —4. 
B *+i - (a* + Jt)'-2.a» ^-!4*-2“ 1 96-2-194. 
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Example 10. Find the square of a+b+c. 

(a + 6+c)*Ha+(6 + c)}*, [regarding b+e aa one term ] 

- a*+2a(6+c)+(6+c)* 

*■> a* + Soft+Sac+6* + 26c+c* 

■“O*+6“ + c* + 2a6+2ac+26c.* 

Example 11. Find the square o! a+&+e+d. 

(a+6+e+d)*“i(a+6)+(c+d)}*, [regarding a+b as one term 

and c+o aa anotnev J 

" (a +6)*+2(a+ bYfi + d )+(e+d)* 

“ (a*+Sab + 6 s ) + 2(ac+ad + bo +6d)+(c* + Sod + d*) 

- a* + 6* + c* + d * + 2o6+2ac+2<id + 26c+2M+Sod. 

Example 12. Simplify 

(a+6-c)* + 2(a+&-cXa-&+c)+{a-6+c)*. 

Putting * lor (a+b-c) and v for (o-6+e), we have the given 
expression —**+2®v+y*“(*+v)* 

H(a+6-e)+(a-6+c))* 

-(2a)*“4a*. 

Example 13. Find the value of 9** + 30a5V + 25v*, when e-lfl 
and V -9. 

The given expression - (3a;)’ + 2(3»X5y)+(6y)* “ (3* + 6y)*. 

But Sa:+5y-3xl5+5x(-9)-45 - 45 -0. 

.'. the given expression “0. 

Example 14. Simplify 986 x 986 +.986.28+196. 

The given expression “(986)*+ 2.986.14+(14)* 

[V 196-14* ,'88-S.l*] 

-(986+14)* “ 1000* -1000000. 

EXERCISE 20 

Find the square of each of the following expressions : 

1. b+ 4. 2. 3o+2. 8. ®+9». 

4. 2®+7y. 6. 3a+46. 8. 5a+76. 

7. ay+86®. 8. a*+26c. 9. 8®*+2y*. 

•Uhls oan be written as «*+b*+e*+S(ab+ac+6c). 

Th —fam, (l) e*+t*+e*“(a+&+«)’-S(al>+so+M* 

(11) Kflb+«+M"(a+t+e)’~i< , ’+ i, ’+ c, i '• 

,*. fci6+.a«+W“ii(»+t+«)*”(* , +t , +c‘)h 
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10. 4a;*+y*. 11. |a:+«p. 12. (~ + |)- 

15. (J+-J)- 14. 907. 15. «+A. 

16. c+£i+3c. 17. ab+bci-ca. 18. 2p+3fl + 4r. 

19. a;* + y* + s*. 20. 2a; + 3v + 4e. 21. ®“ + y“ + **. 

22. ®+»+2o + 36. 23. 3o + 46+c+2d. 24. 2o+z+4y+3s. 

25. 4m + 8n + 3p+2a. 

Express each of the following expressions as a perfect square : 

26. a;* + 4ar + 4. 27. 9o* + 24ab+166*. 


28. 25a;“ + 5^rp + ^ , ■ 

M 16a* +o+9^. 
W - 9b* * 16a* 


29. a;*+2+A' 


Simplify : 

81. (a:+y)* + 2(a;+yXa;-y) + {a;-y)*. 

82. (*-i/+s)* + (y + *-a;)* + 2(a;-y + zXv + «~aO- 

83. (2a-36+4c)* + {2o + 35-4c)* + 2(2a-3&+4cX2a + 36-4c). 

84. (6o-76)* + 2(5o-76X9i>-4o) + (96-4a)*. 

85. (2«-5y—3«)*+{6y+3s—®)* + 2(2a!—6y—3*X6y+ 3 a-*). 

86. 45*+ 2.45.5 + 25. 87. 992 x 992 + 8 x 8 + 2 x 8 x 998. 

88. rssxs’se+ffixs^ss+m. 

Find the value of: 

89. 9sr* + 12sr+4 I when a?” — 1. 40. 16a;*+64®+84, when 9. 

41. 25»»* + 40»»n + 16n* l when m — -18 and n~23. 

42. 49a* + 66a6 +165*. when a « - 7 and b -13. 

48. 64o* + 16ac + c*. when a*6 and c--49. 

44. 81a;* + 18<r* + **, when a;“7 and -67. 

46. 86p* + 132pg + 121g*, when p * 12 and 5^-7. 

46. If m + ——4, show that »»* + (~) “ 14. 

47. If w + ^ -a, find the value of x* + \- 

g X 

48. If a:+ | “ <J5, show that a:*+^**(land -2. 
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49. Find the value of ?, + when \ + f “4. 

o o a b 

60. If x+—.“2, find the value of ** + ^J ■ 

66. Formula (a-b)*— a*-2a6+6®. 

[ (a - 6)“ «= (a - bXa ~ b)-a(a -b)-b(a-b) 

“0*-2a6+6*.] 

That is, the square of the difference of any two quantities is equal 
to the sum of their squares minus twice their product. 

Note. This formula is virtually included in the formula of the last article, 
fcr, (a-M’Ha+f-bW’-c’+toMl+Ml’-e’-aaf’+i’* 

Cor. I. a* + 6*“(a*-2o6+6*)+2a6“(a-6)* + 2a&. 

Cor. 2. Since (a+6)*“a* + 2a6+6*, and (o-6)*“0*-2a6 + &*, 
evidently we have (o + 6)*“(o-6)* + 4o6 and (a - 6)* “ (a + 6)* ~ 4a6. 

Example 1. Find the square of So -46. 

(So - 46)* - (3a)* - 2(3aX46)+(46)* «9a* - 24o6 +166*. 

Bxtmple 2. Express 25y* - 60 yt + 36** as a perfect square. 

26v* - 60v*+36«*“{5v)* - 2.5y.6*+(6*)* “(5y - 6*J*. 

Example 8. Find the square of 896. 

898* - (900 - 2)* -900* - 2.900.2 + 2* 

—810000-3600+ 4-=806404. 

Example 4. Find the square of (ix - §y)*. 

(I* - jy)* “ (fat)* - 2.}r.jy+(ty)* 

-ftx'-xy+iiv*. 

Example 6. Find the square of -4o6-56e. 

(- 4o6 - 66c)* - ((- 4o6) - 56c| * 

-(- 4o6)* - 2.( - 4o6X66c)+(56c)* 

“ 16o*6* + 40o6*c + 256*c*. 

Example 6. Find the sqnare of x-y-t. 

(« - v-»)*“ k - (v+«)!*-**-2»(y+*)+(v+s)* 

“ ** - Stey - 2a» + y * + 2ys+s* 

- «•+y*+s* - 2ay - 2®*+2ys. 
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Example 7. Find the square of 2* -3y-4z. 

(2® - 3y - 4z) a “ )2® - (3v + 4z)| * “ (2®)* - 2(2®X3v + 4z) + (3y + 4 *)* 

“ 4® 8 - 2(6®y + 8®z) + }(3v)* + 2(3j/X4*)+ (4z) 8 l 
“ 4® 8 - 12®p -16®z + 9y 8 + 24i it +16** 

“ 4®* + 9y* + 16z* - 12®v - 16®z + 24y*. 

Example 8. Find the square of a-b-c + d. 
(a-b-e+d)*~\(a-b)-(c-d) t 8 

“ (a — 6) 8 — 2(a - 6Xc - d) + (c - d) a 
— (a* - 2ab + 6 8 ) - 2(ac - ad — be + bd) + (c* — 2cd + d 8 ) 

—a* — 2a6 + 6 8 — 2ac + 2ad + 26c — 26d + c 8 — 2od + d* 

■> a* + 6* + c* + d* — 2a6—2ac+2ad+26c—26d—2od, 

Example 9. Simplify 

(ax-by+cz) , + (ax-by-ez)*-%ax-bv+oey,ax-by-es). 

Putting m for (a® -by + cz) and « for (ax - by — ox), we have 
the given expression “ to 8 + n 8 - 2«tn -(m - n) 8 

- \(ax - by + cz) - (ax - by - es)} 8 
“(2cz) 8 = 4c 8 z 8 . 

Example Id. Find the value of 9a 8 -48a6 + 646\ when a =“16 and 

6 = 6 . 

The given expression=(3o) 8 - 2(3aX86) + (86) 8 “(3a-86) 8 
=(45-48) 8 “(-3) 8 “9. 

Example 11. Simplify : 

48326 x 48325 - 48313 x 96650 + 48313 x 48313. 

Putting ® for 48326 and y for 48313, we get the given expression 
“®X®-j/.(2®) + tfXtf t 96650 - 3.48325 “3« ] 

“ ® 8 - 2®v + V* “ (® - y)*. 

.*. the given expression “ (48326 - 48313) 8 ™ 12 8 = 144. 

Example 12. Find the value of 

(i) (a+ ^ )*■ (ii) x* + - 1 , and (iii) ® 4 +J,' when *- |-2. 

(1) (* + l) , -(*-i)' + 4 *-i- 3,+4 - 8 - 

(il) ® 8 + i-(®- i) , + 2.*.i-2 8 + 2-6. 

(iii) *‘ + i“(a 8 + ^) , -2^ 8 .^=6 8 -2-S4. 
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Example 18. Find the value of a* + b* + c* - at - oc - be, 
when a m x+v, b-x-y and c«s + 2p. t C. TJ. 1914 ; D. B. 1981 ] 
a* + 6* + e* - ab - ae - be « M2n* + 26* + 2c* - 2ab - 2ac - 26c] 

- Ha* - 2afc + 6 s + a* - 3ac+c» + i* - 26c + o'] 
“ 4[(a - t)*+(a - c)*+(6 - c)*] 

*“ i[(m+v—* + y)* + (m+y—a:—^)“ 
+{s-p-s-2p)*] 

«4[(2p)* + (-v)* + (-3p)*] 

- 4[4p* + y“ + 9y*] - 4[14y*] «7y*. 


EXERCISE 21 


Find the square of each of the following expressions : 


h 

x- 

3. 

2. 

2x-5. 

3. 

3s-5y. 

4. 

ax- 

■by. 

5. 

8w-3n. 

6. 

pm-qn. 

7. 

*>■- 

-mn. 

8. 

x*y-xy*. 

9. 

s*-2s*. 

10. 

8a* 

-6 i». 

11. 

-xyz-abc. 

12. 

s*y*-y*ss. 

18. 

o*s 

4 -tv. 

14. 

3 7 

7 X ~ 12 v ‘ 

16. 

I_l. 

2s v 

16. 

2s_ 

V 

V , 

2s 

17. 

2s-. -■ 

4y 

18. 

1 

g 

1 

*? 

19. 

5s- 

-3y-6*. 

20. 

3m-4n-5?. 

21. 

a*-86*-5c*. 

22. 

s- 

y-a-b. 

23. 

o-2s-3t-4y. 

24. 

90-1. 

25. 

120 

-3. 

26. 

600 - 2. 

27. 

993. 


Express each of the following expressions as a perfect square : 
28 . 16a*-8at+6*. 29. 4s*-20sy + 25y*. 


20. 4s*-2+ 


4s* 


31. 


L + _L. 

* + 46* 


. 1 . 

ab 


32. 9s* + 


121s* 


6 . 

11 


is. ’sisx^+rsssxrsss-iKxim 


Simplify : 

14. (o+36)*-2(o+3hXo-35)+(a-36)*. 

16. (2a-4t+5c)*+(2a+46+5c)*-2(2a-4t+5cX2a+4&+5c). 

16. (Sa + 8fc+7e)*+(7c-4a+5t)*-2(3a+6t+7cX7c-4a+5&), 

17. (2s*-y*- 5**)*—2(2s*—y* —6**X6«*+ar* - y*) 

+(6r*+^s.*“y , ) , . 

88. {nb~bc+ oa)*+(ai+46c+Sea)® - 2(o6 -bc+ aaXat+46o+2oa), 
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89. TB946 x 7894G+78941 x 78941 - 2.78946 x 78941. 
ja 94667 x 34667 - 2.2 4567 *24669+24 560 * 2456 0 
24567 - 24560 


Find the value of: 

41. a*6 a -12a6c+86c a , when a-4, 6-7 and o-5. 

42. * a y a -24®y* + 144s a , when *-7, y-9 and *-6. 

43. 25(a: + y) a + ** - lOzCsc + y), when *-47, y- -22 and *—129. 

44. 9o*-42c(a + 6) + 49(a + 6)* 1 when a—-37, 6-57 and c-46. 

45. 64(7p - 5g) a - 96(7p - 5g)r + 36r 1 , when p-28, 5-32 and r-43. 

46. If e- ~ -4, show that c*+ ( - )*-18. 

47. If ps- — —c, show that %‘+ \ -c* + 2. 

x x 

48. If X~ ^ — J% show that sr , + -\-4. 

x x 

49. If x~ - -3, show that 

x 

(i) [x+ ~)* —13 ; (ii) x a + i —11; and (iii) *‘ + ^-119. 

50. Find the value of 

(i) x-y, when « + y-9 and xv—14. 

(ii) ®+y, when «-y—9 and *y-36. 

(iii) fl5*+y* + **-*y-!c*-y*i when sc-6+c, y-o+o and ***o+6, 
51» Show that (i) (* + y)* + (x - y) a —2(a:* + y a ). 

56. Formula (a+6)(a - 6) - a a - 6 a . 

[ (a+6X« - 6) - a(n - 6)+6(a - 6) 

-o a -6 a . ] 

That is, the product of the turn and difference of any two quantitiee 
it equal to the difference of their tquaret. 

Hots. Qomeroely. o*-b*-(o+bKa-b). Bence, we ean always find the fatten 
yn eopreteion which it of tin form a’-b*. 

[ When me enprewien it the product of pee or more eepreutoru, tenth of thi 
Utter It tailed a factor of the farmer. ] 
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Example 1. Multiply 3a+5v by 3a-5y. 

(8a+fiyXSa - 5y) - (3®)* - (5y)* - 9a* - 25y*. 

Example 2 . Multiply a + 6-oby a-b+c. 

(a+&-cXa-&+e)-ia + (&-e)Ha-(5-e)(-a*-(6--c)* 

•■a* — (5* — 25c+ c*)—a* — &* + 25e-o*. 

Example 3. Multiply a*+®v+v* by a* - ay+y*. 

(a*+ay+y *Xa*-®V + V a )“ ((a* + V*) + at/H(a*+y*) - xy\ 
-(a*+y*) a -(av) a 

“a 4 +2a*y* + y*—®*y*—a 4 +e*y*+ y 4 . 

Example 4. Find the product of 512 x 488. 

612 x 488— (500+12X500 -12) 

-500* -12* - 250000 -144 - 249856. 

Examples. Simplify (a*+a6+&*)*-(a*-a6+5*)*. 

The given expression — \(a* + ab+b a ) +(a* — ab+6 *)! 

x )(a* + af> + 6*) - (a* - <*6+6*)! 
-(2a* + 25*)x2a6 
— 2(a* + 6*) x 2a6 — 4 aUa* + 5*). 

Example 6. Find the value of (9726R54)* - (9726849)*. 

The given expression “(9726854+ 9726849X9726854 — 9726849) 
-19453708 x 5 -97268615. 

Example 7. Resolve into factors 9a* - 25. 

The given expression-(3a)*-(5)* 

-(3e+5X3a-5). 

Example 8 . Resolve into factors (a+5)* - (c - d)*. 

The given expression—)(a+ b )+(c - d)H(o + b )—(fi - dX 
—(a+ 5+e — dXe+5-e + d). 

Example 9. Resolve into factors 16a 4 - 81a 4 . 

The given expression—(4a*)* — (9®*)*—(4o*+9«*X4a*—9«*). 

Again, 4a* - 9e* -(2a)* - (8a)* -(2a+3aX2a - 8e). 

Hence, the given expression—(4a*+9e , X2a+8eX2a-8a). 
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EXERCISE 22 

Multiply together : 


1. 

«+8 and ®-8. 

2. 5®+13 and 5® -18. 

8. 

®+2o and ®-2o. 

4. ax + by and ax —by. 

6. 

(8a + i)(s.-i)- 

Si 1 ® 

1 

+ 

OO'^ 

t6 

7. 




\y xl\v xl 


8. 

208x192. 

9. 1016x984, 

10. 

om+n a and am-n a . 

11. xy+yt and xy-yt. 

12. 

e* - 2 ye and ® a + 2 ye. 

18. x*y + xy a and ®v* - ®*tf. 

14. 

® + l, ® —1 and ® a + l. 

15. a* + b a , a* - 6* and a 4 + 6 4 , 

16. 

o+6 + c and o+6-c. 

17. o+6+o and a-b-c. 

18. 

m a + mn + n a and to* - 

TOJl + W*. 


19. ®* + 2®y+2y* and ®* — 2®y + 2y*. 

20. ax—by+ce and ax+by — cz. 

21. -o®+6y+c» and ax+by+cz. 

22. 6 *to— c*n + a a p and b a m + c a n - a a p. 

28. a* - 8 b a + 27c® and a® + 86* - 27c*. 

24. a a x a — 2o®+2 and a*®* + 2o®+2. 

25. a 4 ® 4 —a*®* +1 and a*® 4 +a*®* +1. 

26. m* + J2.mn+n a and n a - J2.mn+n a . 

27. «*- J2x + 1, ®* + J2x + 1 and ® 4 -l. 

Simplify : 

28. (o + 6-c)*-(o-6+c)*. 29. (a-26+So)*-(<*+26-So}*. 

80 . (®*+®y+y*)*-(®*-®v+tf a ) a . 

81. («+v-a+6) a -(®-y+o-6)*. 

82. (2o+36-5c+7cit) a -(2a-36+5c-7d) a , 

Find the value of: 

88. 2845 x 2345-2843x2848. 84. (53497)* —(63487)*. 

85. 498567 x 498567 - 498562 x 498562. 

Besolve into factors: 

86. 25® a -86. 87. 9o a -16c\ 88. 16ro*-49* a , 

89. 4p*-81g a . 40. a*®*-646*. 41. 86« 4 -121v 4 . 
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42. 

46. 

48. 

60. 

52. 

54. 

67. 

68 . 
61. 


48. 144c*-25d*. 44. 

«• 47 - 
(a+25)*-25c*. 49. 4®*-(So-46)*. 

4(a* - 6*)* - 9(6* - c*)*. 51. 

a*-816*. 56. (®-y)*-(a-6)*. 56. 81®*-625y*. 

(4o+76)* - (3a - 86)*. 58. (3®+5y)*-(2®-7y)*. 

(o+26-8c)*-(a + 6-c)». 60. (2m+3n-5|>)*-(2»+Sj>)*. 

(3cc - 4y+7*)* - (2® - 3y+5*)*. 


49 - 64d*. 

f? 4? 

9 


57. Formula (a+6)*-a 3 +3a 2 6+8a6 a +&*, 
or, -a*+6*+8a6(a+6). 
[(a+6)*-(a+6Xa+6)*-(a+6Xa*+2a6+6*) 

—o(o* + 2a6+6*)+6(a* + 2a6 + 6*) 

-fl* + 3a*6+3a6* + 6* ; 

and this latter - o* + 3o6(o+ 6)+6* - a* + 6* + 3a6(o + 6). ] 
Cor. a*+6*-(a* + 6* + 3a6(a+6))-3a6(a+6) 
-(a+6)*-3a6(a+6). 


Example 1. Find the cube of So+55. 

(So+56)* - (3o)* + 8(3a)*(56)+3(3oX66)* + (56)* 
-27o* + 3(9fl*X56)+ 3(3aX256*)+1256* 
-27a* + 185a*6+ 225a6* +1256*. 


Example 2. Find the enbe of 54. 

64* - (50+ 4)* - 50*+4*+3.50.4(50 + 4) 
-125000 + 64 + 600 x 54 
-125000 + 64 + 32400-157464. 


Example 8. Simplify 

(®-y)* + (®+y)* + 3(®-y)*(®+ y)+S(®+y)*(® - y). 

[ C. U. Entr. Paper, 1876 ] 
Putting a for ®-y and 6 for ®+y, we have 

the given expression-a* + 6*+8a*6+86*a 
- a* + 8a*6+8a6*+6*, 

and — (a+6)*-l(e-y)+(«+y))*-(2«)*— 8e*. 
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nr. 1 

Example 4. Simplify 

64 x 64 x 64 + 36 x 36 x 38+192 x 64 x 36+108 x 64 x 36. 

Suppose *—64 and y-36. 

3*-192, 3y-108. 

. the given expression - x® + y® + 3x.*.y+3y.x.y 

-x®+y® + 3x*y+3xy*-(x+y)' 

-(64 + 36)* -100® -1000000. 

[ Substituting the yaluee oi x and y ] 

Example 5. If a + 6—5 and of>-6, find the value of o® + 6®. 

We have o* + 6® — (o + 6)® -3ab(,a + b), 

and by the given condition 

-5* - 3 x 6 x 6-126 - 90 - 36. 

Example 6. If *+ ~ -p, show that *® + (|) -p“ ~3p. 

Since, o* + 6*—(a+6)" — BaKa+b), 



Hence, the reqd. value—p® - 3p. 

Example 7. Find the cube of p+q + r. 

(p+ff+r)*-Kp + «) + r(®-(p+c)® + 3(p+g)*r + 3(p+«)r , + r® 

-(p® + 3p*g + 3pg® + g*) + 3(p* + 2pg + g®)r+3(p+g)r* + r® 

-p® + 8*+r® + 3p*g+3pg* + 3p*r+3pr* + 3g*r+3«r * + 6pcr, 

Example 8. Find the value of‘*® + 9x*y+27xv*+27y®, when * -6 
and y- -2.* 

The given expression—*® + 3* , (3y)+3*(3y) , +(3y)®—(*+3y)® 

—(5-6)®—(-1)®— -1. 

Example 9. Show that *® + ^ - -2, when ~~- 

* * * * 


l. 
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Therefore, from the given condition, 
w+ - - 1 . 

«l 8 -3.1-‘l-3«-2. 

EXERCISE 23 


Find the cube of: 


1 . 

x + 3. 

2 . 

2 *+l. 

3. 

3a+6. 

4. 

4x+8y. 

5. 

x' + 2v. 

6. 

xy+yz. 

7. 

a a b+o a d. 

8 . 

a+6+2o. 

9. 

2*+3 v + z. 

10 . 

*“ + V 8 . 

11 . 

1 .2, 

2 a+ 3 6 - 

12 . 

? + tt. 

V x 

13. 

x y 

14. 

2 + 3. 

3a 56 

15. 

105. 

16. 

85. 


Simplify : 

17. (3m+5n)“ + 3(3m + 5n)*(2m -5»)+3(3m+6»X2«S‘ «•)*+(*» “&»)“< 

18. (3*-8y) 8 + (9y-2*) 8 + 3(*+l/X3*-8irX9y-2B). 

19. (3a - 76)* + (106 - 3a) 8 + 96(3a - 76X106 - 3a). 

20. (5* - 2) 8 + (3 - 4a:) 8 + 3(s+ 1X5® - 2X3 - 4*). 

21. (3 - 7*) 8 + (8* -1) 8 + 3(8* - 1X3 - 7*X* + 2). 

22. (a-6 + c) 8 + (a + 6-c) 8 + 6a(a 8 -(6-c) 8 f. 

23. 175 x 175 x 175 + '25 x '25 x ‘25 + 75 x 175 x 175 + 75 *’25 x 1*75. 

24. 3'89 x 389 x 3 89 + I’ll x HI x 111 +15 x 3*89 x m. 


Find the value of a 8 + 6 8 : 


25. 


27. 


28. 

29. 


90. 


21 . 

St 


When a+6~6 and a6*7. 26. When a+6“7 and o6~B. 

If a+ i -3, show that a 8 + (|)*-18. 

If s + ~ -4, find the value of « 8 + (jj • 


If (* + 2) + j a .-^2j“5, find tne value of (*+2) 8 + 
If a+ ; “ n/S, prove that a 8 + A-0. 

ft ft 

If —“-4, show that “-^-52. 
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l». ] 

Find the value of: 

S3. a 8 + 6a* + 12a+8, when a= — 2. 

84. *“ + 12®* +48a+ 64, when a” -5. 

85. 8a 8 + 36a*6+54a6* + 276 8 , when a“ —3 and 6*2. 

86. a 8 + 18a* + 108a+351, when a “ —11. 

87. If a + y ■* 5, show that a 8 + y* + Ibxy == 125. 

88. If o* + 5* = c*, show that a* + 6 8 +3a*5*c*“c 8 . 

89. If p + g = 2, show that p* + g 8 + 6pq «=8. 

58. Formula (fl-6) 8 -a 8 -3fl s 6+3fl6 a -5 s , 
or, - a 8 - 5 3 - 3aft(a - 5). 

[ (o - i>) 8 *= (a - b\a - 6)* = (a - iXa* “ 2 ab + b‘) 

“ a(a* - 2a6 + 6*) — 5{a* — 2o6 + 5*) 

= a 8 - 3a*5 + 3a6* - i> 8 ; 

and this latter=a 8 - 3ah(a -b)-b B — a h -b e — 3ab{a - b). ] 

Cor. n 8 - 5 8 *= )a 8 - 5 8 - 3a6(a - 5)1 + 3ab(a - b) 

—(a — b)“ + 3ab(a — b). 

Example 1. Find the cube of 3a - iy. 

(3a - 4j/) 8 «= (3a) 8 - 3(3a)*(4v) + 3(3aX4j/)* - (4 y)‘ 

- 27a 8 - 3(9a*X4i/) + 3(3aXl6y 8 ) - 64i/ 8 
“27a 8 - I08a*y + 144ay * - 64y 8 . 

Example 2. Find the cube of 297. 

297* - (300 - 3) 8 -= 300 8 - 3 8 - 3.300.3(300 - 3) 

- 27000000 - 27 - 810000 + 8100 

- (27000000 + 8100) - (27 + 810000) 

- 27008100 - 810027 = 26198073. 

Example 8. If a- 5=5 and o6“6, find the value of a 8 -6 8 . 
a 8 - 6 s =(a - 6) 8 + 3ab(a - b) 

“>5 8 + 3.6.5 [ Substituting the values ] 

•“125 + 90 “215. 

Example 4. Find the cube of a-b-c. 
(o-6-c) 8 ==i(o-5)-c! 8 «(o-5) 8 -3(a-5)*c+3(o-5)c 8 -c 8 

- (a 8 - 3a*t + 3 ab* - b B ) -3(a* - 2 ab + b‘)c + 3(a - b)c' - c 8 

- a 8 - b* - c 8 - 3a*5+ Sat* - 3o 8 c+ 3ac 8 - 3 b a c - 3 bo* + 6 nbc 

I—5 
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Example 5. Find the value of 27®* - 64®* + 36® - 64, when ®“ 2J. 
The given expression-!3®)*-8(9®*).2+3(8*).4-8-66 
-(3®-2)*-66. 

Henoe, the reqd. value - (7 - 2)* - 66—125 - 66 - 69. 

Example 6. If 1 - 4, find the value of 

X X 


X 


x- 


X 

1 


1 

X 

- 4 . 




4* + 3.4 -64+12- 76. 


EXERCISE 24 

Find the cube of: 


1 . »-2. 

2 . 2®-l. 

3. 

2 -3a. 

4. 3-4a. 

6 . 2a-36. 

6 . 5»» - 4n. 

7. 

2 ®-6y. 

8 . ia-|6, 

9 - 3 *"8® 

10 . J-J- 

® V 

11 . 

198. 

12. 494. 

13. 2a-6-c. 

14. 2®-3y-«. 

16. 

P*-ff*-r* 



Simplify: 

16. (a+ 26)* -3(a+26)*(a - 26) + 3(a+26Xa - 26)* - (a- 26)*. 

17. (3®—8y)® - (2® - 7y)* - 3(3® - 8yX2® - 7yX* — v). 

18. (6®-8)*-(3®-8)*-6®(6®-8X3®-8). 

Find the value of : 

19. m* - 12m*n+48 mn* - 64n*, when m -12 and n —3. 

20. 27a* ~ 135a* + 226a -125, when a—4. 

21. 8 - 9a+27a*-27a*, when a—3. 

22. 216-144®+108®*-27®*, when ®—8. 

23. (6a-56)*-(3a-46)*-3(3a-6X6a-56X3a-46), when 3a-6-0. 

24. If a- - “3, find the value of a* - (-) • 

a v a / 
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If c— ^ "5, find the value of c s — (^) ■ 

26. If ®- ~ —p, show that ® 8 - \—p 8 + 3p. 

* ® 

27. If “’"--l, find the value of 9 ^ 1 - 

a a 

28. If ®-y—3, show that ®* -y 8 -9®y«27. 

29. If p-2<f—4, show that p*-8g 8 -24p3—64. 

80. If 2a-36-5, show that 8a 8 -276“ -90a6-125. 

69. Formula (a+6)(a 8 -a6+6 a )-a 8 +6 8 . 

[ (a+6Xa“ — a6+6 s ) - a(a a - a6+6 a )+6(a 8 - a6+6*) 

-(a 8 - a*6+a6 8 )+(a 8 6- a6 8 + 6 3 ) 

«a 8 + 6 8 . ] 

Rote. Conversely, a‘+b‘-{a+b)(a'-ab+b'). Hence, toe cart always resolve 
an expression into factors when it is of the form a* + b*. 

Example 1. Multiply ® 4 —® a + l by ®* + l. 

Putting a for x % and 6 for 1, we have 

® 4 - * 8 +1 - (e 8 ) 8 - ® a .l+1“ - a 8 - a6+6*. 

Hence, (® 8 + lX® 4 - ®* +1)—(a + 6Xa* - a6 + 6 8 ) 

-a 8 + 6" 

-(® 8 ) 8 + l*-e 8 + l. 

Example 2. Multiply 9® 8 -12®+16 by 3*+4. 

Putting a for 3® and 6 for 4, we have 
9z 8_ 12®+16-(3®) a - (3®).4+4* 

-a 8 -a6+6*. 

Hence, (3® + 4X9® 8 -12® +16) - (a + 6Xa 8 - a6+6 8 ) 

-a 8 + 6 8 -(3®) 8 + 4 8 
—27® 8 +64. 

Example 3. Multiply 16a 8 — 20a6 + 256 8 by 4a+66. 

Putting ® for 4a and v for 55, we have 

16a 8 - 20a6+256 8 - (4a) 8 - (4aX56)+(56) 8 

—* 8 -®l/+p 8 . 

Hence, (4a+56Xl6a 8 - 20a6+256 8 )-(®+vX® 8 -®y+»*) 
«® 8 +y 8 «(4a) 8 +(55) 8 
-64a 8 + 1256 s . 
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Example 4. Eesolve a 8 i* + 8c* into factors, 
a* 6*+8c* - (aft) 8 + (2c)’ 

“ [ab + 2c)i(afc) 8 - (o&X2c) + (2c)“ ( 

" (ab + 2cXa* b* - 2 abc + 4c s ). 

EXERCISE 25 

Multiply: 

1. ® 8 -®+l by x + 1. 2. l-2®+4® 8 by 1+2®. 

8. 25p 8 —5p+l by 6p+l. 4. 49a*-28a6+16b 8 by 7a + 46. 

6. 64®*-24®y+9y* by 8®+3s. 6. a*b*~ iabc + 16c s by ab + 4c. 

7. a*® 8 -5a6® + 256* by ax+bb. 8. 25a 8 -45a6+81&* by 5a + 96. 

Eesolve into factors : 

9. a 8 + l. 10. a 8 +8. 11. 8® 8 + l. 12. 27a 3 + B. 

18. 8m 8 + 64. 14. 64j> 8 + 125. 15. 8® 8 + 125y 3 . 

16. 8® 8 +216y 8 . 17. 27a 8 + 343y 8 . 18. 27®'+612s*. 

19. 216a 8 ® 8 +s 8 . 20. 27a 8 6 8 + 64®V. 

21. 729a 8 & 8 c 8 + 1000®V« 8 . 22. 1331a 8 f> 8 ® 8 + 729cV* 9 . 

60. Formula (a -6)(a a +a6+6 2 )-a a -6*. 

[ (a - b)(a* + ab + b*)— a(a* + ab + b a ) — 6(a 8 + ab + 6 s ) 

“= (a 8 + a*6 + ab*) - (a*6+ ab* + b B ) 
«a 8 -6 8 .] 

Hote. Conversely, a*-i , **(a-b)(a , +a&+i’). Bence, toe can always resolve 
into factors an expression which is of the form a* —6*. 

Example 1. Multiply 4a*6‘ + 2a6* +1 by 2a6* -1. 

(2a6*-lX4a*fc* + 2a6 8 + l) 

«(2a6* - l)j(2a&*) 8 + (2a6").l +1*| 

“(2a6 8 ) 8 -1 8 **8a 8 6 8 -1. 

Example 2. Resolve 64a 8 -a 8 y 8 into factors. 

64a* - a 8 v* ** (4®*) 8 - (as*) 8 

-(4® 8 - aj/ 8 )f(4® 8 ) 8 +(4® 8 Xay 8 )+(av’) 8 [ 

■* (4® 8 - av“Xl6®* + 4a® 8 v* + a 8 »*). 
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EXERCISE 26 

Multiply : 

1. l + 2a: + 4a ; 4 by l-2ar. 2. a ; 4 + 3a: + 9 by a;-3. 

S. 16a* + 4a + l by 4a-l. 4. x* + 2x a vz + 4y 4 8 4 by - lye. 

5. 9m* + Swing + 4n 4 g 4 by 3m — 2ng. 

6 . 16a 4 b 4 + 4 ab‘c + 6 4 c 4 by 4 ab - be. 

Resolve into factors : 

7. 125a 8 -1. 8 . 343a ; 8 - 8 y*. 9. 216&* - 125i 8 . 

10. 1-512& 8 . 11. 729m 8 -64a 8 n 8 . 12. 27a: V - 1331v 8 6 8 . 

61. Formula (x+a)(x+b)~x*+(a+b)x+ab. 

[ (x + aX* + b) - x(x + b) + a(a; + b) 

—® 4 + (a + b)x + ab. ] 

Rote. It is easy to Bee that the above formula includes the following results : 

(1) (a-a)(a-i) = a!*-(o+6)*+oi 1 

(2) (as - a){x+b)—x' +{b-a)x - ab V 
(8) (a+a)(a-6)”'i’+(a — b)as-a6 J 

For instance, (x - a)(x -&)-{*+(- a)Mx+( -b)} 

• a’+{(-«)+(-&)}*+{(-a) x(-b» 
“i*-(a+b)x+ab. 

Similarly, the truth of the other results can be proved, which is left as an 
exercise for the student. 

Hence, we can express the formula more clearly as follows : 

(x+a)(x+b)“x’ + {algebraic sum of a and 6)a +{product of a and b). 

Example 1. Write down the product of a:+ 8 and a;+ 4. 

Sinoe 3+4 — 7 \ the required produot 

and 3x4- 12 J -a ; 4 + 7a;+12. 

Example 2. Write down the produot of x—7 and a;+4. 

Sinoe - 7 + 4 —- 3 1 .\ the required produot 

and (-7)x4— -28 /’ -a: 4 -3a;-28. 

Example S. Write down the product of a;+ 5 and a;-9. 

Sinoe 5-9-- 4 1 the required produot 

and 5x(-9)--45 J -a 4 -4a:-45. 
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Example 4. Write down the product oi a--2 and a+7. 

Since -2+7- 6 \ .'. the required produot 

and (-2)x 7- -14 J -a*+6a-14. 

Example 5. Write down the product of as-5 and a - 8. 

Binoe -5-8—-18 1 the required product 

and (— 5)x(—8) — 40 / -a*-13a+40. 

EXERCISE 27 


Write down the produot of: 


1. 

e+1 and a+2. 

2. 

a+2 and a+9. 

3. 

a-5 and a+B. 

4. 

e-3 and a-11. 

5. 

a-11 and a+16. 

6. 

m-7andm+lB. 

7. 

p+13 and p-11. 

8. 

j> + 12 and p-17. 

9. 

a-4 and a + B. 

10. 

a-6 and a-10. 

11. 

a-12 and a + 5. 

12. 

fc-18 and lt+2. 

CO 

o+5 and a+14. 

14. 

w-14 and m+6. 

15. 

a-5 and e-13. 

16. 

e+7 and a+12. 

17. 

a-3 and a-11. 

18. 

a + 4 and a-13. 

19. 

m+5 andm-16. 

20. 

a-8 and a-10. 

21. 

a + 6 and a-12. 

22. 

m-7 and nt + 18. 

23. 

a-10 and a-16. 

24. 

a + 5 and a-18. 

25. 

a-16 and a+10. 






CHAPTER V 
SIMPLE EQUATIONS 

02. Definitions. Any two expressions connected by the sign 
of equality (-) constitute an equation, and each of the expressions 
thus connected is called a side or member of the equation. 

The term equation, however, is hardly uBed in this extended sense. 
When one expression is put equal to another, the equality may hold 
either for all values of the letters involved, as in (a + bY,a - 6) - a® - 5*, or 
for some particular values of the letters only, as in 4a-8 (whioh is true 
only when a-2). The latter class of equations alone are called equations 
(more correctly, Equations of Condition), whilst any equation of the 
former class is called an Identity (or an Identical Equation). 

Thus, (a +1)+(2a+8) - 8a+4 Is an Identity, 

whereas (a+1)+(a+8)—3a+2 is an Equation ; 
the former being tn e for all values of a, and the latter, only when a-S. 
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The letter, to which a particular value or values must be given 
ic order that an equation may be true, is called the unknown quantity. 
It is usually represented by one of the last letters of the alphabet 
X, y, a, etc. 

Any particular value of the unknown quantity, for which an 
equation is true, is said to satisfy the equation, and is called a root 
or a solution of the equation. 

To solve an equation is to find its root or roots. 

An equation containing only one unknown quantity, is said to be 
an equation of the first degree or a simple equation, wheD the unknown 
quantity occurs only in the first power. 

63. Axioms. The process of solving an equation is primarily 
based upon the following axioms : 

(1) If to equals the same quantity, or equal quantities, be added, 

the sums are equal. 

(2) If from equals the same quantity, or equal quantities, be 

taken, the remainders are equal. 

(3) If equals be multiplied by the same quantity, or by equal 

quantities, the products are equal. 

(4) If equals be divided by the same quantity, or by equal 

quantities, the quotients are equal. 

Cor. 1. From axioms (l)and (2), we deduce an important principle 
which is of great ubb in solving equations, and which may be enunoiated 
as follows : 

Any term may be tranipoaed from one side of an equation to the other by 
simply changing its sign. 

For, let &-a—ft+c, 

then adding a to both sides, we must have 

®-a+a —ft + c + a, [ Axiom (l) ] 

or, *—6+c+o; 

again, subtracting c from both sides, we have 

x-a-c—b+c-c [Axiom (2)] 

-ft. 

Thus, —a, removed from the left side, appears as +a on' the right 
and +c, removed from the right Bide, appears as — c on the left. 

Similarly, if e —o—6—c+d, we have x — a— ft+c — d—0. 

Such removal of terms is called Transposition. 
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Cor. 2. The sign of every term of an equation may be chanted 
without destroying the equality. 

For, let x — a°=6 + c; 

then (z-a)x(-l)«(&+c)x(-l), [ Axiom (3) ] 

or, -* + a—-6-c. 

64. Different forms of Simple Equations : 

Simple equations are generally of the following types : 

I. The unknown quantity with any coefficient is equal to a kni wn 
quantity ( i.e ., constant); as 3a; *12. 

The general form of this type of equation is aX”ft. 

The root of this type of equation is found out by dividing the known 
quantity by the coefficient of the unknown quantity and is jj • 

II. The sum of the unknown quantity with any ooeffioient, and a 
known quantity is equal to a known quantity ; as 6*+6 ”26. 

The general form of this type of equation is ax+b m C. 

In solving the equation b is to be transposed to the right-hand side 
and the equation stands as ax—C-b \ and the root is found out by 
dividing the algebraical sum of the known quantities by the ooeffioient 

• c ~ b 

of the unknown quantity and is —j— 

III. In this form of equation there are unknown and known 
quantities on both sides ; as, 3r + 2-5a;-4. 

The general form of this type of equation is ax+b m CX+d. 

To solve a simple equation of this type, unknown quantities are to 
be grouped in one side and the known in the other ; nsax-ox—d-b, or 
[a-c)x“d-b ■, and the root is found out by dividing the algebraloal 
sum of the known quantities by the algebraical sum of the coefficients 
of the unknown quantity. 

N. B. Thus it ia evident that every simple equation it always reducible tt 
type I above, 

Simple Examples. We shall now work out some examples 
illustrating the general method of solving a simple equation by the 
application of the foregoing principles. The unknown quantity will 
always he denoted by z. 
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Example 1. Solve 18a: *54. 

N. B. The question may be otherwise put as follows ' 


value of a ?' 

Since, 18a: *54, 

dividing both sides by 18, we get 


18* 54, 
18 ”18 


or, x *3. 


Thus, the required value of x is 8. 


*1/18**84, what is the 


Example 2. Solve 12a:+ 9 * 45. 

12a; + 9 = 45, 

or, 12a; *45-9, [ by transposition ] 

or, 12a; = 36 ; 

a: * ft — 3. 

Thus, the required value o( a: *3. 

Example 8. Solve 3a:+5 * x +19. 

N. B. The question may be otherwise put as follows ! ‘If S*+5**«+19, 
what is the value of x ?’ 

Since, 3a:+5 **+19, 

by transposition we must have 

3a:-a;*19-5, or, 2as—14, 
and therefore ( dividing both sides by 2 ), 
a;—7. [Axiom (4) ] 

Thus, the required value of x is 7. 


Example 4. Solve the equation - 11a:+ 2(3-*)*32. 


Bemoving the brackets, we get 
— 11a;+6—2a; *32, 
or, -13a;+6* 32, 

or, -13a: *32-6, [ by transposition ] 

or, -13a: *26. 

Multiplying both sides by -1, 

(— l) x (— 13a;)*( — l) * 26, 
or, 13a; - - 26. 

dividing both Bides by 13, 

»--ft, ~ 2 - 

Thus, the required value of a; is -2. 
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Example 6. Solve (a;+2X3®+ 4)-6a;—10+(3*+2X*+1). 

The left side—8®* + 10®+8-6® 

-8®*+4®+8; 

and the right aide-10+8®*+6®+ 2 
— S®* + 5®+12. 

Hence, 8®* + 4®+8 - 3®* + 5® +12. 

Removing 3® 1 from both Bides, we have 

4® + 8—6® + 12. [Axiom (2)] 

Hence, by transposition, 

4®-5®-l2-8, 
or, -®-4, 

and therefore, ®— -4. [ Cor. 2, Art. 68 ] 

Thus, the required value of ® is -4. 

Note. The student can easily see far himself that when a has this value, 
each side of the given equation becomes eoual to 40. 

Example 6. Given | + 5 — | + - ; find ®. 

SInoe, f+5-f+f’ 

multiplying both sides by 12 (which is the L.O.M. of the denominators), 
we have 

12(|+5)-12(| + !)■ [Axiom (8)] 

or, 2a+60-4®+8®-7®. 

Hence, by transposition, 

2®-7®- -60, or, -6®--60, 
and therefore ( dividing both sides by -5), e—12. 

Thus, the required root is 12. 

Rote. When the root is found out, the root may be verified tv putting the 
value of the unknown quantity in the equation. If it is found (hat equality of toft 
tides it maintained, when the root is substituted in place of the unknown guanfity, 
the root <1 correct. 
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EXERCISE 28 

Bolve the following equations : 


1. 

4«-16. 2. 3*- 

-15. 3. 7*--28. 

4. 

-6®-25. 6. | - 

-1. 6. ^-20. 

7. 

6e+4—22. 

8. 9*-4—32. 

9. 

-8*—4—20. 

10. - 5® + 3 — -12. 

11. 

S«+5(2—*)— -16. 

12. 5(l-®) + 3(2 —®)— -29. 

13. 

4(2-®)+2(3-2®)-30. 

14. 7(3 - 2®)+5(® -1) - 34. 

15. 

4® + 3—2®+5. 

16. 3® + 2—® + 6. 

17. 

6*-6—2* + 8. 

18. 15®-9-11*-25. 

19. 

4(*-3)-2(*-6). 

20. 2(* -15)—5(* -11) + 4. 

21. 

23. 

19-3®—5a + 35. 

13® — 4(5®—8) +17—0. 

22. 3(*-2)+7(2®-3)-5(1-2®)-69. 
24. 14(*-4) + 3(* + 5)—6(7-2®)+4, 

25. 

8(2®-7)-9(3®-14)-15. 

26. 3®-13(2®-13)-4®-20. 


27. 48+13(5*+27) “8(5+®)-8®. 

28. 16 - 6(7® - 2)— 1S(® - 2) + 4(13 - ®). 

29. 8e+5(*+7)+9(2*+23)-3(*+6)=0. 

10. (* - 7X4® - 29)—(2* - 6X2® -17)+1. 

It. {3®+2X2*-6)-(4-3*Xl-2®)-10. 

32. (3® +5X6® - 7) - (3®+2X9* -18) - (3® +1X3® -1). 
S3. (e+2X2®+5)-2(*+l)* + 13. 

34. (®+1X4* - 7) - (* - IX* + 6) - 3(® + 2)* + 6. 

35. |+5-f+7. 36. f-S-g-f+7. 

»• f-! + f- 2 -| + S 
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65. Symbolical Expression. The ohief difficulty in solving 
an algebraical problem lies in expressing correctly the condition of the 
problem by means of symbols. The student should, therefore, be first of 
all introduced to this art before the solution of any problem is presented 
to him. The following examples will serve as illustrations. 

Example 1. If a man earns a: rupees per month, how many twenty- 
five paise pieces will he earn in half a month ? 

Since, 1 rupee “4 twenty-five paise pieces, 

. a rupees = 4a twenty-five paise pieces. 

Clearly therefore the man earns 4a twenty-five paise pieoes per 
month. 

Hence, the number of twenty-five paise pieces earned In half 
a month-i of 4a = 2a. 

Example 2. If an insect creeps up a pole a centimetres per minute, 
how many metres will it rise in y hours ? 

Since, 1 centimetre “li&th of a metre, 

. a oentimetres ” j^th of a metre. 

Hence, in 1 minute the insect oreeps up -^th metres ; 

.'. in 60minutes » • * • ^“metres. 

Q- 

Thus, in 1 hour the insect creeps up ^ metres 

Therefore, in v hours it rises x yj metres 

Thus, the required number of metres 

o 

Erwin p ie 3. If a man travels at the rate of a kilometres per hour, 
in what time will he finish a journey of 10 kilometres ? 

Since, x kilometres is travelled in 1 hour, 

.’. 1 kilometre * » » - th of an hour ; 

flJ 

• ^ hours. 

X 


10 kilometres are • 
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Example 4. The digits oi a number beginning from the left are 
K and y. How would you represent the number ? 

If the digits be 4 and 5, the number“10x4 + 5 ; 

if the digits be 6 and 7, the number “10 x 5 + 7 ; 

if the digits be 8 and 4, the number “10x8+4 ; 
and Bo on. 

Hence, it is quite clear that when ® and y Btand for the digits from 
the left, the number is to be represented by 10® +y. 

EXERCISE 29 

1. The sum of two numbers is 15 ; if one of the numbers be ®, 
what is the other ? 

2. The difference of two numbers is 20 ; if x be the greater, what 
is the other 7 

3. The difference of two numbers is 25; if * be the smaller, what 
is the greater 7 

4. What is the excess of 25 over y 7 

5. What is the defect of 2® from y 7 

6. If x be one factor of 21, what is the other factor 7 

7. What number is less than 100 by 3® 7 

8. What number taken from 4® gives 3 y as a remainder 7 

9. If a man travels ® hours at the rate of y kilometres an hour, 
how many kilometres does he travel 7 

10. If a man travels at the rate of y kilometres per hour, in what 
time will he finish a journey of ® kilometres 7 

11. A man is ® years of age, how old will he be 20 years hence 7 
How old was he 3 years ago 7 

12. In s days a man travels 60 kilometres; what is his rate per day 7 

18. If a train travels 48 kilometres in ® hours, how many metres 
does it travel in one second 7 

14. If I spend five paise a week, how many rupees do I save out 
of a yearly income of 5® rupees 7 

15. Write down 5 consecutive numbers of which x is the middle 

one. 

18. Write down the Bum of 8 consecutive numbers of whioh the 
middle one is ®. 
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17. What is the odd number next after 2m+1 ? 

18. What ia the even number next before 2a: 7 

19. If x men take 10 days to do a work, in what time will y men 
doit 7 

20. A room ia a metrea long and b decimetres wide ; what is the 
measure of the area of the floor in square decimetres 7 

21. In the last question find the number of square units in the 
area when the unit of length is 4 decimetres 7 

22. How many kilometres can a person walk in 20 minutes, if he 
walks x kilometres in v hours 7 

23. In what time will a person walk 16 kilometres, if he walks 
x kilometres in a hours 7 

24. What is the present age of a man who was (®—5) years old 
20 years ago 7 What will be his age 30 years hence 7 

25. If the digits of a number beginning from the right are x and y, 
what is the number 7 

26. If x, v, 2 be the digits of a number beginning from the left, 
what is the number 7 

27. In the preceding question, if the digits be inverted, how would 
you represent the new number 7 

66. Easy Problems. We shall now work out some problems 
whioh will fairly introduce the beginner to the Bubjeot of the present 
ohapter. The unknown quantity will invariably be represented by x. 

Example 1. 7 times a number is 28. What is the number 7 

Suppose, the number is x. 

7s-28; 

*-¥“4. 

4 is the required number. 

Example 2. 5 times a number increased by 4 is 29. Find the 
number. 

Suppose, x is the number. 

53 + 4-29, 

or, 53-29-4-25; 
x-V-5. 

5 is the required number. 

Bxample 3. Eight times a number diminished by 10 is equal to the 
fum of six times the number and 4. Find the number. 
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Suppose, the cumber is ®. 

From the given condition, 

8«-10-6®+4, 
or, 8*—6®—4+10, 
or, 2®—14; 

®-¥-7. 

7 is the required number. 

Example 4. A and B together start a business with a joint-capital 
oi Bs. 540. It A’b share in the capital be double that oi B, find the 
share of eaoh in the joint-fund. 

Let ® represent B' s share. 

Then, j4’s share in the capital is 2®. 

So, the joint-fund—® + 2®, t.a., —3®. 

But, the joint-fund is Bs. 540 ; 

.'. 3®-Bs. 540, or, ®«Bs. 180, 
t.e., B’a share is Bs. 180, 
and .'. A'b share is Bs. 360. 

Example 5. Divide 34 into two parts whose difference is 8. 

Let ® denote the larger part. 

Then, 34-® denotes the smaller part. 

Hence, by the question, 

® — (34 — *)—8, or, 2®-34—8 ; 

.'. 2®-42; .’. ®-21. 

Thus, tbe larger part is 21 and the smaller part is (34-21—) 13, 

Example 6. The sum of three consecutive numbers is 177. Find 
the numbers. 

Lett x be the smallest of the consecutive numbers. Sinoe the oonse- 
outive numbers differ from eaoh other by 1, the numbers after e are ®+1 
and ® + 2. In this problem, the three consecutive numberB are, therefore, 
®, « + l, ® + 2. 

By the given condition, 

*+(® + l) + (® + 2)—177, 
or, ®+®+l + ®+2-177, 
or, 3® + 3—177, 
or, 3®—177-3, 
or, 3®—174. 

*—*!*—58. 

Henoe the conseoutive cumbers are 58, 59, 60. 
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Example 7. What number is that of which the third part exceeds 
the fifth part by 4 ? 

Let x represent the required number. 

Then, by the given condition, 

| - | “4, or, 6s-3a;«*60, 

or, 2a:*60 ; a;“30. 80 is the required number. 

Example 8. In 10 years A will be twice aB old as B was 10 years 
ajo. Find their present ages ii A is now 9 years older than B. 

Let the present age oi B be denoted by x. 

Then, the present age of A is x +9. 

After 10 yearB A'e age“a: + g + io=s + 19. 

Before 10 » B' s » “a:-10. 

• \ by the given condition, 

e + 19“2(a:-10), or, ir+19“2as-20, 

by transposition 2a; -x “20 +19, or, a; “39, 
the present age of B“39 years, 

» » * * A“48 * . 

EXERCISE 80 

1. Ten times a number is 90. What is the number ? 

2. A number when increased by 10 becomes 26. Find the number. 

8. When 9 is added to nine times a number, the sum is equal to 
twelve times the number diminished by 18. Find the number. 

4. A straight line, whose length is 9 metres, is divided into two 
portions, one being double of the other. Find the length of each portion. 

5. A bag contains as many rupees in it as there are fifty-paise 
pieces. Find the number of fifty-paise pieces if there be Es. 30 in 

all. 

6. Find two numbers whose sum is 60, and whose difference is 30. 

7. Find a number such that it is equal to five times its defect 
from 96. 

8. Find a number which being multiplied by 8, the product will 
be greater than half the number by 90. 

9. Whac number is that from which if you subtract 40, the 
differ- nee will be one-third of tne original number ? 

10. Whi.i number is thf 1 of which the excesB over 36 is less by 22 
than its defect from 67 ? 
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11. Four times the excess of a number over 16 is eaual to thedafeot 
of the number from 416 ; find the number. 

12. Find S oonseoutive numbers whose sum will be 120. 

IS. Find a number which when multiplied by 7is aS thuoh above 
132 as it was originally below it. 

14. Divide 90 into two parts such that three times One of the parts 
together with four times the other may be equal to 335. 

15. The sum of two numbers is 39 and one-fifth of one of them is 
equal to one-eighth of the other. Find them. 

16. Find a’number whose fourth part exceeds its ninth part by 6. 

17. Find a number whose sixth part exceeds its eighth part by 3. 

18. Divide 21 into two parts, so that ten timeB one of them may 
exoeed nine times the other by 1. 

19. A house and a garden cost Bs. 850 and the price of the garden 
—VtfthB of the price of the house ; find the prioe of eaoh. 

20. Divide Bs. 420 among two persons, so that for every ten paise 
one receives, the other may receive one-fourth rupee. 

21. A and B, two shepherds, owning a flock of sheep, agree 
to divide its value. A takes 72 Bheep, while B takes 92 sheep and 
paye A Be. 350. Find the value of a sheep. 

22. The ages of two men differ by 10 years, and J.5 years ago the 
ilder was just twice as old as the younger ; find the ages of the men. 

23. A father’s age is three times that of his son, and in 10 years 
It will be twice as great ; how old are they ? 


CHAPTEB VII 

GRAPHS!: PLOTTING OF POINTS • 


67. Introduction. We have shown in Chapters II and III how 
oertain algebraio ideas and rules may be easily understood by graphical 
illustrations. In fact, graphical representation of anything, wherever 
it is possible, greatly helps to realise the nature of the thing represented. 
In the present chapter we propose to consider how algebraio quantities 
ean be represented by points as a preliminary to geometrical represen¬ 
tations of algebraio identities and equations which will be considered 
later on. Suoh geometrical representations are oalled Graphs. 
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68. Instruments required. The student should first oi all provide 
himself with the following instruments and acquire skill in manipulating 
them with accuracy and neatness. 

(a) A hard Pencil. 

Rote. It must be well-sharpened so that the lines drawn mas be vers fine, 

(b) A pair of Compasses (also called Dividers). 



(d) A graduated Flat Ruler (of moderate length) showing 
millimetres BDd tenths of an inch. 
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■ttmpta 1. Through the point A draw a straight line parallel to BO. 



? Iao ° 4 k e Set-square DEF in such a way that the edge DE may 
fall along BC. Then slip the other Set-square QBE into the position 
shown in the diagram, so that HO may pass by A. - Now trace a line 
along HO, which will evidently be parallel to BO. 


■ l. ®? am P* e 2. Through the point A in the straight line BC draw 
a -straight line perpendicular to BO. 

^kst trace a line DE, parallel to BO. Then place the Set-square 
OHK in such a way that BE may fall alongDS, and OB may pasB by A. 
Now trace a line along EG, which will evidently be perpendicular to BC. 



Example 8. Find the length of the straight line AB, 
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By means of the pair of Compasses and the Millimetre soale wa 
find that the length of AB is equal to 6‘4 centimetres. 

EXERCISE 31 

t. Produoe the straight 1 ‘line AB to’double Its length, 

a- a 

2. On a given straight line AB a point L »taken supposing it to be 
the middle point. By means of a pair of Compasses, however, it 1s found 
that AD is a trifle shorter than BD. How is the mistake to be corrected ? 



3. ABC is a triangle and D is a point on AC, as in the above 
diagram. Through D draw, towards AB, a straight line parallel to OB, 

4. In the same diagram, through D draw, away from AB, a straight 
line parallel to BC, 

5. In the diagram of example 3, through B, draw a straight line 
parallel to AC, 

6. Prom the vertices of a given triangle draw perpendiculars to the 
opposite sides. 

7. In example 3, measure the lengths of the sides of the triangle, 
and also measure the lengths of AD and DC. 

69. Squared Paper. A specimen of a sheet of squared paper is 
given below. 

We have two sets of parallel straight lines on the paper. One set 
being parallel to the length, and the other parallel to the breadth of the 
paper, it is clear that every line of the first set is perpendicular to every 
line of the second. The distance between every two consecutive parallels 
is one-tenth of a centimetre, whilst every two consecutive thick parallels 
sure a oentimetre apart, The whole paper is thus divided into a large 
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number of small squares whioh are equal to one another, each side of 
■aoh square being one millimetre (one-tenth of a oentimetre) in l«" g th . 
A.ae paper 1b also divided into a number of thiok-bordered squares, 

a a 



c 


eatsfa side of each suoh square being one oentimetre in length. It is dear 
also that one hundred of the small squares are oontained in eaoh of 
•*>0 thiok-bordered squares. 

Note 1. . <- f> s ’parallel to AB may be regarded as eaet-andseeet linos, and 
Moie parallel t a . , north-and-eouth lines. They may also to considered at 

horizontal and Omr'al lines respectively. 

Note 2. For the sake of convenience the length of a side of a small square map 
to denoted by the symbol a. 

Note 8. 27 m paper may also be so ruled that the length of a side of a matt 
square it only one-tenth of an inch instead of one-tenth of a centimetre, i.o., m.m, 
that ease the distance between every two consecutive thick parallels is evidently 
an inch. (One inch is approximately equal to 2‘5i centimetres}. 

l & are f° ur stations suoh that Q is 7 kilometres 

of £.< " 10 11 kilometres south of P, and S is 13 kilometres north 
of Q. Find the distance between B and S. 

Taking the length of a side of a small square (i.e., a) to represent 
half kilometre we have P, Q, B, 8 as in the figure on next page 
where PQ-lia, PE-22a and QS-26a. 
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With B aa centre and BS as radius describe an aro of a oirola 
Bulling the east-and-west line through B at T. 
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Now as BT m 50a, we hare BS also=50a. Henoe, the reqtired 
distance 1 " 25 kilometres. 

Exempli 2. An upright post is 6 metres high. A string oi length 
Si metres has one end attaohed to the top ‘of the post and is held tight 
with the other end in oontaot with the ground. How far is this end 
from the foot of the post ? 

Let 10a (i.e., 10 times the length of a Bide of a small square) represent 
one metre. Then 6 metres will be represented by 60a and 64 metres 
by 65a. 

Let AB represent the post, so that 4B“60a, Take a point C on 
the horizontal line through B such that BO m 65a. 

With B as oentre and BO as radius desoribe an aro of a oirola 
ontting the horizontal line through A at D. Join BD ; then BD 
represents the string. 
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Now. AD is equal to 25a, which is 20a + 5a. Hence, the required 
distance metres. 


EXERCISE 32 

1. A is 54 units of length east of 0, and P is 4 units of length 
north of A. How far is P from 0 7 

2. B is 3 metres west of 0, and <3 is 7} metres south of B. How 
far Is Q from 0 1 

3. C is 2 metres north of 0, and B is 6? metres west of 0. How 
far Is R from 0 7 

4. D is 21 centimetres south of 0, and S is 2'8 oentimetres east 
of D. How tar is S from 0 7 

5. A is 2'7 metres east of 0. P is north, of A and 4'5 metres from 
0. How far is P from A 7 

6. Q is 2,'4 metres south of B. 0 is east of B and 2*0 metres 
from Q. How far is B from 0 7 
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7. B is 4f metres east of A, G is f metres north of A, and D il 

S metres north of B, How far is D from C ? 

8. B is 25 metres north of A. P is 40 metres west of A, and Q Is 

2D metres east of B. How far is Q from P ? 

9. Two vertical posts, 14 metres and 3'8 metres high, are 13'6 metres 
apart. Find the distance between the tops of the posts. 

10. A ladder 10 metres long has its foot at a distance of 3 metres 
from a vertical wall. How far up the wall does it reach ? 

70. If in a plane, a point and two straight lines passing 
through it at right angles to each other be given, the position oi 
any point in the plane can be easily defined. 

In the plane of the paper as shown in the diagram given below, 
let XOX and YOY he the two given straight lines at right angles to 
each other. If P be any point in the plane, bow to know its position ? 
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We may regard XOX ' as the east-and-west line, and YOY 1 as the 
north-and-Bouth line. Draw PM parallel to YOY' meeting XOX at M. 
Evidently then M is due east of 0, and P, due north of M. Henoe, 
if OM and MP be known, we know the position of P at once. 

Taking the length of a side of a small square as the unit of length, 
we have OM— 25 units of length and MP-30 units of length. Henoe 
the position of P may be briefly defined as follows: 

IS mdts east, SO units north. 
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Note 1. If Q be a point whose position is defined to be 13 units east. SO unite 
north, to find Q all that we have to do is to take a povnt 13 units due east of 0 and 
thence proceed 30 units northwards. 

Note 3. If B be a povnt whose position is defined to be 18 units west, 10 units 
south, to find B all that we have to do is to take a point 18 units due west of 0 and 
fhenoe proceed 10 units southwards, 

EXERCISE 33 

t Squared Paper is to be used in every ease. ] 

1. Find the points whose positions are defined as follows : 

(1) 5 units east, 7 units north. (2) 12 units west, 8 units north. 

(3) 15 units west, 18 units south. (4) 22 units east, 9 units south. 

(5) 12 units west, 19 units north. (6) 35 units east, 38 units south. 

2. It is olear from Chapter II (Positive and Negative Quantities} 
that ‘6 units ( west' is the Bame as ' — 6 units east' and '8 units south' is 
the same as '-8 units north’. Hence, find the points whose positions 
are defined as follows : 

(1) 7 units east, —8 units north. 

(2) -15 units east, 9 units north. 

(3) -9 units east,-13 units north. 

8. In defining the position of a point the words ‘east* and 'north' 
may be omitted if it is accepted as a rule that the distance measured 
towards the east should invariably be mentioned first. On this conven¬ 
tion, find the points whose positions are defined as follows : 

(1) 8 units, 9 units. (2) 16 units, -21 units. 

(3) -12 units, 15 units. (4) -10 units, -14 units. 

4. We may define the position of a point still more briefly if the 
word 'units' be omitted. Find, then, the points whose positions are 
defined as follows : 

(1) 15,10. (2) 33,20. (3) -18,15. 

(4) 20. -15. (5) -25, -33. (6) -23, -38. 

71. Definitions. The student is referred to the diagram of the 
last artiole. The given lines XOX and FOF' with reference to which 
the positions of all points in the plane are defined, are called the axes 
of co-ordinates ; and the point 0, where these lines intersect, is called 
the origin. 

The straight line XOX' is called the axis of x and the straight 
line F0F', the axis of y. 

The lengths OM and MP which define the position of the point P 
are oalled its co-ordinates, OM being oalled the abscissa (or x-co- 
ordinate) and MP, the ordinate (or ^-co-ordinate). 
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‘The point (a:, y)' or simply ‘(as, y)' means ‘the point whoBe 
Abscissa-® units of length, and ordinate— y units of length'. 

Note 1. When we speak a] the ‘sc and v' of a point, we mean Us abscissa sad 
Ordinate. 

Note 2. The abscissa is positive or negative according as M is on the right or 
on the left of 0. The ordinate is positive or negative according as P is above or below 
XOX. 

Nete 3. ‘To plot a point’ is to And the position of a point, when its co-ordi¬ 
nates are given, 

Example 1. In the diagram given below write down the eo* 
ordinates of the points Pi, Pa, P», P*. 

The figure explains itself. Take two times the length of a side of 
A small square as the unit of length 



(1) OJ/i—8 units and Mi is on the right of 0 ; MiPi-10 units and 
Pi is above the line XOX 1 , Henoe, the oo-ordinates of Pi are 8 and 10. 

(2) OMs —6 units and is on the left of 0 ; dfaPa—IS units and 
Pt Is above the line XOX, Henoe, the co-ordinates of P* are —5 

and IS. 
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(8) OMa —10 units and M a is on the left of 0; if 8 P»“ll unit* 
and P» is below the line XOX'. Hence, the co-ordinates of P» are 

-10 and -11. 

(4) OJlf*-15 units and Mt is on the right of 0 ; dfj?*—10 units 
p 4 is below the line XOX. Hence, the co-ordinates of P* are 

IB and -10. 

Example 2. Plot the points (-1, 0), (0, 1), (1, 2) and (2, 3), and 
show that they all lie in a straight line. 

Let 15 times the side of a small square represent the unit of length, 
and let Pi, P», P«, P. respectively denote the four given points. 
Then the positions of the points will be as shown in the figure given 
below. 



Now we find that a Flat Euler may be so plaoed tlmt its adga 
will pasTthrough all the four points. Hence, they all lie in the same 
straight line. 
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vii. ] 

Lei 3 times the side oi a small square be the unit oi length. Then 
the positions oi the points, P, Q, B will be as shown in the diagram. 
Count the number of _ small squares falling wholly inside the triangle 
PQB. Of the remaining squares through whioh the Bides pass, find the 
number of only those half or more than half of whioh are within the 
triangle and reject the others. Since nine small squares represent a 
unit of area, one*ninth of the total number of small squares thus oounted 
will give the area of the triangle pretty accurately. 

Counting by the above method, the number of small squares in the 
triangle PQB ’*243 (nearly). 

Hence, the required area “27 units of area (nearly). 

Verification : Through P and Q draw two straight lines parallel 
to a;-azis and through B a straight line parallel to y-axis. Thus the 
reotangle PLMN is formed. 

Now. APQB - DPLMN-APLB - ABQM- APQN 
-PL.PN~iPL.LB-hBM.QM-lPN.NQ 
“ 8 x 8 - 4.8.2 - 4.6.3 - 4.8.5 
-64-8-9-20 
-27. 

Example 6 . Plot the points -4(3, 2), £(12, 2), C(ll, 8) and D{ 2,8). 
Find the area of the quadrilateral ABCD and read the co-ordinates of 
the point of intersection of AC and BD. 



Take S times the side of a small Bquare as the unit of length. 
Then the positions of the points, A, B, C and D will be as shown in the 
diagram. 
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Counting by the method oi Example 4, the number of small square! 
in the quadrilateral APOD-486 (nearly). 

Hence, the area required”54 units of area (nearly). 

Verification : The quadrilateral is a parallelogram. 

Therefore, its area "AB.BL (base * height) 

-9x6-54 units of area. 

Also, from the diagram, the co-ordinates of E, the point of inter 
section of AC and BD are 7 and 5. 

EXERCISE 34 

1. In the diagram given below, what are the oo-ordinates of the 
points Pi, P 9 , P Sl p 4 , (i) when vie unit of length is represented 
by a side of a small square, (ii) when the unit of length is represented 
by 5 times the side of a small square ? 
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...*• . r ° d l a 8 r “ n g^en in nage 94 what will be the co-ordinates 
foe. fo°.id.3 ““ l " 8 ‘ h to to ">«. 

Ihn fcil ® Points ( -8, 4) and (10, -5), and satisfy yourself that 

•h® straight line joining them passes through the origin. 

between them. ^ P ° intB (8, 6) a ° d ( ~ 4, _11) ’ and find the di8fcano ° 


0. Plot the points (-7, 9) and (-12, 21;, and find the distanoe 
between them. 


7. Plot the points (-11, 13) and (3, 
between them. 


35), and find the distance 


8. Join the points (0, 0) and (5, 5), and produce the straight line 
both ways. Find the ordinate of the point on this straight line whoso 
abscissa is 11, and the abscissa of the point whose ordinate is —13. 

9. Join the points (0, 7) and (12, 0), and produce the straight line 
both ways. Find the ordinate of the point on the straight line whose 
abscissa is —18, and the abscissa of the point whose ordinate is —14. 

10. Join the points (-4,0) and (0, -8), and produce the straight 
line both ways. Find the ordinate of the point on the straight line 
whose abscissa is -10, and the abscissa of the point whose ordinate 
is -24. 


11. Plot the points A( 3, 2), J5(3, 7) and C(8, 5), and find the area 
of the triangle ABC. 

12. Plot the points P( — 2, 5), Q{6, 5) and B( 8, 9), and find the area 
of the triangle PQB. 

13. Plot the points D( 5, 2), E{ 6, 8) and F(7, 12), and find the area 
of the triangle DEF. 


14. Find the area of the quadrilateral whose vertices are (11, 2), 
(3, 2), (3, 7) and (11, 7). Obtain the co-ordinates of the point of interne*’ 
tion of its diagonals. 


15. Find the area of the quadrilateral whose vertices are (i) (16 S) 
2, 3), (11, 14) and (5 11); (ii) (3, 6), (5, 4), (17, 16) and (9, 18) ; 
!iii) (—12, 5), (-12, -10), (16, -10) and (16, 5); (iv) (0, l), (10, 8) 
[9,13) and (- 2, 8). 


16. Construct a triangle whose base is 12 centimetres and the two 
other sides are 5 and 13 centimetres respectively. Find the area of the 
triangle, the altitude and the angle opposite to the longest side. 
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17. Construct a triangle whose base is 6 centimetres and the two 
other sides are 3 and 5 centimetres respectively. Measure the altitude 
as accurately as possible. 

18. Plot the following series of points : 

(i) (6. 0), (6, 3). (6. 4). (6, 6), (6.8) and (6.10); 

(ii) (-2. 7), (3. 7), (5. 7), (7. 7). (8. 7) and (10, 7). 

Show that they lie on two straight lines respectively parallel to 
the axis of y and the axis of x. Find the co-ordinates of their point of 
intersection. 

19. Plot the points (3, 4), (4, 3), (5, 0), (-4, -3), (4, -3). Find 
their distances from the origin and show that they lie on a circle with 
the origin as centre. 

20. Plot the points A{ 6, 2), B( 9. 2), (5(5, 8), ZX9, 8) and E( 7, 12). 
Find the area of the figure ABDEC and the co-ordinates of the point of 
Intersection of AD and BC. 


MISCELLANEOUS EXERCISES U 
I 

1. From the identity (a+5)*-a*+ 2a6+b # , deduoe the square of 
x-y-t by putting x for a and -y-» for 6. 

2. Establish the following formulas: 

(i) «*+i i -ii(a+6) s + (a-fc) a h 

(ii) 4o6“(a + 6) , -(a-6)*. 

3. Prove that 

( v-th + z-x)+{z-x1e + x-y)+[x-vtx+v-z)-Q . 

4. Prove that 

(a - b\a +1X6+1) - a[b +1)*+ b(a +1)* ** (a - bXa + b + 2ab). 

5. If fl=a:+jre, b^y+m, c^z+m, show that 

a a + b a +c t — bc—ca—ab ,m x a + y* + e*—yz — zx—xv, 

6. If s—a+6+c, prove that 

(as+ bcXbs +acXcs+ ab) - (6+c)“(c+a)*(a+6)*. 

7. Divide (r» + «)* - 27p* by m+n - 8p. 

r 8. Find the quotient when the dividend is (9« t -17®y+13y t ) 1 , 
ffaft remainder is 49y*(2a:+6i/) s and the divisor is 3a*-ajy+16y l . 
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9. If e+ ^ | and V+ ^ |' find the value of + 

10. Bhow that) 

(*—V+«)*+(*+»-a)*+6a{a: - v+*X®+V ~ *) •"Be*. 

II 


Solve the following equations : 

1. 3(k-3)-2(k-2) + k-1 = k + 3+2(k + 2) + 3(k+1). 

2. (*-3)(®-5)»=(a:-2Xa:-7). 

3. 2(k + 1Xx + 3) + 8=(2k+1Xk + 5). 

Find the value of k, when 

4. (a + bXb-x)**b(a-x). 


g mnx-p | npx — m + pmx — w = 2g + 2wt + 2a 
win np pm win np pm 

* 2 k + 7 9 a: — 8 k — 11 _ . x-1 2 k -9 


7 11 2 

C g~2 e 3 K + 1 0 , K - 2 

8. K—2— 5 4-g~ + ~4~‘ 

10. |(k-1)-*(2k-3) + S(1-2k)-A(4k-6). 


q 2k-13k^2.4k-3 1 

9 - 2 + 3 + ^~-fa* 


III 

1. Find the number to which, if 29 be added, the sum will exoeed 
four times the number by 8. 

2. Find a number whose 7th part exceeds the 9th part by 4. 

3. A man saves one-tenth of his monthly income and spends one- 
third of the remainder in buying petty things. At the end of the month, 
he has Bs. 300 in his pocket after meeting all the current expenses which 
amounted to two-fifths of the total income. Find his income per month. 

4. A merchant invests two-fifths of his capital in sugar business, 
one-third in jute and half of the remainder in cloth and has Bs. 300 cash. 
Find his capital and the money invested in each business. 

5. A is twice as old as B and four years older than 0. The sum 
of the ages of A, B and C is 96 years. Find the age of each. 

6. Two sums of money are together equal to Bs. 52 50 P., and 
there are as many rupees in the one as there are five paise in the 
other. Find the sums. 
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7. Plot the following points on a Bguared paper and verify that 
they are the angular, points of a rectangle. Show that the length of 
each of the diagonals is 5: 

(li. 2), (-li, 2), (-li, -2) and (li, -2). 

8. 0 is a fixed station. A is 20 kilometres north of 0. B is 
4 kilometres east of A. C is 17 kilometres south of B. Show that the 
distance between 0 and C is 6 kilometres. 

9. If, In the above example, A be 12 kilometres west of 0 and 
P be 6 kilometres’jnortb of A, and B be 12 kilometres east of 0 and 
Q be 5 kilometres south of B, show that the distance between P and Q 
is 26 kilometres. 

10. Plot the following points on a squared paper and verify that 
they lie on a straight line through the origin : 

(-6, -10), (1,2) and (8, 6). 


CHAPTER VIII 

HARDER ADDITION AND SUBTRACTION 
1. Addition 

72. In Chapter III, we have explained the following laws of 
Addition of algebraic quantities and expressions : 

(1) If any number of quantities are added together, the result 
will be the same in whatever order the quantities may be taken. Thus, 

a+b+c~b+c+a m, c+a+b, eto. [Art. 81] 

This is called the Commutative Law of Addition. 

(2) When any number of quantities are added together, they oan 
be divided into groups and the result expressed as the sum of those 
groups. Thus, 

o+6+c-a+(6+c)“(a + 6)+c“6+(c+a), eto. [Art. 32] 

This is called ,the Associative Law of Addition. 

(3) When any number of like term with numerical coefficients 
are added, their, sum a Hke term whose coefficient is equal to tbe 

( ^gp<n of the coeffioie»ta<ofth» terms added. ' [Art. 32]' 

. Thus, the sumoflta, 2®, 7 a, Gee is 16x, since 6+(-2)+7+6-16. 

This process is known as collecting term. 
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The ordinary rule for adding together compound expressions with 
like and unlike terms has also been explained in Art. S3. 

We have so far applied these rules to simple eases and now propose 
to oonsider more difficult problems. 

78. Compound expressions with fractional coefficients. 
If compound expressions with fractional coefficients are to be added, 
first simplify each expression if necessary and then put the expressions 
under one another so that like terms stand in the Bame vertical column, 
and draw a line below the laBt expression, then add up each vertical 
column and put the result below it. Simplify the coefficients in the 
result by Arithmetical Buies, 

The following examples will illustrate the process : 

Example 1. Add together : 

f + 5 “ 7 ' ■W v+ y* + 3 a!+ l 2a ^d|s-|* + |y-26. 

The 1st expression — iz+ 1 y— 

The 2nd expression — ix — Ay + Vs + 12a 
The 3rd expression" -§« + fy + ?* “2 b 

the sum— 2z + Ay + 2a + 12a —26 

[ In the sum, 

the coefficient of Z—& + | — t” 1± i rl —8“2, 
the coefficient of y—$ — A + A> 

the coefficient of s — ~V + f “~ L+ ^* +a "*V“2. 
the coefficient of a—0+12 + 0—12, 
the coefficient of 6—0+0-2— -2. ] 

Note. Notice that places of like terms in V are vacant the 1st and Brd 
expressions. For convenience, the coefficients of V in these places may be taken to be 
sera. Similarly, the coefficients of the like terms in ‘6’ may be taken as ssro in the 
1st and tSnd expressions. 

Example 2. Find the sum of + — g-—* 

4*-8w , By-4* . 8*-6« . . 2 B- 4g x 3 y _-2« J . 

+ end 8 + 6 . + K „ 
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Simplifying eaob of the expressions by collecting terms end 
proceeding as above, the snm follows. Thus, 

The 1st exp.“(| - 4 ) «+(-# + A)y+(-A + D* 

“(1 -4) *+(-i +4) v+(“l + 1)*” 4* 

The 2nd exp.-(A-8) s+( _ A + l) V + ( _ t + 8)* 

-(4 -1) ®+(~4 +i)v+(-4 + 4)*--fa:+4v 

The 3rd exp.“(| -A)* + (“4 +8) V + (~t +A)« 

“(i -4) a+(-4 +4) v+(-4 + 4)z* ~4& 

the Bum - -A®+4« 

{In the sum, 

the ooefficient of *“4 - 4 - i“ a= fr i *ii. 
the coefficient of v— 0+4+0— 4. ] 


Example 3. 
Li , 6 


Find the numerical value of the sum of 
49, a 27, • _ 23_ 


f,r* + gy«-20a*+fb*. 17a* fx\ -g+|b 8 -3a» 


and ~^b s ~YiV’ +7o* + ^a: a , when «■ 


y-79, a-5, and b-4. 


In this problem, the nuraerioal value can be obtained easily from 
the sum of the expressions, 

The 1st expression - fr 8 + At l* ~ 20a 8 + Vb 8 

The 2nd expression — - V* 8 + 17a* - ¥b 8 

The 3rd expression- -Ay‘- 3a* + lb 1 * 

The 1th expression— ¥* 8 -Av“ + 7a*-¥b 8 


the sum— o*+ 6* 

-6* + 4 8 — 5 x 5 + 4 x 4 x 4 — 25 + 64 —89. 


[ In the result, 

the coefficient of *» = J-y+0+¥-^H mfl “8-0, 
the coefficient of y 8 “A+0 -A _ A” 4±i Sii l::4 -A“0 t 
the coefficient of a*—-20+17 - 3 + 7— 24 - 23—1, 
the coefficient of b 8 -¥~¥ + 8"¥“ t ssayars a 


74. Compound expressions with literal coefficients. Co¬ 
efficients whioh are not wholly, numerical aro called literal. Thai, 
the coefficients of x in ar, Obx, (c + J -e)x,... bein’ a, 65, {c+d-e),.~ 
respectively are literal. 
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The terms ax, 6bx, (o + d-e)x, . if considered in respeot of x 

differ in their literal coefficients only and are also oalled like when thus 
considered. 

If ax and bx be two like terms in x, 

their sum - are + &r—(a + i)*. 

Hence, the sum of two like terms is a like term whose coefficient 
is the sum of the coefficients of the two terms. By Art 47, Cor. 8, this 
role for addition will be true even when the number of terms is greater 
than two, 

Thus, the rule for addition of like terms is same for all coefficients 
numerical as well as literal. 

It, therefore, follows that the rule for adding compound expressions 
is same for both of these coefficients. 

The following exmples will illustrate the above rule. 

Example 1. Add together : 

(b+c)x+ (c+ a)y + (a+b)z, ax+bv + ez and x+v + *. 

Arranging the expressions so that the like terms may stand in the 
same vertical column and adding up each such column, the sum follows. 
Thus, 

The 1st exp. ■> (b + c)x + (c + a)ty+[a + b)z 
The 2nd exp.« ax +by + c z 

The 3rd exp. — x + v + s 

.'. the sum^ia+J+c+Daj+fa + b+c+Dp+fo + d+c + lJr. 

[ In the result, 

the coefficient of sc“(i+c)+o+l“a+6+c+], 
the coefficient of y — (c+a)+6+l*"a + f>+c + l, 
the coefficient of *“(a + 6) + c+l**a+i+c+l. ] 

Example2. Add together: (b—e)x+(o—a!y + (a- b)z, (b-e}y 

+[a-b)x+[o-a)z and {b-c)z+{c~a)x +(a-6)y. 

The expressions contain like terms in respect of x, v and z. Hence, 
arranging like terms in the same vertical column and proceeding as 
before, the result follows. Thus, 

The 1st expression ■“ (6-ok+ (c-a)y+(a 
The 2nd expression “(a- b)x + (b - c)y 4- (c— a)z 
The 3rd expression *-(o-a)r+(a—6)y+(5— e)z. 

.*. the sum—0. 
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[ In the Bum, 

the coefficient of x m [b- c)+(c-o)+(fl~6) 

—6-c+e-o+a-i-O. 

Similarly, the coefficients of y and * are zero. ] 

Example 8. Find the sum of [ax-by)+[bx-et\ {ay — ba)+{by-c8) 
and (ce-at)+(ce-hy). 

Each of these three expressions contains like terms in respeot of 
a, y and e. Arranging each expression in terms of a, v and e and 
proceeding as in previous examples, the sum is obtained. Thus, 

The 1st exp.** ax+bx-bu-cz ,m ( a+b)x- by- ei 
The 2nd exp.- -bx+ay+by-cz< m -bx+[a + b)y- es 
The 3rd exp.— -ax-by+2cz — -ax- by+2o$. 

the sum— ( a-b)y . 

[In the Bum, 

the coefficient of sr-(a+6)-i»-a-a+6-f>-o-0, 
the coefficient of y— -6+(a+f>)-6— -b+a+b-b m a-b, 
the ooeffioient of *— -c-c+2c—0.] 

Note 1. When compound expression! with bracket! are to be added to like 
compsund expressions, it is mors convenient to retain bracket! ai in Example 8, 

Note 2. The expressions to be added should be simplified by collecting term* 
if necessary as in Example 8. 

Example 4. Find the sum of 

(a* + b*)x +(fe* + c *)y+(c*+a*)*, (6* + c*)m+ (c*+a*)», 

(c*+a*)p+(a* + 6*)g and (a* + 6*)j + (6* + c*)k. 

The expressions contain like terms in respeot of (6 , + o*) 1 (e*+a*) 
and (a* + b’). Hence, arranging like terms in the same vertioal column 
and proceeding as before, 

The 1st expression -aj(a“ + 6*)+ y[b % + c*)+xfc*+ a*) 

The 2nd expression - m{b* + c*)+ b[c*+ a*) 

The 3rd expression-gfa' + fc*) +J>(c*+a , ) 

The 4th expression-/(a* + b‘) + Mb* +c*) 

.'. the sum —(®+q +yX®'+6 , )+(v+m+4Xd*+o“)+•(« + »+pXc*+a*). 
[ In the result, 

the ooeffioient of (a* + i 1 ) -e+ 0 +q +/ -as +q +/. 

Similarly, the coefficients of (6*+c*) and {c , +o*) are (y+m+Jk) 
and (t+n+p) respectively. ] 
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EXERCISE 35 


Add together: 

1. 2a;®-5av+y®, 4y®-7a;®-5a:+2v, 3a^-5+y-6y* and 3-4y+S». 

2. atc+a*t-t®c®, 5a®t-12t®c®-3atc, 8t*c»-4a®t + 2ato end 
2a*t+5t*c*. 

8. TO*n*-3m«p+2w»*n*+6TO*«*, 7mnp-10m a n a +5m a n a -m a n a , 
Om®n* — 6w»np + 8 »»®m 8 and —7m a n a + m a n a -4m a n a . 

4. 12a a b a x-2Bb B x a a+37x a a a b+i5a a b a x a , 25b a x a a-16a a b a x a 
-18a a b a x-6x B a a b, 32a a b a x a -23x a a a b + X)a a b a x-m a x a a and -9a - a a a b 
-lia a b a x-6Da a b a x a + 3Zb a x a a. 

5. —15a 4 t*c 4 + 7c 4 a 8 t 8 - 24t 4 c 8 a 8 + 27a 4 i 8 c 8 , 19c 4 a 8 t“ - 15a 4 t 8 c 8 
+ 23a 4 t 4 c 4 -8t 4 c 8 a 8 , 29t 4 e 8 a 8 + lla 4 t 4 c 4 -9a 4 t 8 c‘-16c 4 a 8 t I and 
- 3 a a b a c a - 10c 4 a 8 t 8 + 3t 4 c 8 a 8 - 18a 4 t 4 c 4 . 


6. 25a 8 t 8 -8t 8 c 8 -23c 8 a 8 + 19a*i®c®, 16c 8 a 8 - 14a®t*e* - 19a®6® 
—12i 8 c 8 , 27a*t®o» + 13a 8 t 8 + 17c 8 a 8 -20t 8 c 8 1 29tV , -6a s t®c®-21a 8 i 8 

- 13c®a 8 and 10t 8 c 8 +3a 8 i 8 +4c 8 o B - 27a®t*e*. 


7. 5a 8 -18t 8 -53c 8 -25atc, 88c®-37a 8 -7atc + 29t 8 , 26atc-17e® 
+ life 8 + 43a 8 ,13t 8 - 18 abc + 4 a 8 + 21c 8 and - 14a 8 + 12c 8 + 21ate- 346V 

o & i. !L a. * , 3% ,2y .3e , Ste, ,6c, 

8 ‘ 2 + 3 5 T T + y* nd T + v+ 5 

9 to + 4|? + 10«,2|f + 4« + * , 8* + 6s + 8y. 

"■ 6 7 11 7 + 11 6 ana 11 5 7 

in to*y , 4 y a e , 6e a x t 7y a z , 6r®a;. 7 x a y . 6z a x 4x a y 2y*» i 
10 - 15 + 13 + 17 13 + 1^ + 15 and 1T + 15 + lT 


11 . 


7 a a b . 9 b a c . Ilea* . 13at*. 8 b a o , 10c*a L 12a*t ^ 176c® 


/ i w ia i 

ir + i7" + 


21 


35 


Mat® , 18tc* . lOca* , Hoc* 
16 + 35 21 + 21 ' 


12. |atc®+|tca® + |i*d, 


| cat® + iatc® + ^a»d, 


+ -^ c*d+ | cat* and ^a®d + t*d+^ c*d. 


18 Erjy+gyrfo+ fo rig, 

“• 2 + 6 12 

fjL-^ y +tLzgg+ ag-sg . 

12 + 2 6 


2g-3y '. 3y-4« . «-2g 
6 12 , 2 . 


and 


|toa - 


and 



104 


ALGEBRA MADE BAST 


[ CHAP. 


14 2g-gy + 3y-5t . 5^-7g , 

6 16 85 

6s-'ty . 2p-3c , 3c-5® 

85 6 15 ' 


3x-5v , 5y-7o , 2*-8x 
15 85 6 


and 


4e 26-8c , 3e-4a , 4a-26 2e-3a , 3a~46 , 46-2o 

be ca ab ca ab be 

2a-3b 35-4c 4c — 2a 
ab be ca 

1 « bx-3ay . 26y -iaz . 3bz-ax t cx-iby 3cy -56 c 4 cz-bx 
ab ab ab be be be 

ax-2cy + 4 ay - 3cz Sac - eg 
ca ca ca 




and 


17 ty-ax | az-by t bx-cz t 
easy a,byz beex 

by- at t cs-ay ax-bz 
boxy cayz abzx 


ay-bx t bz-cy t o®-a» 
abxy beyz cazx 


and 


If a“5, 6~4, x“ 8 , V“7, find the numerical value of: 

18. (46o 4 + 386 4 -87a6®* - 105v‘j + (47ate* + 85v*-56a‘-68i*> 
+(57v* + 756* + 23a 4 +63ate*) + (-336‘ + 8v 4 -27a£®» - 39a 4 ) + (26a 4 
- 45y 4 - 226 4 +5a6®*). 

19. (35*v 4 + 207a6 4 -986® 4 - 62ya 4 - 83abx*y) + ( 686® 4 + 102tfo 4 
—65a^ 4 —87a6 4 + 53 abx a y) + (26abx i y — 75a6 4 - 25i/a 4 + 436a: 4 + 53®v 4 ) 
+ (28tfa 4 -S9r» 4 —65a6®*v+45a6 4 +266® 4 ) + (-89a6 4 -43yo 4 + 69a6®*y 
+ 6 a # 4 - 396® 4 ). 

20. (57a 4 6®. + 256 4 ®y - 143® 4 *ra + 31y‘ab - 2530*6*®*) + (63® 4 va 
-92y 4 a6-63a 4 5® + 73a*6*®*-856 4 ®i/) + (35y 4 a6 + 1326 4 ®v + 820*6*®* 
+ 36® 4 va + 96a 4 6®) + (—50a*6*®*-78a 4 6® + 27j/‘a6- 17® 4 va — 626 4 ®y) 
+ (61® 4 va - 206 4 ®y + 148a*6*®’ - ly*ab - 12a 4 6®). 

Add together: 

21. (o* + 6 i X»»+«)+(a*-6*Xj>+s) + c*Z, (a*-6*X»n+»)+(o* + l*) 

*(l>+fl)+e*»» and »c* + Ko* + 6*)+Wa*-6*). 

22. (®+y)*a+(v+*)*6+(« + ®)*c, (®-y)*a + (y-*)»6+(*-®)*o and 
*«• - v*)o+2(v* - «*)6 + 2(»* - i*)c. 

28. 06 ( 0 - 6 ), 60 ( 6 - 0 ), 00 ( 0 - o) and o*(o- 6 )+ 6 *(o-o)+e*( 6 -a). 
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Supply the following omissions : 

24. a* + b* + o* — ab—ac — bc—{ f — \{b— c)* + (e — o)* + (o — 6 )*(. 

25. (5+c)®* + (c+a)y* + (a+ 6 ) 2 *—i t — [ax* + by* + cz*), 

28. When 3® — 5y + 4r is subtracted from a number, the remainder 
is 4y-3® — 5s. Find the number. 

27. The middle one of the three consecutive numbers is 3* + iy — 1 j 
find the sum of the numbers. 

28. A traveller walked (2x + 3y- 4z) kilometres on the 1st day, 
(3* — 4y + 5s) kilometres on the 2nd day and (62 + 2y-5®) kilometres on 
the 3rd day. Find the distance covered by him in 3 days. 

29. The share capitals invested by three shareholders of a Company 
are (® + 8 y + 2a — 62 ) rupees, (7® -Qy-2b + 2r) rupees and (a + 36 — 9® + 82 ) 
rupees. Find the total oapital of the Company. 

80. Bam earned (3a + 46 -5c) rupees, Hari earned (a-3c) rupees 
more than Ram and Jadu’s earnings were equal to those of Bam and 
Hari. Find their total earnings. 

II# Subtraction 

75. In Art. 35, we have explained that to subtraot a is the same 
as to add -a. Thus, ® — a“® + ( — a). Similarly, to subtraot an 
expression is to add it with its sign changed. The ordinary rule for 
subtracting one oompound expression from another has already been 
explained in Art. 88 * and has so far been applied to simple oases only. 
We shall now consider harder examples on subtraction. 

Ex ample 1. Subtract ox+by + cz from ( b+e)v+{c+a)z+[a+b)x. 

Arranging like terms in ®, y and 2 and applying the rule explained 
in Art. 38, the difference required is obtained. Thus, 

The minuend ■* (a+ b)x +( 6 + e)y +(c+a)s 
The subtrahend— a®4- bv+ cz 

the difference bx+ cy+ az 

[ In the remainder, 

the coefficient of ®—(a + fc)-a—a + 6 —a— 6 . 

Similarly, the coefficients of y and 2 are c and a respectively. ] 

Example 2. Subtraot (b—c)*yz + (c— a)*zx +(a— b)*xy 

from [b + e)*yz +(0 + a)*s®+(a + b)*xy. 
The minuend m ‘(b+c)*ye+(c+a)*zx+{a+b)*xv 
The subtrahend — (5- o)*vz ±(c-a)*zx+(a-b)*xv 
.'. the remainder — 4bcyz+ 4car® 4- 4 abxy 
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{In the remainder, 

the coefficient oi yz~[b+c)*-{b-c) a 

- 6 * + 2 te + c*-(6 , -26o+c*) 

- b* + Zbc + c* - 6 s + 26c - c“ - ibo. 

Similarly, the coefficients of ex and xy are 4ca and 4ai respectively.] 

Example 3. Supply the omission in the following : 

{2a + 3b)x+(3b+ic)y + [ic+2a)z* c {a + b)x+(b+c)y+{e+a)e +1 I. 

Evidently, the omission can be obtained by subtracting {a + b)x 
+(6+c)v+(c + o)* from (2a + 3b)x+(3b+4c)y + (Ac + 2a)z. Proceeding as 
in examples 1 and 2 above, the result of subtraction can be easily found 
to be (a + 2 b)x +(26 + 3c)y + (3c + a)z. 

Example 4. Subtract 2’5a*-3‘t6y — 8'32« from 3}ax+liby + 6 fJ*. 
The minuend “3|a®+ 2J6y + 6 f 8 « 

The subtrahend ae 2‘5oa!- 3'tfey-8' 8&s 
the remainder •» iax+ ^by + ^ffe 
[ In the remainder, 

the coefficient of oa“3f-2'5“ J sf 

the coefficient of 6y-2i-(-3't)-2t + 3 , t-V + V“V. 

the coefficient of 6 fg -(-8 32)—6S8+8‘SS—W +W 

Note. As in addition, fractional coefficients in the remainder must be simplifltd 
by Sales of Arithmetic. 

When compound expressions with brackets are to be subtracted, it is more 
convenient to retain the brackets, as in Examples 1 —3. 

EXERCISE 36 

Subtraot: 

1. - 7«* + 6 ®*y - 8 ®"y * - 13®*y* + 9 y * 

from 3x‘ - 5®"y + 2x°y* - 7®*y* + &y*. 

8m*nx — 10n t xm + 14x a mn - 20m*n*x - 27n‘x 3 m 

from 5m*nx - Hn'xm + 26®"mn - 13m*n*® - 19n*e"m. 
8 . 37®" - 28®*y + 43®*y* - 54®*y* - 67®*y"+84®y" - 93y" 

from 48®" - 31®‘y - 7®‘y * - 39®“y* - 41®"y* + 66 ®y * -63y*. 
4. - 2y*6c" + 4y* * 6 c - 2a ® 4 - 9y "sdc+ 3a"®* 

from Sate* -5a*x , +Qyebe* - 7y , *Ac+8y*"6e. 



▼III. ] 


HABDEB ADDITION AND SIJBTBAOTION 


107 


5. 19x a z‘y -1 &x a y l t +27+11 xyt* - 12 x a y a z a - 19®y*s* 

from 26 - 16a;*y *s - 17*v®*“ + 21«***y - 6a; , v , * , + 8xyz* 

ft. 43x a v *«* ~ 23x t y a e* + 25x t y*z a -66a;*!/ 1 *' + 26ec*y*s 4 + SSa+y 1 ** 
from 2ftr 4 i/*** - S7x a v 4 s*+64&*y*« 4 - 45®*y** 4 - 67<r 4 y *«*+89®*y 4 s*. 

7. -29®V** + 75a;V** + 13o;V* 4 + 53a;V*' - 9ix s y a t* 
-86® 4 y*** from 41**y 4 *‘ - 87x*y*e* - 28os 4 i/*e* + 68* 4 y*** - 55 x a y*t* 
+ S7a;*y 4 s*. 

8. What must be added to 3a;* - 5xy + 6y* + lye in order that the 
earn may be —x a —y a —ye 1 

9. What mast be added to —5x* + 13x*v* — a*bx+&b!ey a + 7xvab 
in order that the sum may be x a + x t v , +a a bx—2bxy a -2xyab 7 

10. What must be added to 6a; 4 — 6a:*i/ + 7a:“i/*-8jry* — 19y 4 in 
order that the sum may be 3a; 4 +5a;“y*-l2t/ 4 ? 

11. What must be added to - 5a;* - Sx'y + 6a; V + 17a;V + 13a*/ 4 
-21y* in order that the sum may be - 7®* - 4a;*i/* + 18a;*y* + 29y* 7 

12. Wbat must be subtracted from 2o* + 5o6—65“ in order that the 
remainder may be a*+ 26* 7 

18. What must be subtracted from 6x a - 6xy + 4y* - 8a; — 10y +15 in 
order that the remainder may be a;* + 2xy + 3y* + 4x+5y+6 7 

14. What must be subtracted from So*-4o*6+5o6*—86* in order 
that the remainder may be o* - 2o6* + 76* 7 

16. What must be subtracted from -8x‘y + ix a v a -llxy B + l!)x a 
- I3y + 27 in order that the remainder may be 4a:“y — 8sr*i/* — 11/cy* 
+20a:*-30y+66 7 

lft. From what expression must So*-7o6-86c+96* be subtracted 
in order that the remainder may be 2o* + 3o6 + 36c + 26“ 7 


17. From what expression must -3x t +5y a -7xy + Bx-9 be sub* 
t rooted in order that the remainder may be x a - 8y* + 2xy - llx + 7 7 

18. From what expression must -7o* — 86*c-13oc* + 86* be sub¬ 
tracted in order that the remainder may be 4o*—86*c+7oc*—86* 7 


19. From what expression must 2Lr* - 87*y* + 42y* — 18a;* + l&B|f 
— 89 be subtracted in order that the remainder may be — 25** + 15®y* 
-87i/* + 7(r*-43*i/ + 24? 


Subtract: 

20. A*+$Sv + W* from H* + fill/ + W*. 

21. -'85o«+Hy+‘lti»* from -foax+ty+'bint. 

22. l*17a a e»+2‘81c*6y - 63*18e*s 

(nan 32'89c*6y+2'87a*ar -6273c**. 
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28. fia^ c^x +f iafb^v +|J b^c^z + 2'3 lx+ 3‘5 my + Vn* 

from 3‘3lx+lla?b^v-lnz-ft$c^e -2‘6 my-Htfic^K. 

24. Supply the omission in the following : 

(i) S’&r+S’Sy + fi^-C )—2®+3y + 6* ; 

(ii) 17a+23y + W-s a '52*-r7y+V 1 * 1- ! ); 

(iii) l‘2a + 15‘52Z* + 16m* + 14p 

-( ) - (2'2a + 3'52Z* + 4m* + 16jp). 

Subtract: 

2B. bc(b-c) + ca(o-a) + ab(a-b) from bc(b+c)+ca{o +a)+a6(a + 6). 

26. a*(6-c)+6*(c-a)+c‘(a-f>) from bo(b- c) + ca(o -a) + aHa-b). 

27. (6-c)* + (c-a) a + (a-6)“ from 2 {a* + b* + c a -ab-bc-ca). 

28. (l + o + a®)a:+(l + 6+6*)^+(l + c + c*)* 

from (1 + o)*»+ (1 + 6)*p+(1+ e)*z. 

29. A man earned [ax+by + cz) rupees per month for a year and 
spent (10a» + 13cs) rupees during the same year. How many rupees will 
ho be left with at the end of the year ? 

80. If out of (50m + 71v + 18a) sheep, (13a + 12v) and (15v + 8s) be 
sold and (3s + 23a) die, find the number of sheep left. 

81. Subtract j0-(a+6+c)f from ]0+(a + f>+c)|, 

82. Find the difference between x+y+z and the sum of 
i0+(e+v + *)[ and \Q-(x+y + z)\. 

88. Ram has (3* + 2 y- 5s) rupees and Shyama has (* - 2 y- 3s) rupees 
less than what Ram has. Find the amount Shyama has. 


CHAPTER IX 
HARDER MULTIPLICATION 

76. We have explained the following rules of mulliplicstior ol 
Algebraio quantities in Chapter IH. 

(1) ox6-6 x<j, [Art. 42] 

abo-bca-cab, etc., [ Art. 43 ] 

*.s., the value of a product is the rows in whatever order the factor 
may be taken. 

This is oalled the Commutative Law of multiplication. 
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(2) (a6)xe-ax(6e)-6x(ac)-ax6xe, [Art. 43] 
the {actors of a product may be grouped in any way. 

This principle is known as Associative Law of multiplication. 

(3) a(6+c)- ab + ae. [ Art. 47 ] 

This is known aB Distributive Law of multiplication. 

(4) o m a TO+ ", where m and n are positive integers. 

This is known as Index Law of multiplication. 

We now proceed to consider products of compound expressions and 
harder examples on multiplication. 

77. To prove that (a+b)(c+d)-ac+ad+bc+bd. 

Putting x for c + d, we have 

(a + bXc + d) - (a + b)x — x(a + b) 

•*xa + xb [ Art. 47 ] 

—a* + 6®—a(c + d)+6(c+d) 

—ac+ad + 6c+6d. 

Cor. Since, a-6=a + (-6) and c-d-c+(-d), 

(a-6Xc-d)=°la + (-6)Hc+( _ d)[ 

m ‘ac+a[-d) + [~b)c+[-bX~d) 

—ac -ad — bc + bd. 

78. To prove that (a+b+c+d+-")(m+n+p+q+-") 

- a(m+n+p+q+-")+b(m+n+p+q +•••> 

+c(m+n+p+q+---)+d(m+n+p+q+— )+&e. 

Putting x for m + n+p+q + --, we have 
(a+6+c+d+ , ”Xwt+n+p+<? + *”) 
mt (a + b+c+d + -")x 
•*a® + ba:+c® + d® + ‘" 

«a(m + n+j> + g + " < )+6(»i + «+p + g + ” > ) 

+ c(wi+n+p+g+--)+d{»»+n+p4-g+“*)+&o. 

Thus, to multiply one multinomial expression by another we have 
to multiply every term of the one by every term of the other and take 
the algebraic sum of these partial products. 

Example 1. Multiply 2a+ 36 by 4a+ 5b. 

(4a+5i>X2a+36) - (4aX2a)+(4aX36)+(56X2a)+(56X36) 

-8a* + 12a6+10a6+156*-8a*+22a6+156*. 



110 


ALGBBBA MADB BAST 


[CHAT. 


Example 2. Multiply Stc - 7y by 2x - 6y. 

(9fc - BvXSx- 7v) - (2®X3*)+(2®X - 7y)+(- 5yX3*)+(- tfrX - 7y) 
"6x a -14*y-15*y+36y s 
“6a 8 -29aT/ + 36v s . 


EXERCISE 87 


Multiply : 

1. 2o+3b by a + b. 

8 . a+b+o by a+b+c. 

5. g-b-o by a-b-c. 

7. 2a:-3y-40 by x-y-s. 

9. a* + y* + «* by x-y-e. 


2 . 2m-3n by m-n, 

4. a-b+c by a — b+o. 

6 . a-2b-3c by 2a-b-e. 

8 . -5*+2a-3b by -x-a+b. 
10 . xy + yx + ex by xy-yx-xx. 


79. Arrangement of an expression according to descending 
or ascending powers of some letter. 

When the different terms of an expression contain different powers 
of any letter, if we arrange the terms in such a way that the term 
containing the highest power of that letter is put first on the left, the 
term containing the next highest power is put next; and so on ; and the 
term which either contains the lowest power of that letter, or does not 
oontain that letter at all is put last, then we are said to arrange the 
expression according to descending powers of the letter considered. 
If the order of the terms be reversed, the arrangement is said to be 
according to ascending powers of the letter. Thus, the expression 
a*® 8 + 3a 4 xy - 5a t x t v a + 4a a x*v B - 2ax a y* + x*v‘ as it stands may be 
considered as arranged either according to descending powers of a, or 
according to ascending powers of y, but if it is arranged as -5a a x a y* 
+ x*y‘ + 4a a x 4 v a + a‘x a -2ax a v a + 3a*xv, it is arranged according to 
descending powers of x. 


80. When one expression is to be multiplied by another, arrange 
both the multiplicand and the multiplier according to descending or 
ascending powers of some letter common to them, and proceed as 
exemplified below. 


Example 1 . Multiply a* - b* - ab by ab - 6 *+o*. 
Multiplicand “ 0 *-a 6 - 6 * 

Multiplier — g^ab-b 8 

Product by a* “g 4 , -a 8 b— a*b* 

Product by +gb - +g 8 b- a*b 8 -ob 8 

Product by ~b a m _ - a 1 b*+gb 8 + b* 

.‘. oomplete prod not—g* -Sa a b a +b* 
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Note. The process shown above may be described as follows ; 

The multiplier has been placed under the multiplicand after having arranged 
them both according to descending powers of a, and a line has been drawn below the 
multiplier. The successive products of the multiplicand by the different terms of the 
multiplier beginning from the left have been placed in different horisontal rows Ml 
such a manner that each set of like terms may be in the same vertical column. A line 
having been now drawn below the lowest of the rows, the complete product has betn 
found by writing down the sum of each vertical column immediately below it- 

Example 2. Multiply 2a* - 3®* - 5 ax by - 3®* + 2a* + 6 ax. 

Arranging the multiplicand and the multiplier according to ascend* 
ing powers of ®, we have 

Multiplicand * 2a* - 5 ax - 3®* 

Multiplier “ 2q* + 5a® — 3® 8 _ 

4a 4 -10a 8 ®- 6a 1 ® 8 

+ 10a 8 ® - 25a*®* - 15a® 8 

_ - 6a*®* + 15a® 8 + 9® 4 

Product” 4a 4 —37a*®* +9® 4 

Example 8. Multiply 2 a*b - 5 ab* - a 4 + 3a*6* 

by 2a 4 -8a 8 6+4ai 8 -5a*6*. 

Arranging the multiplicand and the multiplier according to 
descending powers of a, we have 

Multiplicand “ — a 4 + 2a 8 5+3a*6* — 5aft 8 
Multiplier “2a 4 -3a 8 6—5a*6* + 4af> 8 
—2a* + 4a*5+6a 8 6* - 10a 8 6* ~~ 

+ 3a T 6-6a 8 6*- 9a 8 b 8 + 15a 4 6 4 

+ 5a 8 6* - 10a*5 8 - 15a 4 6 4 + 25a 8 6‘ 
_ - 4a 8 5 g + 8o*6 4 + 12a 8 6 8 - 20a*5 8 

Product” -2a 8 + 7a , 6+5a 8 6*-33a‘6 8 + 8a 4 6 4 + 37a 8 6 8 -20a*6 8 

Note. In this example, the multiplicand and the multiplier are each homo¬ 
geneous and of the 4th degree, whilst the product also u homogeneous and of (he 
8th degree. Similarly, it may be seen that whenever the expressions to be multiplied 
together are homogeneous, the product also is homogeneous, and the degree of the 
product is equal to the sum of the degrees of the expressions. This law is of great 
importance in testing the accuracy of a multiplication when the multiplicand and 
the multiplier are both homogeneous, for in this ease if the product obtained doss not 
turn out to be homogeneous, we are sure there has been an error semewhtrs, 
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Example 4. Multiply mx*-nx-p by x*+px—l. 

Multiplicand — to** -nx—p 

Multiplier — ** + px — 1_ 

to* 4 — nx a —px * 

+ pmx* - pnx* -p*x 
— to** + nx + p 

Product -to* 4 -(n- pro)* 8 - (p+pn +to)**+( n-p*)*+p 

Example 5. Multiply ¥a* 8 + Ab***y+3'5c*y* + l'06fif“y* 

by 2i*“ + 3‘5 to*v + l'Snv*. 

/V. B. To /Znd ifce product of expressions in which both vulgar fractions and 
decimal fractions occur as coefficients, it is convenient to reduce all the coefficients to 
fractions of the same kind (either all vulgar or all decimal) and apply the rule of 
multiplication. 

In this example, as r 7 i, when reduced to a decimal fraction, will involve a very 
large number of decimal places, we reduce all the coefficients of the multiplicand <u 
also of the multiplier to vulgar fractions. 

Multiplicand — ¥o* B + &b a x a v + \cxy a + ihs‘v‘ 

Mu ltiplier -2 lx a + jmxy + gray*__ 

Vctlx* + ttb a lx*y + 7clx a y a + ?Jff*te V 

+ ?JaTO* 4 y + #| b a mx a y a + *2cmx a y a + W g a mxy* 

_ + f flow* 8 !/* + Hb a nx a y a + ¥cn*y 4 +jftg*ny 4 

Product-Val* 5 + (H&*Z+.JSaTO)* 4 y+(7cZ + ||&*to+ f §an)* 8 y* 

+ (f 4o* l + *$cm +Hfc*n)**i/ 8 +(W»*w+ *tcn)xv 4 + Mff*ny*. 

Example 6. Multiply together o*-o6+6*. a* + o6+6* and 

a 4 -o*6* + 6\ 

(i) a a -ab + b a 
a* + ab + b a 

a 4 — a 8 6 + a a b a 
+ a a b-a a b a +ab a 
+ g a b a - ab a + b 4 
o 4 . +a*b* +6 4 ; 

(ii) a* + a a b a + b 4 

a*-a*fe* + fc 4 _ 

o 8 + a 8 6* + o 4 6 4 

-a 8 fe“-a 4 b 4 -o*b* 

_ +a 4 fr 4 + a*6 e + fc * 

a 8 +a 4 6 4 +6* 

Thus, the required produot—a* + a 4 & 4 + £> 8 . 
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Note. When the number of factor* in a product it more than two, the 
product it called the continued .product of those factors. 

The factors should be arranged in a suitable order so as to lessen (he trouble of 
multiplication in such products. 

81. Detached Coefficients. If both the multiplier and the multi* 
plicand contain powers of the same algebraic quantity or be homogene¬ 
ous expressions of the same quantities, the labour of multiplication 
may be lessened by detaching the coefficients and placing them in 
proper relative positions. If any power be missing, zero must be inserted 
as its coefficient. 

The following examples will illustrate the process. 

Example 1. Multiply x* - 4a; + 4 by x - 2. 

a; 8 -4a;+4 
x -2 

1 -4 +4 
-2 +8-8 
the product“a; 8 -6s* + 12a;-8. 

Example 2. Multiply 3a; 8 - 2® + 4 by x + 5. 

3a; 8 + Ox* — 2a: + 4 
x + 5 

3+ 0 - 2 + 4 

+ 15_ + 0 -10 + 2 0 

the product” 3x* + 15x* -2®*-6ir + 20. 

81A. To find the coefficient of any particular term in the 
product without actual multiplication. 

The process is being explained below with an illustration. 

Example, hind the coefficient of x‘, without actual multiplication! 
in the product of (3a; 4 + 4a: 8 — 2a; 8 + 3a; + 2) by (2a; 4 — 5a; 8 + 2a; 8 — 4a; +1). 

Multiplicand “ 3a; 4 + 4a: 8 — 2a; 8 + 3a; + 2. 

Multiplier •* 2a; 4 - 5a; 8 + 2a; 8 — 4a;+ 1, 

To find out the coefficient of x‘ in the product, we are to find out 
which term of the multiplicand is to be multiplied by a particular term 
of the multiplier bo that the power of x is 5. 


1—8 
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So we should proceed as follows : 

3a 4 x(-4a)— -12a; 6 , 

4a* x 2a a - 8a*. 

(-2a a )x(-5a*)» 10a®, 

(3a)x(2a 4 )- 6a*. 

Now the algebraic sum of the coefficients of the products will b* 
the inefficient of a* in the product. 

. the required coefficient =--12+8 + 10 + 6—12. 

EXERCISE 38 

Multiply : 

1. 256 a + 30a6 + 9a a by 3a-56. 2. 2a-36 + 4c by 2a+ 36-4c, 

5. a* —a+2 by a*+a+2. 4. a* — 2a6+6* by a a +2a6+6*. 

6. ® 4 +®*+l by a 4 —a* + l. 6. y a — x*y*+x a by ®* + a*p*+v*. 

7. f» 4 -w» a » a + » 4 by m* + n*. 8. p a q*+p* + q* by -q*+p*. 

8. a*+6a6 a -6a a 6 by 56 a + a a +6a6. 

10. « a -3a a +3a-l by a* + 3a+l. 

11. 2oa # + a 4 + 3a a a* + a 4 s 2o*a by a a + a a — 2aa. 

12. o* + 3a a 6+ 6* + 3a6 a by 3 ab‘ - 6* + a* - 3a*b. 

18. a a -11 + a 4 -4a + 2a“ by 3 + a a -2a. 

14. l + 2a+a 4 + 2a* + 3a* by l + a a -2a. 

15. 6 4 +a a 6 a + a*6+a 4 +a6* by a a b a — a*6+6 4 —a6* + a 4 . 

16. a* — ay— xe + y* — ye + e* by x + y + e. 

17. a* + b* + c*-bc-ca-ab by a + 6+c. 

18. 5q a 6+46*+2a* - 3o6 a by 2a6 a - 3a*b +o* - 56*. 

18. oa a + 6a-c by px-q. 20. mx*-nx-r by na-r. 

21. oa a —6a+c by a a —6a—c. 

22. aa* — 6a a + cx - d by 6a a — ox + d. 

28. pas a ~{q~r)x + s by mx*-nx-s. 

24. ax*+%hxy+by* by lx+my+ n. 

25. l*x* + m*xy +n a y a + 2ur*a+ %f*y + c* by px* + qx+r. 

26. \x* + fa*y+#ay*+fy* by fa a + fay+$y*. 

27. fa 4 + fa*y+faV + *aj/* + ¥p 4 byW+Av*. 

28. l'fia*+2'8a* + 123a 4 + 3'25a a +5 by ‘27a* + l'39x+ B. 

28. '057a*+l'025a a 6+ 2'021a6*-+ 2'86* by 7a a + 2a6+96 a . 
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80. 2’8* s + 8‘15®*y+l'17®v*+2'07y* by lx*+mxv f ny 1 , 

81. fa®*+ \bx a v + Icxy* +2 dy a by la® 8 - #6®y+toy*. 

82. l'Bafn*—l'26»»*n+ l'3cmn* - l‘6dn* 

by l"6o?» s + l‘26m*n+l'Somn* + l'Bdn*. 

Find the continued product of: 

88. 2a+3&,2a-36and4a*+9&*. 

84. 6a®+66y. 6a®—66y and 25a*®* + 36fc*y*. 

36. ®* + ® 4 y 4 +y 8 , ®*+y*, x+j and ®-y. 

86. ®* + 3®y+5y*, ®*—3®y+5y* and ® 4 —®*y*+25y 4 . 

87. a 1 *® 1 *+a e fc B ®"y* + b ia j/ ia , a 4 ® 4 +a*6*®*y*+6 4 y 4 , ax+by and 
ax-by. 

Assuming o m * a”—a m+n to be true for all values of m and A. 
prove that: 

88. a*xo*-a. [ o^xoi-a^-.a^-o. ] 

89. x ^ —a. 

40. s^Xfl^Xfjt "ifl, [ x x 

41. a*- 4 /a. 


[(a^) -a^xx a ^ x -a 1 - a ; a*-i/a. 1 

.9 i_ Ain 


42. 

®*-*/e». 

43. 

s*- 4 /* 8 . 

44. 

C^Xo* Xflfr-c*. 

46. 

y*xy*xy*-y*. 

46. 

«-* x ®* - *». [ «-• x x* - ®~* + * - x n . ] 

47. 

s*x 



48. 

a Jar*. [ (a - *)*-a - * 

x<f* 

-a+*-a-; .*. o' 11 -^ 

49. 

£ 

■ 

r 

as 

60. 

«~^ xaf$—aT» 

Write down the product of: 



61. 

-Bar and SkA 

52. 

6y^ and —|y®. 

63. 

2®^ and 8®V. 

64. 

—5®y^ and —8*^y^. 

■ 

66. 

4a~*6 8 and -}o*J-*. 

56. 

#o^y* and -toV' 4 . 

67. 

- 4o^c^ and - 8o^ 6V. 

68. 

-ffeWand -8®^y^*"^. 
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69. — 6a^6~^c ^ and 6 a*b*c *. 

60 - iafx^v | and - 19a^®~^y 

Multiply : 

61. a*+i 4 by ^ + 6*. 62. a*-b* and a*-6*. 

63. 8®^-4y^ by 3®^ + 4y^. 64. - a*b* +6^ by a* +6^. 

65. ®^ + x*y* 4- y* by x* — yK 

66. J - ah*+b* by a* + ah*+b*. 

67. 2®^ - 5x*y* —3 y* by 2®^+5®^y^ — 3yK 

68. a 5 + a*b*+ah* + ab+ah*+b* by a* - b*. 

69. x*—xy* + ofty—y* by x*+y*. 

70. + a^b* + a^b + 6^ by — b*. 

71. x* + y* + z*~ x*y* - V*z* - e*x* by x* + y*+z*. 

72. a* n - a n x n + x an by a"+ x n . 

78. a -8 - ia~ a b +4a _1 i* - 6* by a~*—2a~ 1 &+6 a , 

74. aT 8 + 3® V + 2y 8 by ®~ 8 — 3 x~*y* + 2y 8 . 

75. 2a~ 8 + 3a~®6 _ ^ - 5b~‘ by 2a~ 8 + 3 a~h~* + 6b~*. 

Apply the method o£ detached coefficients to find the produot 

76. 2® 8 + 3®+9and 3®+5. 77. ®*-2®-15 and 2®-3. 

78. 3® B +6®+6 and ®* + 3®+2. 79. x*+px+r by px+g. 

80. i® 4 + f® a + 5 by f®*+®+2. 

Without actual multiplication find the coefficient of: 

81. * 8 in (®*+2®+3X2®*-3®+l). 

82. e* in (® 8 -3® 8 + 2® + lX® 8 + 2® 8 -5®-2). 

83. ® a and e 8 in (® 4 -2® 8 +® a -3®+2X2® 4 + 3* 8 -ac , +2*-3). 



CHAPTER X 
HARDER DIVISION 

82. The principal rules ior division explained in Chapter III, 
may be stated as follows: 

(i) o+6-o x 11 

(ii) o+6+c-a+6c; 

(iii) a+6xc-a*c+6; 

and (iv) o m +o*-o m-n , where to and » are positive integers 
and to > ». 

The rule (iv) is oalled the Index Rule ior division. 

The Law of signs and the rule for division of a monomial or 
a multinomial expression by a monomial have been explained in 
Arts. 60-52. We now propose to consider division of one multinomial 
expression by another. 

88. Division of one multinomial expression by another. 

Let us consider a particular example. 

We have (2a* + 3o6+46*X« + 36) 

- 2a*(a+86) + 3o6(a+ 86)+46*(a + 86) 

-2a*+9a*6+18a6*+126*. 

Hence, (2a* +9a*6+13a6* + 126“)+(a+86) 

-2a*+3a6+46*. 

Now, let us review this result and see in what way, given the 
dividend and the divisor, we can discover the quotient. The points 
noticed are: 

(i) The dividend and the divisor both stand arranged according to 
descending' powers of a common letter, namely, a. 

(il) The first term of the quotient, namely, 2a*-2a*+a, ».e., —(the 
1st term of the dividend )+(the 1st term of the divisor ). 

(iii) If we subtract 2a*(a+86) from the dividend, the remainder is 
Sa*6+18a6* + 126*, and the second term of the quotient, namely, 
8a6—8a*6+a, —(the 1st term of this remainder)+(the lBt term of 

the divisor). 
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(iv) If we subtract 806 ( 0 + 86 ) from the above remainder, the new 

remainder is 4o6® + 126*, and the third term of the quotient, namely, 
46*“4a6*- 1 -a, «■( the 1st term of this remainder )-*-( the 1st term of 

the divisor ). 

(v) If we subtract 46*(o+36) from the preceding remainder, 
nothing remains and the division is complete. 

The process noted above can be shown as follows : 

o +86 \2o* + 9o*6+13a6* + 126® / 2o* + 3o6+46* 

/ 2o* + 6o*6_ \ 

3a*6+18o6* + 126* 

30*6+906" 

4o6* +126* 

4o6® + 126* 

Hence, we deduce the following rule : 

Arrange both the dividend and the divisor according to the 
descending powers of some common letter and place them in a line as in 
the process of Division in Arithmetic. 

Divide the first term of the dividend by the first term of the divisor 
and write down the result as the first term of the Quotient. Multiply the 
divisor by the Quantity thus found and subtract the product from the 
dividend. 

Regard the remainder as a new dividend and see if it is arran ted 
aeoording to the descending powers of the common letter. Divide its j rst 
term by the first term of the divisor and write down the result as the next 
term of the Quotient. Multiply the divisor by this term and subtract the 
product from lie new dividend. 

Then go on similarly with the successive remainders until there it 
no remainder. 

Not*. Thai the rule stated above gives us a correct result ii evident, for, t he 
different quantities, that are one bp one subtracted from the dividend, being the 
partial produet of the divisor by successive terms of the quotient, their sum is equal 
to the product of the divisor by the whole quotient ; and as (His sum is clearly equal 
to (Hs dividend, the dividend is equal to the product of the divisor by the quotient, and 
hit is what It should ha. 
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Example 1. Divide a* -4a;* + 12® -9 by **-12*+8. 

Both the dividend and the divisor, as they are, are arranged 
•ooording to descending powers of x. Hence, we may proceed at onoe 
as follows 

t 1 -2a; + 3 \ x* -kv*+ 12x-9 I x* + 2x-3 
}x*-2x* + 3 r* \ 

2a; 8 - 7a- 2 + 12a;-9 
2r 8 — 4r 2 + G.r 

— 3x a + 6a*-9 

— 3r a + fix — 9 

Thus, the required quotient=x 2 + 2x - 3. 

Note. In the dividend it must be noticed that the term containing x‘ is wanting 
Wli hence the second term which contains x', has been put a little apart from (he first 
as if leaving unoccupied the place of the absent term. This point should be attended 
to, although not strictly required, for the purpose of having like terms placed under 
•ne another ; for instance, in the above example, if the second term of the dividend 
stood elose to the first, — 2x* would come under — 4x’, ,and Sx* under 19 z, and (hit 
might confuse the beginner or otherwise lessen the neatness of the process. 

Example 2. Divide 16a: 4 +36a;* + 81 by 4a:* + 6a: + 9. 

4aj* + 6a;+9 \ 16a; 4 +-36a;* +81 / 4a:*-6a:+9 

) 16x 4 + 24a; 8 + 36z*_\ 

-24a: 8 +81 

- 24a: 8 - 36a;* - 54a: 

86a:* + 54a:+81 
36a:* + 54 a:+ 81 

Thus, the required quotient “4a:*— 6a:+9. 

Examples. Divide a: 8 - 4a: 4 - 2a: 8 + 3a:*+8a:-12 by as*-4. 

N. B. It is not essential to arrange the dividend and the divisor according to 
descending powers of some letter common to them ; the arrangements may as well be 
nooording to ascending powers of that letter. The only thing indispensable i e that 
both the expressions should be arranged in the same order, be it descending or 
atcsnding. For instance, let us work out the present example by arranging (ha 
eapreesions in the ascending order of the powers of a. 

-4+a:* \ -12+8a:+3a!*-2a; 8 -4a; 4 +a: 8 /3-2a;+a: 4 

I -12 +3a;* __\ 

8a: - 2a: 8 - 4a: 4 + a> 8 

8a; -2a: 8 _ 

—4a; 4 +e* 

— 4g* + a;» 

Thus, the required quotient"8-2a;+® 4 . 
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Example 4. Divide a‘b a + 2a6c a —a*c a - 6*c* by ab + ao- bo. 

The dividend, when arranged according to descending powers of A, 
becomes ( b * — e*)a* + 2 be*.a - b a c *. 

The divisor, when so arranged, becomes ( b+c)a—bc. 

Thus, the dividend has become a trinomial and the divisor 
a binomial. 

( b+c)a-bc \ (6 a -c a )a a + 26c a .a —6 a c a / ( b-c)a + bo 
/ [b a — c a )ffi a —(6 a c — bc a )o- \ 

(b a c + bc a )a-b a c a 
(6 a e + bc 9 ja - b'c* 

Thus, the required quotient* ab-ac+bc. 

Bxampled, Divide a 8 + b a -c B + 3abc by a+b-c. 

The dividend and the divisor, arranged according to descending 
powers of o, become respectively a e + 3bc.a + (b a — c s ) and a+\b— c). 

Thus the dividend has become a trinomial and the divisor 
a binomial. 

a + (6-c) \ a* + 36c.a + (6 8 -c 8 ) / a*-[b-c)a+[b* + bo+o*) 

/ a a + (6-e)a* _._\ 

— (6— c)a a + 36c.<z + (h 8 — c s ) 

~(b— c)o a — (6 ~ c) a .o _ 

(b a + bc + c a )a + (b a ^c 8 !" - 
(b a + be+ c a )o + (fr 8 — c 8 ) 

Thus, the required quotient* a a + 6* + c a - o& + ac + 6c. 

Example 6. Divid e (6 - c)a 8 + (c - a)6 8 +(a - b)c B by a* - ab - ae+be. 

Let us arrange the dividend and the divisor according to descend¬ 
ing powers of a. 

The dividend—(6 - c)a 8 - 6 8 as + c 8 a + 6 8 c - 6c 8 
*(6-c)a 8 -(6 8 -c 8 )a+'6c(6*-c a ). 

The divisor -a a -(b+c)a + bc. 

Thus, the dividend has become a trinomial and the divisor also 
a trinomial. 

o a -(6+c)a + 6c \ (6-c)a 8 -{6 8 -c 8 )a + 6c(6*-c*) / (6-c)a + (6*-c*) 

) (b-c)a a -(b a _-c a )a a + bdb-o) a \ _ 

(6* -c a ]a a - (6 8 + b a o -bc a -c a )a +6c(6 a - c s l 
(6 s - c*)a a -(6 8 + 6 a c- bc a -c a )g + bc(b a -c a ) 

Thus, the required quotient ““ai - ac + 6“ - c*. 

Note. It must be noted that the expressions which are enclosed within brackets 
at coefficients of different powers of a are all arranged according to descending powers 
of b. Buch arrangements add to the neatness of the process and lessen the chance of 
confusion- 
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EXERCISE 89 

Divide: 

t a:*—9* +14 by x-T. 2. 3a;*- 17a: +10 by 3*-2. 

8. 12a:*-8a;-32 by 4a:-8. 4. 55a;*-67a;-14 by 11* + 2. 

5. 2o*-7o6+66* by o-26. 6. x* + x a y a + y* by x a + xy + y*. 

7. 4a:*-9a* by 2*+3a. 8. a;®+a® by a:+a. 

9. a® - o*6 - 7o6* + 36* by a - 36. 

10. ix* + ffz;* + V* +18 by ix a + |a + 6. 

11. fa:*- *fx a + Hx- A by fx*-Aa; + A. 

12 . io*y® - Aa V 6 + tfiayb* - *$, 6 ® by J*y * - f & y + 18 * 6 *. 

18. fa®»»® +W<i*»»*« + a f 1 aTOM* + 126«® by }a s m s + ¥a»»n+42n*. 

14. fa: 4 - a; V* + Iw® - W ® by far* - ** + fy*. 

15. fy*-fa-y 4 + Ax s y® + Ax®y s -ix 4 y +A® 4 by Ay 8- tey + A®*. 

16. B*»«®+fw*w® + ® - Aw®« + f« 4 by iwin+f m* + A«*. 

17. fa*y I +}y* + ® 2 -ia*y*-ioy 4 -Aa < y by iay~ly*+Aa*. 

18. If x + V + z " - 3o, find the quotient when 

(2a:-y- z\%y-z-xXZz-x-y) is divided by o* + o(a: + y) + «y. 
Divide: 

19. iCCrc - y)® + (y - z)® + (z - a;)®] by (x - y)(y - z). 

20. a;®-2o®a; 8 +a" by a;*-2oa: + a*. 

21. 2a;®y®+y® +•*• by 2xy+x a +y a . 

22. a;® + (a+6+c}a;* + (a6+ac+ 6e)a; + a6c by a;+e. 

23. a:® + (6 - c - a)x a + (ca -ab- bc)x + abc by a:* + (6-o)a:-o6. 

24. o®+o*6 + a*c-a6c-6*c-6c* by o*-6c. 

25. o*( 6 +c)- 6 ®(c+o)+c*(o + 6 ) + o 6 c by 0 - 6 +c. 

26. o*( 6 +c)+ 6 *(o - c) + c*(o- 6 ) + 06 c by o + 6 +c. 

27. " a:®-2oa:* + (o*-o 6 - 6 *)a;+a *6 + a 6 * by x-a-b. 

28. o* + 6 * + c®-3o6c by 0 + 6 + c. 

29. a;*+y*-l + 3a;y by a; + y-l. 

80. a:* - 8 y® -27z* - 18xyz by x - 2y - 3z. 

81. a:®-y’ + s* + 3a:yz by a:-y + z. 

82. 8a;*-27y®—z®-18a^z by 4x a + 9y a + z a + Bxy + 2xz-3yz . 

88 . o *(6 - c)+ 6 *(c - o)+c*(o - 6 ) by o - 6 . 
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34. (a-* - for-t, .7 u~? ~(x + a) + (x — b + c)x a by (x + aX* — b ). 

3 r >. c(al - - x' 111 a - -1 • 1 . -r - c )r + aX* 8 — ah) by (x ~b)ix — c). 

^ c*"h * t»+ b‘(i - •« i -“‘.a — b) by af>+b; —ac—b*. 

X, s u>-c*)^ ;Mc~ ■ a*) + c*(a*-b x ) b> a*b-bc*-ae* + a*e. 

3>- xy‘ J 2,.’ ? - xv a z^-xvs a -x B y-i'.;, ^ + x B z-xz B byy + e-x. 

39. 6(ar*4a) + s ’* - + cr. B (;r + a) 1 1 y (a + h)(fC + a), 

40. (a —£>) f c' ! . (a — b)c B — (c® —a s )b i -! 'c-a)fo* by (a-b)c a ~(c~a)b‘. 

f Arrange the given expressions accord in; 1,0 descending powers of e. ] 

41. (a* + by)" 4 - (ax - by) B - (ay - for) 8 + (ay 4 for)* 

by (a + b) a x a - 3 ab(x a - y a ), 

t C. U. Entr., 18881 

„ Simplify tho dividend and the divisor and then arrange the two expression! 
•oooraing to descending powers of x, ] r 

42. *(l + V 8 )(l + 2 8 ) +1/(1 + 2»Xl + a; 8 ) + 2(1 + x*Xl + V a ) + ixyu 

by l+xy+ya + am. 
[ 0. U. Entr., 18781 

[ Arrange the expressions aocordlng to descending powers of X, ] 

43. (4a; 8 - 8a 8 a;) 8 + (4i/ 8 - 3a a y) a - a* by x a + y a - fl 8 . 

[ B. U. Entr., 1884 ] 

Assuming the formula a n + a n -a m ^ to be true for all values of 
m ana », show that: 

44. a°“l. [ o°<-o” ,_ms »o w 4-o m ""l. ] 

46. a ~ n “a n ' ^ a^ B -a°- n -a 0 +a n ”l+a n . ] 

4«. **+**-«. 47. of *-«-*'*-a:. 

Divide: 

48. o 8 6* by a~ x b~*. 49. a ~ 8 6M by a~*$ c 8 . 

60. 16*1/2 by -5a; f yM. 61. Oa^-lGy* by Sa; f +4v*. 

62. a+6 by at+bK 63. a 8 + aM + 6 8 by a i +fl¥+6 , 1 

64. 4®^-37*^i/^+9i/^ by 2*^ +5x^y^-Zy*. 66. a-b* by a*-6*. 

66. 4a~ 10 + 12a *^b~* + 9a~‘b~ B - 25&~ 8 by 2a~* + 8a _ ®6“® - 66“*, 

67. te~*-25*“V*+70**V 8 -49if* by 8®~*+6afV*-7*“i 

68. a m -b* by a*-6*. 69. e+t/+#-8*V** by «*+»*+#*, 
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84. Inexact Division. It may so happen that the dividend la 
not exactly divisible by the divisor. For instant, n in example 2, 
Art. 83, the dividend were 16a; 4 + 86®* + 6® + 86, the second remainder 
would be 86®* +60a;+ 86, and hence the final remainder 6a;+ 5. As 6a;+6 
osnnot be divided by 4®“ +6a;+ 9, the division in this case would be 
incomplete and the result might be expressed as in Arithmetic, thus : 


16a; 4 + 36 ®* +6a;+ 86 
4®* + 6®+9 


“4®*-6® + 9 + 


6 ® + 6 _ 

4®* + 6®+9 


The right-hand side is called the complete quotient. The portion of 
the dividend which is thus left as a residue not divisible by the uimsor ia 
spoken of as the remainder in division. Hence, if D denote the dividend, 
d the divisor, Q the quotient, and B the remainder, we have the follow¬ 
ing invariable relation between these symbols D^d x Q+B. 

86. Detached Coefficients. If both the dividend and the divisor 
contain powers of the same algebraic quantity or be homogeneoui 
expressions of the same algebraic quantities, the labour of long division 
can be much saved by detaching the coefficients and placing them in 
proper relative positions. 


The process is illustrated by the following examples : 


Example 1. Divide 6® 4 +13® 8 + 39®*+37®+45 by 3®*+2®+9. 
3 + 2+9 1 6 + 18 + 39 + 87 + 45 ( 2 + 3 + 5 

I 6+ 4 + 18 _\ 

+ 9+21 + 87 
+ 9+ 6+27 

15 + 10+45 
15 + 10+45 


. the required quotient is 2®* + 8®+5. 

By the ordinary Method: 

8® , +2®+9 1 6® 4 +13®* + 39®* + 37®+45 / 2®*+3®+5 

/ 6® 4 + 4®* +1 8®*_\ 

9®*+ 21®*+ 37® 

9®*+ 6®*+ 27® 

15®*+ 10®+46 
15®*+ 10®+45 

.’. the required quotient is 2®* + 3® + 5. 

Example 2. Divide ®*-27 by ®* + 8®+9. 

N. B. If ana power of x either in the dividend or in the divisor be absent, the 
term „ involving (hat power is to be supplied with a aero coefficient. 

1+3+911+0+0-27/1-3 

1 1+3+ 9_\ 

-3-9-27 

.-S-9-27 

the required quotient is ® - 3. 
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EXERCISE 40 

Apply the method of detached coefficients to find the quotient o! 
the following : 

1. 2tt» 8 - + 13mw* — Gw* by 2m — 3w. 

2. a* - 3a 8 6+3a6 8 - 6* by a* - 6*. 

3. 2®*-3® 8 y-3®y"-2y* by ®* + y*. 

4. 2a 4 - 36a*®* - 16a® 8 by 2a* + 8a®. 

5. 8 + 2®+4®* + 5® 8 -4®* + 2® 8 hy 1 + 2®*. 

6. «*-4®* + 12®-9 by ** + 2®-3. 

7. 4a* - 9a*6* + 24a6 8 -166* by 2a* - Sab+46*. 

8. a*+4a*®“ + 16®* by a*+2a® + 4®*. 

9. a* + 46* by a* + 2a6+26*. 

10. 2® 8 -7®*-2® 8 + 18®*-3®-8by ® 8 -2®* + l. 

11. ®*-81 by x-3. 12. o*-32bya-2. 

13. 8-9®+2®* + 6® 8 -7®* + 2® 8 by 1-3®+®*. 

14. 82a:*+ 40 - 45®" +18a:*-67a: by 6a;*+ 8-7*. 

15. 64 —® 8 by 2 — ®, 16. 1 + ® 8 -2® 8 by ®* + l-2®. 

17. 13a6 8 + 2a*6* + 6a* - a 8 6+46* by 4a6+6* + 8a*. 

18. a 8 6-156*-8a*6* + a* + 19a6 8 by a* + 36*-2a6. 

19. ® 8 - a 8 by ® 8 - 2®“a+2®a* - a 8 . 

20. 8a*6 8 + 36“ + a 8 - 9a 8 6* - 2a6* - a*6 by 2a6 - 36*+a*. 

21. y 8 +®*-2® 8 y 8 by x‘ + y a -2xy. 

Find the complete quotient of: 

£±JJ» + 35. 23 . 

* + o x-yy 

24. Find the remainder when ® 8 +p®* + g® + r is divided by 

* , +jw+a. 

25. Divide 1+2®+4®* by 3—®, retaining four terms in the quotient. 

86. A few important results. 

The student already knows that 
®* - a* “ (® - aX®+a), 
and » 8 -a 8 -(®-aX®*+®a+a*). . 

Hence, ®*-a* t whioh*“® 8 (®-a) + a(® 8 — a 8 ) ] 

™ (® - a))® 8 +a(®*+®a+a*)i 
- (® - aX®"+®*a+«a*+o*). 
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Henoe, a* -o‘ [ which — a 4 (a - a)+a(a 4 - a*) ] 

“(a-a)}® 4 + a[x* + x*a +aa* + a*)i 
“ (a - aXx*+x s a+x*a a +x'i * +a 4 }. 

Similarly, it may be shown that x-a is a factor of a*-a*, of 
*'-o\ of a*-a*; and so on; hence, generally, a-a is a factor of 
e n -a* where n is any whole number. 

We conclude, therefore, that for all positive integral values of a, 
a" -a* is divisible by a-a. 

Again, since, a n + a"“ ! (a"-a") + 2a n , of which a" —a" is divisible by 
a —a and 2a B isnot, a” + a” is not divisible by a -a. 

Thus, when n is a positive integer, 

a-a always divides a B -a B , 1 __ 

but never divides a" + a”. J ' A ' 

Cor. /. a + a divides a”-a” only when « is an even integer. 

For, when n is even, (-o)"=* a", t and a n -a"“a”-(-a}*, 1 
when « is odd, (-a)”*-a”, t and .’. a n -a B -a B +(-a) B ; J 

also, a + a*a-(-a). 

Now, from (A), we know that a-(-a) divides a"-(-a) B , but not 
l + (— a)". Hence, a + a divides a n — a" when n is even, but not when 
is odd, a+a divides a"-a n only when n is an even integer. 


Cor. 2. a+a divides a"+a” only when n is an odd integer. 

For, when n is odd, (- a ) n - — a n , and .'. a B +a B **a B -(—a) B , 1 
when n is even, (-a)"” a", and .'. a"+a ft *'a n +(-a)" ; J 

also, a+a«*a-(-a). 

Now, from (A), we know that a-(-a) divides a n - (- a) B , but not 
a n +(-a)“. Hence, a + a divides a"+a" when » is odd, but not when 
R is even, i.e., a + a divides a” + a" only when n is an odd integer. 


Thus, we have obtained the following results t 
a-a divides a" - a n always, 1 
a”+a" never. / 

a+a divides a" —a B only when n is even, 
a B +a" only when n is odd, 

t This follows from repeated applications of the laws of signs In multiplication | 
thus, (-a)’-a’ ; henoe, (-a)*-(-a)x(-a)’ -(-a)xa*-- a *; henoe. (—a) 
-(-a)x(-a)*-(-aX-a )-a 4 ; henoe, (-al’-f-oK-o^-f-olxa*--a*; 
and so on. That Is, any power ol -a is positive or negative aooordlng as the Index 
of that power is an even or an odd Integer. 

J These results have been formally proved in Chapter XXIII. 
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EXERCISE 41 

Verify by aotual division that the following expressions are 
divisioie by x+a ,: 

1. **+0®. 2. 3. e®+a*. 

4. a;®-a®. 5. ® T + a T . 6. ®®-a®. 

Verify by actual division that the following expressions are net 
divisible by x+a: 

7. sr®—a®. 8. x*+a*. 9. *®-o*. 

10. ®“ + a®. 11. x' t -a r . 12. *® + a®. 

Write down the quotient of: 

13. & 4 -lby*-l. 14. x*-y* by x+y, 15. ®*~1 by ns-1. 

16. x a + y l hyx+y. 17. «®-lby*-l. 18. x*-y* by x+y. 

19. «’-lby!c-l. 20. e T +y T by x+y. 


CHAPTER XI 

FORMULAE AND THEIR GRAPHICAL REPRESENTATION 

87. The different formulae established in Chapter IV are stated 
below to facilitate any reference to them. A complete knowledge ol 
these special products is essential for performing many algebraloal 
operations with neatness and acouracy. It is, therefore, desired that 
the Btndent should commit them to memory so that the necessity even 
for occasional references may be altogether done away with. 

(i) (o+&)*“o*+2o6+fe*. 

(ii) (o-6)*-a*-2ah+h®. 

(iii) (a+&Xa-fc)=a s -6®, 

(iv) (a+h)* -a® + 3 a’b +3oh® + ft* -a®+6®+3ah(o+6). 

(v) (o - ft)® - a® - 3o®h + 3oh® - h" - a® - 6® — 3oh(o - h). 

(vi) o® + 6® —(o + hXa* -oh+h*)*»(a+h)® - 3oh(a+h). 

(vii) o® - 6® - (o - hX<x*+oh+6®) - (a - h)® + 3oh(o - b). 

(▼iii) (x+aXx+b) wm x‘+{a+b)x+ab. 

(lx) ( L x-aXx+b) mm x*+[b-a)x-ab. 

(x) (x-a)(z-b)’*x*-‘la+b)x+ab. 
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88. Application of Formulae. 

Example 1. Find the product of (i) 999 x 999 and (i ) 9988 * 10012. 

(i) We have 999 x 999-999* 

-(1000-1)* 

—1000* - 2 x 1000 x l +1* [ Formula (ii) ] 

-1000000 - 2000 + 1 

-998001. 

(ii) 9988 x 10012-10012 x 9988 

“(10000+12X10000-12) 

-10000* -12* ( Formula (ill) ] 

-100000000-144 

-99999856. 

Example 2. Find the value of 2931 s +1069 s +12000 x 2931 x 1069. 
Putting a for 2931 and b for 1069, 
the given expression—a* + 6 s + 12000o6 
—a s + 6 s + 3a6(a + b) 

[ since, a+ 6-2931+1069 -4000 ] 

- (a + 6) s [ Formula (Iv) ] 

—(4000) 8 

-4000x4000x4000 

-64000000000. 

Rote. The student is referred to the examples worked out in Chapter TV for 
further illustrations. 

89. Algebraic quantities expressed as the difference of two 
squares. 

We have o*+2a6+6*-(o + 6)*, 

and o* — 2a6+6*—(a-6)*. 

Subtracting, 4o6—(o + 6)*-(o-6)*, 

or, 06- «a+6)* -1 (a - 6)* - (^)* - (^)‘ ■ 

Hence, the produot of any two factors 

-square of ( ix the sum of the factors ) 

- square of t i * the difference of the f aotors). 
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Example 1. Express (x+y+S Izfa+y) as the difference of two 
squares. 

-f , 

“(x + y + s) 8 -« 8 . 


/2x + 2 y + 2z j 8 _ |x + y + 2 z -x-y j 8 


Example 2. Express (x + lX2x + 3Xx + 5) as the difference of two 
squares. 

The given expression 

- \{x +lX2x + 3)f(x+5)=(2x 8 + 5x + 3Xx + 5) 


_ f(2x 8 + 5x + 3) + (x + 5)j * _ j(2x* + 5x + 8) -( a + 5) ' 


2 


T 


»(® 8 + 3x+4) 8 -(x 8 + 2x-l) 8 . 


Examples. Express (x + a)(x +2a)(x+3aXx + 4a) as the difference 
of two squares. 

The given expression 

— K® + a)(x + 4a)[ )(x + 2a)(x + 3a)( 

“{x* + 5 ax + 4a 8 )(x 8 + 5ox + 6a 8 ) 

« f (g* + 5 ax + 4a 8 ) + (x 8 + 5ax + 6a 8 ) \ * 




7 

5ox + 6a 8 ) - (x 8 + 5ox + 4a 8 )) 8 


T 


‘ (x* + 5ax + 5a 8 ) 8 - (a*)*. 


Example 4. Express (x + 2aX® + 4a)(x+ Ga)(x + 8a)+7a* as the 

difference of two squares. 

The given expression 

■* 1(® + 2a)lx+8a)| i(x + 4a)(x + 6a)( + 7a* 

" (x* + lOax + 16a*Xx* + lOax+24a 8 ) + 7a* 

_ j (x 8 + lOax 4- 16a 8 )+(x 8 + lOax + 24a 8 ) j 8 


_ f fa" + IQfflg + 24a 8 ) - (x 8 + lOax + 16a 8 )j 8 + 


- (x 8 + lOax + 20a 8 ) 8 - (4a 8 ) 8 +7a* 

- (x 8 + lOax+20a 8 ) 8 - 16a* + 7a* 
-(® 8 + 10ax+20a 8 ) 8 -(3a 8 ) 8 . 
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EXERCISE 42 

[ The following examples are to be worked out with the help 
of the formula of Art. 87 ] 

Find the squares of the following : 


1. 5® + 9y. 

2. 16a-135. 

3. 

*+100. 

4. 

y+600. 

5. a+999. 

6. y +10001. 

7. 

988. 

8. 

1012. 

9. 1005. 

10. 99 6. 





Find the cubes of the following : 





11. 2® + 5. 

12. 105. 

13. 

99 5. 

14. 

800*6. 


15. Show that (a + b) a + (a - b) a * 2{a* + b a ). 

Hence, find the value of a* + b a , when 

(i) a - 5004, b « 4996 ; (ii) a = 1012, b «988. 

16. Show that (a + b) a - (a - 6)' *■= 4a6, 

Hence, express the following as the difference of two squares : 

!i) 4(® + 2yX2® + y); (ii) (6® + 10yX4® + 6y); (iii) (*+98X* +102;; 
(iv) 505 x 495 ; (v) (2® + 100*4X2®+99*6). 

Find the following products : 

17. (a + *Xa-®)(a* + **). 18. (2a + 3X2a-3X4a 8 + 9). 

19. (a* - ab + 5 s Xa s + ab + 6*)(a 4 - a a b a + b 4 ). 

20. 98 x 102 x 10004. 21. 96 x 104 x 10016. 

22. (2a + ®X4a* + 4a* + ® s ). 

28. (a-2Xa + 2)(a* + 4a + 4Xa*-4a + 4). 

24. (® + 4X® s -4®+16). 25. (2y-3X4y“ + 6v + 9). 

26. (® + 2)(®* + 2® + 4X* ~2)(®* — 2® + 4). 

27. (2®+105X2®+ 15). 28. (6®-25X6®+43). 29. (6*-25X6*- 43) 
Simplify the following : 

30. (2a+®+y)* + 2(2a+* + yX8a-a-y)+(8a-a-y)*. 

31. (17a + 20® + 19y) 8 - 2(19® + 18y + 17aX20® + 19y + 17a) 

+ (19® + 18y + 17a) 8 

32. (16a + x +y) 8 + (4a — ® — y) B + 3(16a + ® + y) 8 (4a —x — y) 

+ 3(16a+®+ vXia-x - y)*. 

33. (121a+ x +y) 8 — (116a+®+y) 8 - 15a(121a+®+yXll6a+®+y). 

34. (5a-8®) 8 +(6a+8®) 8 + 33a(5a-8®X6a+8®). 

35. (2®+3y -16*) 8 + 3(3® - 3y +16*) 8 (2*+3y -16*) 

+(3® - 3y+16*) 8 + 3(3* - 3y+16*X2®+3y -16*)* -120* 8 . 

1-9 
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Besolve into factors : 

36. (6a+ 86+2)*-{4a+ 6)*. 37. 8®* + l25y*. 

38. (8a+13®)*-64. 89. (15a+36)*-4. 

Find the value of: 

40. (16a + 26)* - 2(13a + 26Xl6a + 26) + (13a + 26)*. 

when a=5 and 6 * 7891. 

41. (91®+ 5y)® - 3(91®+5y)*(87® + by) 

+ 3(91® + 5vX87x + 5y)‘ - (87®+5y)®, when ®—2 and y *■ 83 

42. (689963)* — 2 * 589963 * 589863+(589863)*. 

48. 90'002x 89998. 44. 9238*-9233*. 

46. 49856 x 49856 x 49866 - 3 x 49856 x 49855 - 49855 x 49865 x 49865. 

46. Faotorize (®+2X2®+lX5®+2)-3®* by expressing it as tbB 
difference of two squares. 

47. Show that (a® + 6X6® + a)ja6®* - (a* + 6*)® + ab\ can be expressed 
as the difference of two squares. 

48. Express (5® + 1X2® + 5X3®+5X4® + 3) as the difference of two 
squares. 

49. Express (7® + 3aX7® + 5aX7®+9aX7® + 11a) + 61a* as the sum of 
two squares. 

60. Show that (3® + 2y)® - (2® + 3y)® - 3(3® + 2yX2® + 3j/X® - y) is a 
perfect cube. [G. U. 1960 ] 

90. Graphical Representation of Algebraic Formulae. Some 
of the formulae are illustrated below by their geometrical representa¬ 
tions on squared paper. 

(1) To demonstrate graphically, the identity 

(a + b + c +rf+ e)k - a A:+ bk+ck+dk + ek. 

Let OX and OF be the co-ordinate axes, 0 being the origin. 



Let A, B, C,D,E be the points on OX, such that OA -a, AB-b, 
BO^e, CD“d and DE^e. Also, let P be a point on OF, suob that 
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AO~BR C r?'nT ‘ he Through A, B, 0, D drew 

BU, OS, DT parallels to OP so as to meet PU in Q, B. 8. T 
respectively, so that the figures OPQA, AQBB, BBSC, OSTD, DTUB 
are eaob a rectangle. 


Now, reot. PB-rect. PA + rect. QB + reot. BC + reot. SD 

+ reot. TB, — (1) 

But rect. PE-OE.OP-{OA + AB+BC+CD+DE).OP 
-(a+b+c+d + e).k; 
and rect. PA-OA.OP 
-ak ; 

rect. QB-AB.AQ-AB.OP 
- bk ; 

rect. BG-BO.BB-BC.OP 
-ck ; 

rect. SD~CD.CS~CD.OP 
—dk ; 


rect. TE-DE.DT-DE.OP 
—e k ; 

from (1), [a+b+c+d+e)k~ak+bk+ck+dk+ek. 

(2) To demonstrate graphically, the identity 

(fl+ft) a -o 2 + 2 fl 6 + 6 *. 

Let OX and OY be the co-ordinate axes, and 0 be the origin. 

Let A and B be two points taken on OX, such that OA—a and 
AB—b ; also let L and P be two points on OY, such that OL—a and 
LP—b. Then, OB — OP —a+b. Complete the square OPBB. Let AQ 
be drawn through A parallel to OY to meet PB in Q ; also let LMN be 
drawn through L parallel to OX to meet AQ in M and BB in N, 

Then, fig. OB - fig. OM+hg. AN+Bg. LQ+ fig. MB. ~ (1) 

Now. fig. OB - OB.OP 

-OB.OB [V OP-OB] 

— OB*—(a + b)* ; 
fig. OM-0A.0L-0A.0A 
-a* ; 

fig. AN—AM.AB - OL.AB 

—ah ; 



132 


algebra made east 


l CHAP. 


fig. LQ~LM.LP 

•“PQ.LP^ab ; 
fig MB = MN.MQ=QR.LP 
^b.b^b*. 



from (1), (a + b) ilB a* + ab+ab + b* 
~a* + 2a&+fc B . 


(3) To demonstrate graphically, the identity 
(a - h) a “ a fl -2ah+6®. 

Let OX and OY be the co-ordinate axes, and 0, the origin. 


Take two points A ana B on OX, such that OA-a and GB’-h. 
Complete the square OPQA, on OA Through B draw BB parallel to 
OY to meet PQ in R ; cut off a length PL from PO, equal to h. Through 
L draw LMN parallel to OX to meet BR and AQ in M and N respec¬ 
tively. Produce PQ to T, making QT~PR{ = b). Complete the square 
QTSN, on QT. 
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Blnoe, OA—a and OB—b, 

BA-a-b. 

Also, Bince, OP-OA-a, 
and PL 

OL—a-b\ 

AB-OL. 



Now, fig. BN- fig. OQ +fig. NT- fig. OB - fig. BS. 
Bnt, fig. BN~BA.BM~BA.OL 
~BA.BA~BA* 

-(<*-«■; 

fig. OQ~OA.OP~OA.OA 
~OA a ~ o* ; 
fig. NT- sq. on QT 
—sq. on PB 

~b*i 






























1S4 


ALGEBRA MADE EAST 


[ CHAT. 


fig. OB-OP.OB-OA.OB 
~ab ; 

fig. BS-fig. 22#+fig. QS 
■•fig. BN+ fig. PM 

-fig .PN [ V fig. OS-fig. PM, eaob 
~PQ.PL being equal to 6*. ] 

— ab. 

■ from (1), (a-6)* —a s +6*-a6-<z6, i.e., -a a + 6*-2a6 

(4) To demonstrate graphically, the identity 
a*-b*~(a- b)(a + b). 

Let OX and 07 be the co-ordinate axes, and 0, the origin. 



Take two points, A and B on OX, such that 0.4 —a and OB — 6; 
also, take two points, P and L on OF, such that OP—a and 02/—6. 

Complete the squares OPQA and OLMB. Produce BM to meet 
PQ in B and LM to meet AQ in N ; also produce MN to T, making 
NT—NA (—6); and complete the rectangle NTSQ. 

Thus, rect. J3#-rect. QT, 
also PL~OP-OL~a-b, 

and ■423-0.4-013—0-6. 

PL-AB. 
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Now, fig. PA - fig. BL - fig. PN +fig, BN 
-fig. PN+ fig. QT 
-fig .PT. - ••• (1) 

But, fig, PA~Bq. on OA 

- ~ 2 . 

C. 

fig. BL~ sq. on OB 

fig. PT~PS.PL 

~{PQ+ QS) PIj 
~{PQ + NTl i ' 

—[a + bXa — l). 

from (1), a* — 2>*— (a — b)(a+b). 

(5) To demonstrate graphically, the identity 

(a+b)(c+d)~ ac+bc+ad+bd. 

Let OX and 07 be the co-ordinate axes, and 0, the origin. 



On OX, take two points, A and B, making OA —a and AB~b; 
also, on OF take two points, P and L, making OL—c and LP m d. 

Complete the rectangles OPBB and OLNB. 

Through A, draw AMQ parallel to 07 to meet LN in M and 
F& In Q. 
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Now, fig. OB-fig. Ofif+fig. AN+Gg. LQ+6g. MB. - (1) 

But, fig. OB-OB.OP 

-(OA + ABXOL+LP ) 

—(a + bXc + d ); 
fig. OM—OA.OL—ac ; 
fig. AN-AB.AM 

—AB.OL—bo ; 
fig. LQ-PQ.PL 

— OA.PL—ad 
fig. MR-QB.QM 

—AB.PL—bd ; 

.'. from (1), ( a + b)(c + d)—ac + bc + ad + bd. 

(6) To demonstrate graphically, the Identity 

(a+b + c) a - a*+b* +c a +2 ab +2 be +2 ac. 

Let OX and OY be two perpendicular straight lines, through 0. 



Take three points, A, B and 0 on OX, suoh that OA—a, AB—b, 
BO-o. 

Complete the square OCBL on 00, bo that 

OL-OC-OA + AB+BC-a+b+e. 


XI, ] GRAPHICAL REPRESENTATION OF FORMULAS IS? 

Let D end B be points on OL, such that 

OZ>“a and DE^b, whence EL—c. 

Through A and B, draw AP and BQ parallel to OY to meet LR 
in P and Q respectively ; also, through D and E draw DTSE and 
EMNF parallel to OX to meet AP, BQ, CB in points, T, S, H and 
M, N, F respectively. 

Then, fig. OB=fig. OT+fig. TN+ fig. JVB + fig. DM + fig. AS 
+ fig. PN+ fig. NE+ fig. BP + fig. BE ••• (1) 

Now, fig ,DM~DT.DE~OA.AB-ab, 
and fig. AS= s AT.AB= a OD.AB’ m ab. 

Similarly, fig. NP— fig. NE=bc, 
and fig. BP = fig. BE—ac. 

Also, fig. OR- sq. on 00= 00* 

«=(0A + AB+BC)*=(a + 6+c)». 
fig. OT~OA.OD = OA.OA~OA a -a t , 
fig. TN = TM. TS — AB.DE “ AB a - b *, 
fig. NR = NQ.NF=EL.BC-BC a -c a ; 

.'. from (1), 

(a + fc+c)*=a“ + &* + c“ + a?>+afe + 6c+6c + ac + nc, 

i.e., = a®+ fc* + c* + 2ai>+2f>c + 2ae. 

EXERCISE 43 

Find, graphically, the value of : 

1. (i) (5 + 6)xll ; (ii) 7* ; (iii) (*-*)•- 

2. Verify graphically : 

(i) 9*-7* = 32 ; (ii) (7 + 3)*-100 ; 

(iii) (3 + 5)x2 = 3x2 + 5*2; 

(iv) (®+oXa:+6)“x*+(o+ b)x+ab ; 

(v) (*-aX*”6)“* a— (a+b)x + ab ; 

(vi) (x - oX® + b)—x a — ax + bx — ab. 

3. Calculate, graphically, the area of a square described on 
a straight line whose length is equal to twelve centimetres. 
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4. Find, graphically, the area of a room, 6 metres long and 3 metres 
broad. 


6. A rectangular garden of length 9 metres and breadth 3 metres 
has got a path of uniform breadth surrounding it. If the breadth of the 
path be one metre, find, graphically, the total area of the garden and the 
path together. 

6. In a square plot of land of side 10 metres, a square pond of 
length four metres is dug. Find, graphically, the area of the remaining 
portion of the land. 

7. Find, graphically, the area of a rectangular plot of land whose 
length is 50 metres, and is five times its breadth. 

8. A rectangular court-yard of length 10 metres and breadth 
5 metres is to be paved with square stones. If the side of the stone be 
one metre, find, graphically, the number of stones necessary for the 
pnrpose. 

9. A square garden of side 20 metres has within it a walk of 
uniform breadth equal to one metre running round it. Find, graphically, 
t ;e area of the path. 

10. A rectangular court of length 20 metres and breadth 10 metres 
haB two paths, each of breadth one metre joining the middle points of the 
opposite Bides, and symmetrically situated about the lines joining those 
middle points ; find, graphically, the area of that portion of the court 
which is not covered by the path. 


CHAPTER XII 
SIMPLE FACTORS 

91. Definitions. When an expression is the product of two 
or more others, each of these latter is called a factor of the former. 

An expression is said to be resolved into factors when those expres 
sions of whioh it is the product are found. 

[ A lew Bimple cases ol resolution into lactors have already been Incidentally 
treated in the chapter on Simple Fct mules and their Application . These cases, 
however, will not be altogether passed over in the following articles as the present 
ehapter Is Intended for a more systematic treatment of the subjeot. ] 

Note. In this ehapter we shall confine our attention to rational expressions 
only (i,e„ expressions free from radical signs), and by the factors of an expression 
will be meant the rational expressions of which it is Che product. 
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92. Simple Cases. Any expression, all the terms of which have 
got a common factor may, on inspection, be at once resolved into two 
faoiors, one of which is a simple expression and the other compound ; 
thus, 

(l) a*®+a®*“a®(a+®). (2) 2a* b* -3a*b*«a*b*(2a-8b) 

(8) 24® 4 a* - 40®*a* + 56®*a* »= 8®*a*(3®* - 5 xa + 7a*). 


EXERCISE 44 


Resolve into factors: 

1. ab+ac. 2. a*b* + a»b*. 3. ®V-2®V. 

4. a®*p* + 4®y**-6®y«*. 5. 4a‘b-6a 4 b*-8a*b*. 

6. ax*y - 6a*®*y* + 3a®*. 7. 3® Vz* -12® Vz* + 21® V* 4 . 

8. 28a*b*-42a"b*. 9. 72® 10 i/* +108®V°. 

10. Sga'bV-SSbVa’-gic'a’b’. 


98. Expressions of the form e* -b*. 

The method of resolving into factors an expression of this form has 
already been treated in Art. 56, Note. A few more examples are added 
here for the exercise of the student. 


EXERCISE 45 

Resolve into factors: 

1. 9a*-16b*. 2. 4a*-25a®*. 8. 36® 4 -l. 

4. 16® 4 -1. 5. 16®“-9®. 6. 16®*-81®. 

7. 1 —16a 4 . 8. ®*-81® e . 9. 36-^- 

a* 

10. 64a 4 -49®*. 11. 121-m*. 12. 49®*a l0 -81. 

18. a*b*-25c*d*. 14. 81® l *-64a 10 . 15. pV-100p*. 

16. 144®* -26®*a*. 17. 192a* - 243a*® 4 . 18. 98a*®* - 128a®. 

19. 824® lt a*-484®*a*. 20. 245m**n 1 *-605m 1 *n f . 

21. (a+8b)*-25c*. 22. a*-(3b-5c)*. 28. (®+v)*-(®-y)*. 

24. (8a+2®)*-(2a + ®)*. 25. 4(a-b)*-9(c-d)*. 

26. 49®*-(5y-3*)*. 27. (8®+5)*-(2®-7)*. 

28. (a+b-c)*-(o-b+c)*. 29. (2a-8b+4c)*-(a + 4b-5c)*. 

80. 64(a+8«-4p)*-9(2a-®+3tf)*. 

81. (4®*-5a*)*-(6®*-4a*)*. 82. (5a*-3a+ 7)*-(5a*-3a-7)*. 
88. (®+v)*(a+b) - (®+vXa+b)\ 
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94. Expressions which by mere inspection can be pot into the 
form o“ -h®. The following examples are intended for illustration. 

Example 1. Resolve into factors a* + a*b* + b*. 
a* + a*6* + i 4 «(a 4 + 2o*6* + b*)- a'b* 

- (a* + b a ) a - (ab) a - l(a* + b a ) + o6H(a* + b a ) - oil 
“ (o* + ab + 6“Xa s -ab + 6*). 

Example 2. Resolve into factors x 4 + 4. 
x 4 + 4«>(x 4 + 4x a + 4)-4x a 
“(x a + 2) a -(2x) a 
" Kx a + 2) + 2xH(* a + 2) - 2x[ 

- (x* + 2x + 2X® # - 2x + 2). 

Example 3. Resolve into factors x 4 - 6x a + 1. 
x 4 -6x a + I-(x 4 -2x a + l)-4x a 
•=(x a -l) a -(2x) a 
- )(x* -1)+2xM(®* -l)-2x} 

“ (x* + 2x - lXx a - 2x -1). 

Example 4. Resolve into faotors o* - b* +2 be - e*. 
o a — b a + 26c - c a * a* - (6* — 26c + c a ) 

«a a -(d-c) a Ha+(6-e)Ha-(&-e)i 
■■(a + b-cXa-6 + c). 

Example 5. Resolve into factors 2(a6+cd)-a , -ft , +c a + d a . 

The given expression “(c a + 2cd + d a ) - (a* - 2o& +fc a ) 
“(c+d) a -(a-6) a 
•• Kc+d)+(a—i>)H(c+d) - (o— b)\ 
-(c+d+a-bXc+d-a+6). 

EXERCISE 46 

Resolve into faotors: 

1. x 4 +x a + l. 2. x*+x 4 +1. 8. a 4 +a®*®+* 4 . 

4. a a + o 4 x 4 + x a . [ C. D. Entrance, 1887 ] 

6. x 4 +64. 6. 4x 4 +81. 7. 9x 4 +36. 

8. o 4 + 2a a +9. 9. x 4 -7x a +9. 10. 4* 4 +8e®+9. 

li. 4x 4 -16x a +9. 12. 4x 4 + 3x a +9 

18. 4o 4 -87a a +9 14. 4a 4 +626. 
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IB. 9* 4 + 23«* + 16. 16. 9a* - 25a* +16. 

17. 9®*-S3**+ 16. 18. 9a 4 -a*+ 16. 

19. 16x 4 +4**a* + 25a 4 . 20. 9a 4 - 19aV + 25x‘. 

21. x* + 8** +144. 22. a 4 -35a*6 8 + 256 4 . 

23. 36a 4 -16a*6 8 + 6 4 . 24. 49m 4 + 16n‘ - 60m*n 8 . 

25. 64a 4 + 81* 4 . 26. 4*-+(7a) 4 . 

27. ** — y* + 2y* — * 8 . 28. 4a 8 — 6 s — 9c* + 66c. 

29. 9* 8 — 4y* + 12]/* — 9* 8 . 30. a* — 46* — 25c* + 206c. 

31. 30** + 16y* - 9* 8 - 25s*. 32. a* + 46 8 -9c 8 -4cf*-4a& + 12cd. 

33. {** — 2*y) —(z 8 — 2yz). 34. 4x 8 —l + 9a 8 —256 8 + 12*a—106. 

35. 9* 8 — 4v* - 49* 8 — 30* + 28]/z + 25. 

86. 16a 8 - 16c* - 96* - 24a + 246c+9. 

37. 49y 8 + 20* + * 8 — lixy — 25** - 4. 

88. 16* 8 + 426y - 9y a + 40*a - 496 s + 25a*. 

39. 49** — 1 + 16j/ 8 - 64** +16* - 56xy. 

40. a* - 6* - o* + d* - 2(ai - be). 

95. Expressions of the form a* + b a or a* -b*. 

The resolution oi such expressions into factors has already been 
considered in Articles 59 and 60, Notes. A few cases, however, of a little 
more complicated character may, with advantage, be added here. 

Example 1. Resolve into factors a* + *“. 

8ince, a 8 + 6 8 “(a + 6Xa 8_ a6 + 6 8 ) • 

we have a 8 + x*“(a 8 ) 8 + (* 8 ) 8 

«(a 8 + * 8 )i(a 8 ) 8 - (a 8 X* 8 ) + (* s )*t 
-(a 8 + x 8 Xa® -a 8 * 8 + * 8 ) 

“(a + *Xa 8 — a* + * 8 X<i* -a 8 * 8 + * 8 ). 

Example 2. Resolve into factors a* — * 8 . 

Since, a 8 - 6* “ (a - 6X<* 8 + a6 + 6 8 ), 

we have a 8 — **" s (a 8 ) 8 -(® 8 ) 8 

- (a 8 - x 8 )j(a 8 ) 8 + (a 8 X* 8 ) + (*")*( 

«(a 8 - x 8 Xa* + o 8 * 8 + * 8 ) 

-(a - *X»* + ax +x*Xa 8 + a 8 * 8 +x 8 ). 



142 


ALGBBBA MADE BAST 


[ CHAP, 


Example 3. Resolve into factors 64* T - xa *, 

64*’ - xa* —*{64** - a®) 

-*K8* B ) 8 -(a B ) 8 [ 

-*(8* B + a B )(8* B -a B ) 

-*i(2*) B + a*H{2*) B -a*{ 

- *j(2*+«X4* B - 2*a+a*)| {(2* - aX4* 8 +2*a+a*X 

- *(2* + oX2* - aX4* 8 - 2*a + o*X4* B + 2*a + a*). 


Otherwise: 

64* T - xa 8 —*{64** - o') 

- *K4* 8 ) 8 —(a 8 )*| 

- *(4** - a*Xl6* 4 + 4* 8 a 8 + a 4 ) 

- *(2*+«X2* - o)Kl6**+8**a B +a*) - 4* 8 a 8 l 

- *(2* + oX2* - a){(4* 8 + a B ) B - (2*a) 8 { 

- *{2* + oX2* - aX4e 8 + o 8 + 2*<z)(4* 8 +a* - 2* 0 ) 

- *(2*+aX2* - aX4* 8 + 2*a+a 8 X4* 8 - 2*a+a*). 

Note. Although the resolution can be effected in either of the two ways shown 
above, it is generally found convenient to adopt the first method. 


Example 4. 


Resolve into factors ** 


64* 
V* * 




EXERCISE 47 


ReBolve into factors : 

1. a*-86*. 2. 

4. a 8 -5126*. 6. 

7. 343** + 612v*. (C. 

8. 64* iS -l. 

10. 126**-216a*. 

12. 729* 8 V-64*V°. 
14. (2** -3v 8 )“ + v*. 

16. a b +|5* 17. 


a*-27a* B . 8. 612**+ 1. 

27a B + 125**. 6. m*-n*. 

C. Entranoe, 1882 ] 

9. o* -64* 18 . 

11. o4a lB 6+ 348fl6 1B . 


13. (a 8 + 6 8 )*+8a B d*. 
18. (2a*-6*)* -b*. 


. a B 



18. 


_1_ 

8 *» 
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96. Expressions ot the form x*+px+q resolved into factors 
by inspection. 

From the relation x a +{a + b)x + ab={x + a)(x + b), it is clear that 
to resolve an expression of the form ®* + p® + g into two factors we have 
to find two quantities a and b such that a + 6=p and a&=g. This can 
be done by inspection whenever a and b are rational and integral. The 
student can very well refer himself to the examples worked out after 
Art. 61, for a clearer comprehension of such cases. 

Example 1. Resolve into factors x a +17®+30. 

We have to find two numbers whose sum = 17, and product = 30. 

The pairs of numbers whose product is 30 are : (i) 1 and 30, (ii) 2 
and 15, (iii) 3 and 10, (iv) 5 and 6. Out of these 4 pairs we must pick out 
that of which the sum is 17; the second pair, therefore, is the one 
sought. 

Thus, 2 and 15 are the numbers required. 

Hence, ®* +17® + 30=®*+(2+15)®+30=®“ + 2®+15® + 30 
=®{® + 2)+ 15(® + 2)=(®+2X®+15). 

Example 2. Resolve into factors ®* —11® + 24. 

We must find two numbers whose product"+24, and sum=-ll. 
Clearly then the two numbers must be both negative. 

The pairs of negative numbers whose product is 24 are : (i) — 1 
and -24, (ii) -2 and -12, (iii) -3 and -8, (iv) -4 and -6. Out of 
these 4 pairs we must pick out that of which the sum is —11; the 
third pair, therefore, is the one sought. 

Thus, the required numbers are -3 and -8. 

Hence, ®*-ll® + 24=®* -(3+8)®+24=®*-3®-8® + 24 
=®(® - 3) - 8(® - 3)=(® - 8X® - 8). 

Example 3. Resolve into factors ®* + 6® - 40. 

We must find two numbers whose product" -40, and sum" +6. 

The pairs of numbers whose product is - 40 are: (i) 1 and - 40, 
(ii) -land 40, (iii) 2 and -20, (iv) -2 and 20, (v) 4 and -10, (vi) -4 
and 10, (vii) 5 and — 8, (viii) — 5 and 8. Out of these 8 pairs we must 
piok out that of which the sum is + 6 ; the sixth pair, therefore, is the 
one sought. 

Thus, the required numbers are - 4 and 10. 

Henoe, ®*+6®-40=®*+(10-4)®-40=®*+ 10®-4*-40 
=®(®+10)-4(®+10)=(®+10X®-4). 

Note. From the fact that the sum of the two numbers is positive it is clear that 
the positive number must be numerically greater than the negative . Bence , me might 
at once reject the first, third, fifth and seventh of the above pairs, 
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Example 4. Resolve into factors x* — 5* - 36. 

We have to find two pumbers whose product* —36, and sum* —5. 
Clearly, then the number® must have different signs and the negative 
number must be numerically greater than the positive one. 

Hence, the only admissible pairs of numbers whose product is - 36 
are : (i) 1 and —36, (ii) 2 and -18, (iii) 3 and -12, (iv) 4 and —9. Out 
of these 4 pairs we must pick out that of which the sum is — 5 ; the last 
pair, therefore, is the one sought. 

Thus, the required numbers are 4 and -9. 

Hence, x a - 5x - 36 * x a - (9 — 4)x — 36 * a;* - 9a; + 4a: - 36 

* x(x - 9) + 4(ar — 9) * (x — 9X* + 4). 

Example 5. Resolve into factors a* + 7a6+126*. 

The factors will evidently be a + pb and a + gb, where p and q are 
such that p + g = 76, and pg = 126®. 

Arguing as before it is easy to see that 3b and 4 b are the numbers 
whose sum is 7b, and product 126*. 

II once, a a + 7 ab +12 6* = a* + (36 + 46)a +126* = a * + 3a6 + 4a6 +126* 

= a(a + 36) + 46(a + 36) * (a + 36)(a + 46). 

Example 6. Resolve into factors 3m* - 36mra + 60n*. 

3m® - 36mra + 60n® = 3(m® - 12mn + 20to*). 

Wehave to find two numbers whose sum* -12«, and product *2Un* 

Arguing in the usual way we find that — lOn and —2 n are the 
required numbers. 

Hence, 3m* — 36m« + 60w* * 3(m“ - 12mn + 20n*) 

= 3|m* -(10n + 2n)m + 20n*| *3}m* -10nm-2ram + 20n*l 
* 3)m(m - lOn) - 2 n[m - 10w)( * 3(m - 10ra)(m - 2n). 

Example 7. Resolve into factors a 4 - a® -12. 

Putting x for a®, the given expression becomes a;*-a:-12, and it is 
easy to see that a:*-®-12*(a;-4Xa; + 3). 

Hence, a* - a* -12 * (a* - 4X«* + 3) * (a + 2)(a - 2Xa* + 3). 

Example 8. Resolve into factors ( x a + 2a;)® - 3(a:* + 2a:) -18. 

Putting a for x a + 2a;, the given expression becomes o* - 3a -18. 
and it is easy to see that 

a*-3a-18*(a~6Xa + 3). 

Hence, the given expression * X®* + 2a:) — 6H(a;* + 2a;) + 31 

*(®* + 2a; - 6X®* + 2a;+3). 
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Example 9. Besolve into factors 

{5a + 6)* + (5o+ bU+ 26) -20(a+26)*. 

Putting * for 5a+6 and y for a +26, the given expression becomes 
x a + xy- c 2By a . 

Now it can be easily seen that 

x*+xy- 20 y* =(a+5 y){x - 4 y). 

Hence, the given expression 

“ i(5a + 6)+5(a + 26)} }(5a + 6) — 4(a + 26){ 

(10a + 116Xa t 76). 

96A. Expressions of the form px* + qx+r resolved into 
factors by inspection. 

Suppose, tho two factors of the expression px* + qx + r are (a* + 6) 
and (csr + d). 

From multiplication we know 

{ax + b){cx+d)=acx a +'bcx+adx+bd ,i *acx a +[bc+ad)x + bd ; 

.'. px a + qx + r=*acx a + {bc + ad)x + bd ; 
p^ac, q = be + ad and r*=bd ; 
pr*={ac)x{bd)*={bc)x{ad). 

It is evident from the above relation between a, 6, c and d that the 
algebraic sum of the two factors of pr is equal to q. 

Therefore the product of the coefficient of x a and the term indepen¬ 
dent of x is to be resolved into two factors, the algebraic sum of which 
is equal to the coefficient of x. 

The process is being explained in the first method of the following 
illustrations : 

Example 10. Besolve into factors 8a:* + 2a: — 3. 

First Method : Find the product of the coefficient of x a and 
the term independent of x. 

In the present case, the product =8 * (— 3) =• - 24. 

Now, resolve -24 into two factors whose algebraic aim “the 
coefficient of x, i.e., 2. 

By trial, the factors are G and - 4. 

Thus, the given expression “ 8a:*+6a:-4a:-8 

■* %af,4x +8) - {4a +8) - (4«+8X2a: -1). 


I—10 
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Second Method : Tbe divert expres jion“8** + 2*-3 

—4(8 x 8x* + 2 x 8®-3 X 8) 

* $(a* + 2x-24). [ Putting a for 8x ] 

Now it oan he easily seen that a* + 2a-24“(a + 6Xo~4). 

Henae, the given expression - §(a+6){a - 4) - £(8®+6X8® - 4) 

- 4i2(4a: + 3) x 4(2* -1)( =(4s+SX2 j -1). 

Example 11. Resolve into factors 12®*+ 7®—13. 

First Method : Find the product of One coefficient f x % and the 
term independent of * ; resolve the product into two factors vhose 
algebraic mm is equal to the coefficient of ®. 

In the present case, the product «■ 12 x (-10)*- —120. 

By tried, the factors of ( — 120), whose algebraic sum ■•the co¬ 
efficient of ®, i.e., +7, are +15 and -8. 

Thus, the given expression—12®*+ 15®-8®-10 

—3®(4®+ L ) - 2(4®+5) ■= (4®+5X3® - 2). 

Second Method : The given expression=12®* + 7® -10 

- tWl2 x 12s* + 7 x 12* -10 x 12) 

“ AG** + 7o -120). [ Putting a icr 12® ) 
Now it can be easily seen that o* + 7a-120=(o + 15Xo-8). 

Henoe, the given expression=A(l2s+ 15Xl2*-8) 

- Ai3(4®+5) x 4(3® - 2)) - (4®+5X3® - 2). 

Example 12. Resolve into factors 26s B - 40a** + 14a*®. 

26®* - 40a®* + 14a** - 2®(13** - 20a®+7a*). 

First Method : Find the product of the coefficient of s* and the 
term independent of *. In the present case, the product —13 x 7a* -91a*. 
Now, resolve 91a* into two factors whose algebraic s«wt*the coefficient 
of «, i.e., - 20a. 

By trial, the faotors are -7a and -13a. 

Thus, the given expression 

** 2x(13®* - 13a® - 7a®+7a*) 

- 2®USflX® - a) - 7a(* - a)f - 2®(® - aXl3* - 7a). 
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Second Method : The given expression 
■»2ail3* 8 -20a*+7a 8 f 

- 2*] 1 l s{13 x 13* 8 - 20a x 13* +13 x 7a 8 )) 

"2*iA{y 8 - 20ay+91a 8 )) [ Putting v tor 13*1 

- 2x\ “ ISay - 7 ay +91a 8 )f 

- 2*CAi iv ~ 13a) - 7 alv ~ 13a)f] 



m 

! 2®[r*s(y - 13aXw - 7a)] 

t 


• 

the expression » 

2*[A(13*-13aXl3*- 

7a)] 



■i 

' 2*[A x 13(* - a)(13* - 

7a)] 




-aXl3*-7a). 





EXERCISE 48 



Resolve into factors 





1. 

a 8 +3a + 2. 

2. 

® 8 + 5* + 6. 

3. 

a 8 + 4a+8. 

4. 

**-5*+4. 

5. 

* 8 + 7®+10. 

6 . 

a 8 -7®+12. 

7. 

a 8 +8* + 15. 

8. 

x 8 -2a-15. 

9. 

® 8 -13a+86. 

10. 

a 8 -5*-36. 

11. 

a 8 -14*+24. 

12. 

* 8 -22a+40. 

18. 

x* + 7* - 30. 

14. 

x 8 + 2a-48. 

15. 

a 8 +16* — 36. 

18. 

a 8 +9*-36. 

17. 

a 8 + 11*-42. 

18. 

* 8 + 14a-72. 

19. 

a 8 -3a-40. 

20. 

a 8 -ll*-80. 

21. 

a 8 - 29*-96. 

22. 

*•-10*-56. 

23. 

® 8 -* — 42. 

24. 

a 8 -*-72. 

25. 

a 8 + 22a + 120. 

26. 

* 8 + 16*—80. 

27. 

a 8 - 21* - 72. 

28. 

a 8 + 5a-84. 

29. 

* 8 - 20*+96. 

30. 

a 8 + 23*-78. 

31. 

a 8 -6*-72. 

32. 

a*-25*+84. 

83. 

a 8 -26*+8R 

34. 

* 8 + 7* - 120. 

35. 

x 8 -2*-80. 

36. 

* 8 + 8a-84. 

87. 

o 8 —a-56. 

38. 

rw 8 —9wi-90. 

39. 

a 8 + 17a-60. 

40. 

o 8 -15a+54. 

41. 

p 8 -22j>-48. 

42. 

jn 8 +m—72. 

43. 

w 8 + 27w-90. 

44. 

a 8 -29a+120. 

45. 

a 8 + 7*-78. 

46. 

a 8 -49a-102. 

47. 

a 8 -19a+60. 

48. 

a 8 +12* — 64. 

49. 

a 8 -26a-120. 

50. 

* 8 + 8a-105. 

51. 

® 8 -ai/-42y 8 . 

52. 

a 8 -12a5+325 8 . 

53. 

j» 8 +mn-30n 8 . 

54. 

a 8 +a6-126 8 . 

55. 

a 8 -2a6-155 8 . 

56. 

e 8 -7ay-8y 8 . 

57. 

® 8 + 3ay-40p\ 

68. 

p 8 -i4pa+48a 8 . 

59. 

p 8 +2j>flf-80fl 8 , 

60. 

3* 8 + 60*v-288p 8 ‘ 

61. 

a*+4a 8 -5. 

62. 

a*+2a 8 -15. 

63. 

2a*+6a 8 -56. 

64. 

* e +2* 8 -8. 

65. 

a*-10o*+16. 

66 . 

* e +26a 8 -27. 

67. 

a # +7a 8 -8. 

68 . 

a'-20a*+64. 

69. 

a 8 -11a*-80. 
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70. 

e: xa -7a;® -8. 

71. 

(a 8 +2a) 8 - (a 8 +2a) - 2. 

72. 

(a; 8 + 8a;) 8 + 3(x 8 + 8a;) + 2. 

73. 

(a: 8 — 2a:) 8 - 9(a; 8 — 2a;) — 3. 

74. 

(a 8 -3a) a -3(a 8 -3a)-4. 

75. 

(a; 8 - 4a;) 8 - 4(a; 8 - 4a;)- 5. 

76. 

(a; 8 - a:) 8 - 8(a: 8 - *) +12. 

77. 

(a; 8 - 5a:) 8 + 10(a: a - 5a:)+24. 

78. 

(o 8 + 7a) 8 — 8(a 8 + 7a) —180. 



79. 

(a 8 + 6a) 8 - 32(a 8 + 6a) - 320. 

80. 

(a; 8 - 8a;) 8 - 29(a; 9 - 8a;)+180. 

81. 

2a;*+a:-15. 

82. 

6a 8 -a-15. 

88. 

8wi* — 6»»-9. 

84. 

18x a + 21x x v-12xv a . 

85. 

10a 8 —41a6 + 216 8 . 

86. 

12m 8 -m«-20n 8 . 

87. 

12a; 8 + 28xy - 5v*. 

88. 

20a 8 + afc-306 8 . 

89. 

18x a -51scy + 35y 8 . 

90. 

60x*i/ + 115a; V - 120av 8 . 


97. Quantities of the form x*+px+q resolved into factors 
by expressing them as the difference of two squares. 

The method will be best illustrated by the solution of a few typical 

cases. 

Example 1. Resolve into factors x* - 7x+ 12. 

e a -7a;+12=a; a -7a; + (l) 8 -(i ) 8 + 12 , , , 

[ adding and subtracting (J) 8 J 

- Is* - lx + (|)*l - (Y-12) = (a; - 3) 8 - i 
««*-!) + iH(x -*)-««(*- 3X<C - 4). 

Note. It must be noticed that we have added to x’ —7x the square of half of 
J (i.e„ the square of the half the coefficient of x) to get a perfect s juare. Generally 
tptaking, *’ + 2 ax (or, x' - 2 ax) 6> conies a complete square when a * is added to it. 

97A. Expressions of the form px* + qx+r can be resolved into 
faotors by expressing them as the difference of two squares in the 
following method : 

p® 8 + ®a;+r'=f>(a; 8 + p x+ p) 

-»{(•♦*)■-($-5» 

-<KV 



] 


SIMPLE FACTORS 


Example 2. Resolve into factors 3** + llx - 4. 

8** Ml* - 4 « 3(*» + ¥* - 4) - 31** + ¥*+(¥)*-(¥)*- 41 

- 3K*+ ¥)* ~ (W + 4)1 - 3)(* + V)“ - Wf 

-8«*+¥)+VH(*+V)-¥h [ ••• -W-(¥)*] 

■= 3(* + 4X* - 4) ■* («+ 4X3* -1). 

Example 3. Resolve into factors 8** -10*+3. 

8** -10*+3*81**-¥*+4H 8{** - 4*+(4)* - (44 -1)} 

- 8)(* - 4)* - ■« 8Km - 4)+4H(* - 4) - 4) 

-8(*-4Xa:-i)-52(*-4)H4{*-i)f 
-(2*-1X4*-3). 


Example 4. Resolve into factors 2a* + 5a6- 126*. 
2a*+5a6 -126* - 2(a*+|a6 - 66*) 

-*(*■♦ i-fir-WH} 

-2)(a + 46)*-W6*l 
- 2i(a+46)+¥6H(a+46) - ¥6f 
“2(a+46Xa - 46) - (a+46X2a - 36). 


Example 5. Resolve into factors ax *+(a* + l)*+a. 
a**+(a*+1)*+a - e*j ** + ^-—^ - *+1J 




*“(*+aXa*+l). 


Similarly, it may be shown that 

a** - (a* +1)*+a - (* - aXa* -1). 
a* , +(a*-l)*-a-(*+aXa*-l) 1 
a**-(a*-l)a-a-(x-aXa*+l). 
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Note, It it useful to remember these results as tee are 0w»» enabled to writ* 
town at once the factors of any expression which agrees in form with any of those 
considered above. For instance, we can at once say that: 

8®’-10*+8 ** (* - 3)(8s -1), 
tx' — 15* - 4 “ (* — 4)(4* + l)i 
6*’+24s —6**(s+6)(6* —1); and so on. 

Example 6. Resolve into factors 

4(®» + 2*+5)“+17(®* + 2®+5X® S +6®)+4(®*+6®)*. 

Putting a for ®* + 2®+5 and b for ®* + 6®, the given expression 
becomes 4a* + l7a6+4&“, and it is easy to see that 
4a* + I7a6+ lb* -= (a+4&X4a+ b). 

Hence, the given expression 

- )(** + 2®+6)+4(®*+6®)H4(®*+2*+6)+(®* + 6«)f 

- (6®*+26®+6X6®* +14®+20) 

- (®+5X5®+1X5®* +14®+20). 

EXERCISE 49 

Resolve the following expressions into factors applying the method 
of this article : 


1. 

®* + 4® + 3. 

2. 

®“+6®+5. 8. ®*+8®+15. 

4. 

e*-10®+21. 

5. 

®“-2®—48. 6. ®*-4®-45. 

7. 

e*-12®+32. 

8. 

®*-6®-55. 9. 3®*-6®*-305®, 

10. 

2®* - 5® - 3. 

11. 

S®*-5®-2. 12. 3®* + 14®+6 

18. 

4®*+7®-2. 

14. 

6®* + ®-2. 16. 6®*-6«-4. 

16. 

6®* + 7® - 3. 

17. 

8®* + 2®-15. 18. 4»* + 4®-36. 

19. 

6®*-®-12. 

20. 

3®*-16*-12. 21. 2®*-9®-35. 

22. 

2®*+ 5®-42. 

23. 

3®* +13* - 30. 24. 12**+®-6. 

25. 

2a* + 7a6-156*. 


28. 6®* —13*y+6y*. 

27. 

6m*-llmn-10ra*. 


28. S^+Sw-l^*. 

29. 

8a*-14a6-156*. 


80. 10m* + limn - 6n*. 

81. 

12®* + 13®p — 4y“. 


32. 15a* - lla& -126*. 

88. 

2a*—5a6+26“. 


84. 3a*-8a6-86*. 

85. 

8®*+8®i/-3i/*. 


86. 4a* + 15a - 4. 

87. 

4a*-17a6+46*. 


88. 5®*-24®-6. 

89. 

6®*-26ey+5y*. 


40. 6®* + 87®+6. 

41. 

6a* + 35a6-66* 


42. 6a*-85ai-66*. 
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till.] 

43. 

46. 

47. 
49. 
60. 
61. 
62. 
53. 
66 . 


7a*-50a64-76*. 

44. 

7a*4 48a&-76*. 

7a*-48a6-76*. 

46. 

8**4 63*1/-8^*. 

9**-82*1/4-9y 8 . 

48. 

10**4-99*y- 10v* 


2(a + b) a + 3(a + b) — 2. 

2(*“ + V *)* - S£E^(£C* + y a )- 2* V*. 

2(a* + 6*)* + 506(0* + 6*)+2a*6*. 

4(£c® — + v*) 2 + 15xy(x a - 4*y+v*) - 4»*y*. 

2**-5**-12. 54. 8a' -Ma‘6 s -96*. 65. 9a 4 + 2a*6*-326 4 . 
8* B -65**4-8. 67. 4a e -17a‘6‘ + 46 e . 


CHAPTER XIII 
EASY IDENTITIES 


98. We have explained the significance of ‘Identity’ in Art. 62. 
In fact, an Identity is a statement that two expressions are ecjual (or ail 
values of the letters involved. Each of the two expressions constituting 
an identity is called a side or a member of the identity. 

Thus, 5* “ 2* 4- 3* is an identity, since the expressions 5* and 2te + 3a 
are equal for all values of *. The sides of this identity are 6* and 
2*4-3*. 5* being the left-hand side and 2*4-3*, the right-hand Bide. 

Similarly (a + b)*^a a + 2ab+b a is an identity, since the equality 
of both sides holds for all values of a and b. As a matter of faot, every 
formula established in Chapter IV is an identity. 

99. An identity is proved when its two Bides are shown to be 
equal. 

To establish the equality of the two sides of an identity, reduoo 
each side to its simplest form. Identity is proved if these forms are 
found to be equal. A better method, however, is to reduce one of the 
sides of the identity to the form of the other by simplification and 
transformation with the aid of the formulas enumerated in Chapter XI. 

Sometimes the sides of an identity may be conveniently expressed 
in simpler forms by substituting letters for groups of termt in the 
identity. Suoh substitutions must be effected wherever necessary. 

Che following examples will illustrate the prooesB : 
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Rumple 1. Prove that (a + 36)*+(a- 36)* =*■ 2a* +186*. 

The left-hand side=(a* + Ga6+96*)+(a* - 6a6+96*) [ Arts. 54, 55 ] 

- 2 a* + 186*. 

Example 2. Prove that 

a* + 6 * + c* -a 6 - 6 c —ca“4[(6 —c)* + (c —a)*+(a — 6 )*]. 

The left-hand side = 4[2a 2 + 26* + 2 c* -2a6- 26c-2ca] 

“ M(a* + 6 *)+( 6 * + c*)+(c* + a*)—2a6—26c — 2 oa] 

“ 1 [( 6 * — 26c+ o*)+(c* - 2 ca + a*) + (a* - 2 a 6 + 6 *)) 
*if[( 6 -c)* + (c-a)* + (a'- 6 )*]. [ Art. 55 ] 

Rumple 3. Prove that 

[x + 5y - 3z)* + [x - 5y + 3a)* + 6x(x + 5y — 3 z\x — 5y + 3«) - 8 ®*. 

Substituting a or x + 5v~3z and 6 for x-5y + 3z, we have 

the left-hand Bide * a* + 6 ® + &x.ab 

—a* + 6 b + 8 a 6 (a+ 6 ) [sinoe, a + 6 *(a:+ 5 y- 3 s) 

+ (*-5y+3s)—2® ] 

-(a+ 6 ) E [Art. 57] 

-( 2 *) 8 - 8 * c . 

Example 4. Prove that 

( 6 +cX 6 - c) + (c+aXc - a)+(a + 6 Xa - 6 ) - 0 . 

The left-hand side“( 6 *-c*)+(c*-a*)+(a*- 6 *) [ Art. 56 ] 

■= 6 ® — c* + c“ — a* + a* — 6 * ** 0 . 

Example 5. If #“ 0 + 6 + 0 , prove that 

[as +6cX6# + caXcs + ab) - (a + 6)*(6 + c)*(c+a)*. [ 0. U. 1902 ] 

a#+ 6 c“a(a+ 6 +c) + 6 c 

“a*+a (6 + c)+ 6 c“a*+a 6 +ac+ 6 c 
“ a(a+ 6 ) + c{a + 6 )=(a + 6 Xa + c). [Art. 61] 

Similarly. 6* + ea « 6(a + 6 + c) + ca — 6® + 6(a + c) + ac 
"•6* + a6+6c+ac“(6+cX6+a); 
xnd e#+a6“c(a+6+c)+a6”c* + c(a+6) + a6 
—c* + oa + c6+a6“(c+aX«+6). 
the left-hand side 

“ (a+6X®+oXfe+cX6+aXc+aXc+6) 

•>(a+ 6 )*( 6 +c)*(c+a)*. 
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Example 6. Prove that 4a 8 6 8 - (a* + ft 8 - c 8 ) 8 

“ s(s-2aX«- 2ftXs ~2c). where s—a + 6 + o. 

The left-hand side“(2aft) 8 -(a 8 + ft 8 - c 8 ) 8 

- )2aft+ (a* + ft 8 - c 8 )) 12aft - (a* +.ft 8 - c 8 )) 

- ](a 8 + 2aft + ft*) - c*Hc* - (a* + 6 s - 2aft)f 

-«a + fc)*-e«He*-(a-ft)*t _ 

■=(a+ft+ eXa + ft — cXc + a — ft)(c-a — ft) 
-(a+6+cXa + ft-cXe + a-ftXc—a + ft)_ 

-= (a + ft + cXa + 6 + c — 2cXc+a + 6 — 2ftXft + o + a - 2a) 
“ s(s - 2c)(s - 2ftX* - 2a) 

* s{s - 2aXs " 2ftX« - 2c), 

Example 7. If is^a + b+c, prove that 

(» - a)* + (s - ft) 8 + 3(s- aX« - ft)c =■ c". 

We have, c»2*-(a + ft)*(s-a) + (s-ft) 

Henoe, (* - o) 8 + (« - ft)' + 3(s ~ aX» - ft)c 

—(* - a) 8 +(« - ft) 8 + 3(* - ah — ft))(* - a)+(s - ft)) 
«)U —a)+( S -6)} 8 «c\ 

Example S. Prove that (a: - y)* + (y- *) 8 + (* - a;) 8 

-> 2(a: - yXx - e) + 2(v - eXtf - *) + 2(* - xh - »). 

Putting a for x-y 1 

ft for y-t r we have a + 6+c-O. 
o for s-x J 

Henoe, 

{{* ~ If)* + [v ~ ^)* + (* ~ a:)*) - )2(a; - vX* “ «)+2(y - zhl ~ a) + 2(* “ &X* “ »)) 

■* (a*+6*+c 8 ) - )2a(—c)+26( - a)+2c(—ft)) 

-o 8 + 6 8 +c 8 + 2ac+2aft+2ftc”(a+ft+c) 8 “0; 

(*- y ) 8 +( y - z ) 8 +(*--*) 8 

2(a; - vX* ~ *)+2(y - «X» “ *)+2(« - »X* - v). 

Example 9. If 2**a+ft+c, show that 

2(e-oX*~ft)+2(«-ftX* - c)+2(«-cXs _ a)“2* 8_ a 8 -6 8 -6 8 . 
Since, 2*+2y + 2« , “(*+v)+(» + *)+(*+*), 
we must have, 2(s-aX* _ ft) + 2(*-&X*-c) + 2(i-cX*-a) 

- K« - ah - 6) + U - bh ~ c)) +»(« - ftX* - e) 

+(1 - cXs - o))+)(* - cX* - a)+(s - aX* ~ 6)). 
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Now, (f-oX*-&)+(s-&X«“cH(*-fc)K*-£i)-Hs~cH 

= (s - 6))2s - a - e \=(s - 6)6. 
Similarly, (a - 6)(s - e)+(s - cXs ~ a)=(s ~ c)c, 
and (a-cX8-a)+(s-a)(s-6)=(s-a)a. 

Hence, the given expression “(s'-6)6+(s-c)c + (s-a)a 

=8(6+c+a)—6* — c*-a* 
“2s®-a*-6*-c®. 


Example 10. If a + 6+ c =0, prove that o a + 6 8 + c* = 3abe. 

Slnoe, o + 5+c=0, c= -(a + 6), 

■ ‘ • the left-hand side = o s + 6* + j - (a + 6)f 8 

= o* + 6 B -ia 8 + 6 8 + So6(a + 6)} [ Art. 57 ] 

= -3a6(a+6)=3a6J -(o+ 6)1 =3a6c. 

Note, Evidently the identity a' + b' + c 1 «=3abc is true only i/a+b + c*0. 
Such identities which are true only for some particular value of the symbols involved 
«’ called Conditional Identities. 


Example 11. If o + 6+c=0, prove that 

a* + a6+6* = 5* + 6c+c®=c* + ca + a*. [ Alkhabad, 1923) 


Since, 


o + 6+c=0, we have by transposition, 
a=-(6+c), 6=—(c+a), c=— (a + 6); 
a* + a6+6* “) — (6+c)f ® + (—(6+c)| 6 + 6* 


=(6+c)*-(6 + c)6+6* 

= 6* + 26c+c®-6*-6c+6® 
= 6® + 6c+c®. 


[ since, a = - (6 + c) ] 


Also, a* +a6+6* = a*+ a\ -(c+a)} +1 — (c+a))* 

[ sinoe, 6= -(c + a)] 

=a*-o(c + a)+(c+o)* 

=a®-ca-a* + c® + 2ca+a , =c* + ea + a*. 


Eenoe, a*+a6+6*“6* + 6c+c*“c* + ca+a*. 


Alternative Method: 

« , +a6+6*=a(a+6)+6* 

= i - (6+c)K — c)+6®=(6+c)c+6® 
=6c+c*+6®=6* + 6c+c*. 
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Also, 6® + 6e+e** r: 6(6+c) + c® 

■H-(c + c)K~ o) + c® 

•= (c + a)a + c* “ = ca + o* + c*-c* + cfl + o*. 

Hence, o* + a6+6®“ s 6* + 6c+c®“'c* + ca+a*. 

Example 12. If x^b — c+a, v^c — a + b, a*a-6+c, prove that 
(6 - a)x +(e - b)y +(a - c)z *= 0. 

We have 

(b-a)x MZ (b-a)(b-c + a) iB: (b-a)\{b+a)-c\ 

■“(6-aX6+a)-(6-a)c“6*-a®-6c + ac ; [Art. 66] 
(c - b)y *= (c - b)[c - a+b) *= (c - 6)](c+ b) - o] 

" (o -6Xc +b)-{c-b)a=c a -b a -ca+ab ; 
(a-c)s*=(a-cXa-6+c)**(a-c)Ka+c)-6f 

*=(a-cXa + c)-(a-c)6“=a® -c*-a6+6c ; 

( b-a)x + (c-b)v + (a-c)z 

“6*-a® + c*-6* + a®-c®-6c+ac-ca+a6-a6+6c* ! ’0. 

Example 18. If **6+c, i/ = e + a, e»=a + 6, prove that 
x a + y a + e a -ve-ex-xy^a a + b a + c a -bc-ca-ab. 

The left-hand side ■= £[2a:* + 2j/* + 2** - 2yz - Izx - 2a:^] 

- IKs* - 2;rv + 1 /*) + (v‘ - 2yz + a*) 

+ (a® - 2 zx +a:®)] [ re-arranging terms ] 
“M(®-y)* + (tf - a)* + (a-a:)®] [Art. 66] 

“itKi+c) - (c + a)}®-H(c+a) — (a+6)}* 

+ ](o + 6) - (6+ c)} *] [ substituting for x, y, z ] 

“*§[(6— a)* + (c - b) a +(a - c)®] 

- i[(b a - 26a+a *)+ (c* - 2c6+ b a ) +(a* - 2ac+c*)] [Art. 66] 

“ i[(2a* + 26® + 2c® - 26c - 2ca—2a6) [ collecting terms ] 

■*a* + 6* + c®-6c-ca-a6. 


Example 14. If 2* ~ a+6+c, prove that 

(a - o)®+(a—6)®+(a - c)* + a® «o* + 6* + c®. [ Allahabad, 1928 ] 
The left-hand side 

** (a* - 2a* + a*) +(a® - 26s + 6®) +(s® - 2oa +c*)+ a® 

■* 4s* — 2a{a + 6+ c) +a* + 6* + c* 

-4s*-2sx2s+a* + 6® + c* 

■•4a® - 4a*+a® + 6*+c* ■= a* + 6* + c®. 
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EXERCISE 50 

Show that: 

1. ( a* + ax - ®*Xa“ - ax + x a ) * a 4 - a** 8 + 2 ax' - as 4 . 

2. (a 8 - ax +* 8 Xaa; - a 8 + a: 8 ) “a; 4 - o 8 ar 8 + 2a 8 * - a 4 . 

8. (a + h+cXa-h—c)+(h+c—aXa — b+d^ibia—b—c), 

4. 20r 8 - a;) + 3x(x + 1) - aX® + lX2* + 1). 

5. x*+x+aX,x+iX2x + l)-2x(x+ l)*a: 8 (aj+l) 8 . 

6. (a 8 + h 8 Xc 8 +d 8 ) - (ac - bd) a +{ad+bc) a . 

7. (a+h) 8 -(c+d) 8 +(a+c) 8 -(h+d) 8 *2(a + h+c+dXa—d). 

8. (a+ h+e-dXd-a-h+c)=c 8 -(a + h-d) 8 . 

9. The product of (h+c) 8 -a 8 and a a — b a — c a + 2bo is 2a 8 h 8 +2a 8 c 8 
+ 2h 8 c 8 - a 4 - h 4 - c 4 . 

10. (a + h+c) 8 -(a + h-c) 8 +(a + c-h) 8 -(6+c-a) 8 *“8ac. 

Prove that: 

11. (a 8 + h 8 + c 8 ) 8 - (6* + c 8 -a 8 ) 8 -(a 8 - h 8 + c 8 ) 8 

+ (a 8 + h 8 -o 8 ) 8 «8a 8 h 8 . 

12. (b — o+d + aXd + a — h + c) + (e — d + a + bXb + e + d — a) ■" 4 (ad + he). 

13. (h+c + a-dXh+c-a + d)«2(ad + hc)-(a 8 -h 8 -e 8 + d 8 ). 

14. 4(ad + bc) a - (a 8 - h 8 - c 8 + d 8 ) 8 

“ (a + d+h—cXa+ d — h+eXh+c+a - dXh+c—a + d). 

15. {*-y + e) 8 +(tf-* + *) 8 +(s-a:+y) 8 + 2(a:-y+*Xtf-*+*) 

+ %y-s+xXe ~x+y)+ 2(a-ar+vX* ~V+«)“{*+*f + *) 8 . 

16. (a 8 + h 8 + c 8 X® 8 + V 8 + * 8 ) ~ (ax + by + ee) a 

~ (ay - h*) 8 + (c* - az) a + {be - cy) 8 . 

17. (a+c) 8 - (6+c) 8 - 3(a + cXh+cXa - h)«(a - h) 8 . 

18. (® - ay + be)* + {x + ay- bz) a + 6aXa: - ay +h*X «+ay - hi)“8a, 8 . 

19. 4(a+h+c) 8 “(a+h) 8 + (h+c) 8 +(e+a) 8 

+2(a+hXh+ 0 ) +2(h+cXo+a)+2(e+aXa+hi. 

20. 8(a+h+c) 8 “(a+h) 8 +(h+2e+a) 8 +6(a+hXh+2e+aX*4 - 54-e), 

21. 27(a+h+c) 8 «(a+3h+2c) 8 +(2a+c) 8 

+9(a+8h+2cX2a+cXa+6+e). 

22. II g—a + h + e, show that 

(g - 8a) 8 +(g - 3h) 8 + (g - 8c) 8 -3l(a- h) 8 +(6 - c) 8 +(«-a) 8 l. 

28. II ah+hc+ca**0, prove that 

(i) a 8 +h 8 + o 8 **(a+h+e) 8 ; 

(ii) a 8 h 8 +h 8 o 8 +-o 8 a 8 - - 2 abtXa + 6+c). 
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24. It 2t—x + v + z, prove that 

4y *«* - (v * + ** - s 8 ) 8 - 16s(s ~ ~ vXs - a). 

25. Prove that 

(x+ 2y + 19a) 8 + (a; - 2y - 19a) 8 + 8a^a;+2y + 19aX* - 2y -19*) 
"*(5a; + 6y —*) 8 + (a-6y-3a;) 8 + 6aX5a; + 6y —*X*-6» — 3«). 

26. Prove that (a + 26 + 3c) 2 + (a — 6 — 3c) 8 + 2(a + 26 + 3c)(a — 6 - 3c) 

~(3a+y + a) 8 +(a + y+a —6) s —2(3a+v + aXo+tf+a-6). 

27. Show that {x - y)* + (y - a) 8 + (a - a;) 8 = 3(a: - yXv ~ zXz - x). 

28. Prove that (a: - y) 8 - (v - a)(a - x) 

•=(v-z) a -{z-xXx~y)=*[z-x)*-(x-vXv-a) 

“ - K* - vXv -z) + [y-zXz~x) + [z- xXx - v)|. 

29. Prove that (a-6) 8 -(6-c) 9 -(c-a) 8 “2(6-cXc-a) 1 

(6 - c) 2 - (c - o) 8 - (a - 6) 4 = 2(c - ftXo - 6), 

(c - a) 8 - (a - 6)* - (6 - c) 8 = 2(a - 6X6 - c). 

30. Prove that (a - 6) 8 + (a - 6X6 - c) + (6 - c) 8 

■=(6-c) 8 + (6-c)(c-o) + (c-a) 8 
“ (c — a) 8 + (c - oXo - 6)+(a — 6) 8 . 


MISCELLANEOUS EXERCISES III 
I 

1. Arrange the following expression : (i) according to descending 
powers of y, and (ii) according to ascending powers of a : 

x n z + xy* -x*y- xy*z -xz* + xyz 8 - 2ya 8 -2 y*z. 

2. Find the value of: 

f(y - x) - 35 [ 3x " ^ Sx - ® (7* - 4y )}]■ 
when x “ -$ and v*2. 

3. If x - ~ -p, prove that a: 8 - \ - p* + 3p. 

X X 

4. Write down the quotient of x l -y* by x-y, 

5. Simplify (a+6+c)*-(a-6+c) 8 +(a+6—c) 8 —{6I-c—a) 8 l andfind 
its numorioal value when a-6-c- -4. 
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8. Find the sum of c a ~[x~y J r z\x+y—g), 

V a -[y-x +eXv+ '!-e) and •»*-(j-ai+yXs+as-y). 

7. Seduce [a-b+e+dXa+b+c-d) to She form 

8. Besolve into factors 4s 8 +12 ay +fty 8 -8x~ 12y. 

n 

1. Find <in exur^sioa which exceeds aa* + bx a y J r%cxy t + &y a by 
a3 auun *sit fuhs short i f ijur tin.es 

2oar® + _ ("to - b)x A y + ${2j - c)xy a 5 dy *. 

2. Besolve the suia of the following expreodiux.il into simple 
factors: 

(6 - l)n* f *,a a f(j-- bfrV J -bn~2, an * -(c-a)ws 8 + (a + 6)rj + l 
and ((2a — 6V»® + (a + 6)m 8 “(a-26)»» +1. 

3. M'lnply a;* + 2a; 4 +3a; 4 +2a:*+l by 3 4 -2a; 4 +l. 

4. Prove that \[no + bd)x + {ad-bc)y\ 8 + \[ac+ d)y -(ad-6c)oP 

~-(c,--<-b x Xo* + d*Xx a +y a ). 

n. Find tie oontinued product of x — a, x — b and x — c. Hence 
she w tout (x - 3j 8 ** ic 8 - 9a; 8 + 27a: - 27. 

6. Divide a:® - px* qx* - qx a + px -1 by x -1. 

7. FiiS the jurtif ns when the product of a® + a 8 6-a 8 6 8 + ob* + 6 8 
and % a -ab+b a is divid'd by a*-a s 6 8 + 6* and show that its defect 
from U* + 6 8 ) 8 is a a b*. 

8 . Kesolve into factors : 

(i) ab-ac-b a + bc \ (ii) 6 8 -12ac-4a 8 -9c 8 . 


Ill 

1. Find the sum of 

( Jb - Jc+ Ja'jx’ 1 + ( Jbc~ Jca+ Jab)x a + ( Jabc - 2?n + n)x + 3m, 
(Jo- Ja+ Jb)x*+( Jca- Jab+ >Jbc)x a + ( Jate~'in+m)x+%v-v.) and 
(p-2jb)x* + {q-2 Jbc)x a +{m+n+r-2 Jabc)x+{s-u-2v). 

2. Subtract the sum of 3a 8 -5a 8 6+ 26 8 , 8a 8 6-36 8 +2a6 8 , 
6 db a - 4a 8 - 3a 8 6 and 2a 8 - 6o6 8 +4b 8 from o(a*+6 s ). 

S. If o+6“8 and a6“5, find the value of n* + 6 8 . 

4. Find the value of 49c 8 + 9(a+6) 8 - 42(a + 6)c, 

when a*“89,6“ -69, c**8. 

5. Divide x a [y-e)+y a (.a-x)+t a (x-y) by y*-xt-» a +xy. 
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8. Eesolve into factors '» — ?!+ 16a* + S4a* after reducing it to the 
fora cf [A- b)+{A* - B*)+(A* - B*\ 

7. Show that (1 + a; + **)* • - (1 - * + x*) a « 4a<l+* a ). 

8. If Oi + o, + c» +.+ ^ s, show that 

(a - a j.)* + {« - a t )* + (s - a*)* +.+(« - a*)* 

“ai s +a**+ <*»* +.+ o**. 

17 

1. Simplify the expression 

(i*r - 3fff*n+2ns*)p* + 3[lmr +m 8 n - 2ln*^p*q + i{2m*r - !nr - ir, ** •vu* 

+(3m»r - lr* - S.*»‘ !v*, 

where p-* -m and q = l. 

2. What must be auhtractel from ia’ ;* b j"1a*be* -3'2^i7ai) ,, « , 
+ 4h*~: +9 S') as to make the iiherence equ: 1 to the sum rf 4 fa a bx* 
- XCir b J x* r -2ib a x - 5? j® ;* + 8, 5+o m - )$u 3 bx* + a*sJ* - {*600*8* ¥ 11 
and 2a“c‘ - If a*bx 3 - &2ab 3 x 3 - 10j6 a * - 20 ? 

S. MUtirly a i -2a*6* + 4a 3 ’) J -8oi+16*M--32o* by a*+?o J . 

4. Arrange the following expressions according to desoending 
powers cf a : 

(:) a 8 + o 8 + c 8 - &„bs ; (ii) a*(b - c) + b~ ! o -ct) + 3 a (a- b ); 

(iii) a*{b-c)+b i {c-a) J r c*(a—b). 

5. Find the product of x + a, x+b and x + e. 

Henoe, deduce the coefficients of x* and x in 

(x - 7)(x + 8X® _ 12). 

8. Prove that ( ab+cd + ac + bdXab+cd-ao-bd ) 

~a*b*+o a d*-a*o*-b*d*. 

7. If a-g + r + s, ft^r + s-j), c^p+q + r, prove that 

a* + b* +c* - 2o6 - 2oc+26c* r*. 

8. Divide a*+ 86* +27c 8 -18a6e by a*+ 46* +9c*-66c-Sea-2a6, 

V 

1. Find the value of 49a* + 126a6+816*, when a—46, 6— -37. 

2. Find the expression which falls short of bx*y - dx* y* - fy * by 
as muoh as it exceeds ax * -cx*y*+exy*. 
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8. It 2s“0+ l+c, show that 

(*—a) E + (s - i) 6 7 8 + [s — c} 8 + a* x a* + b* + c 8 . 

4. Simplify (5c - 7c) e + (8c - 3a) 8 + 3(2a + cX5a - 7cX8c- 3a). 

6. Reduce tbe following to its simplest form : 

(2x # -x*4 3*-4X2®* + a; 8 + 3® + 4) 

+ (2x 8 + * 8 -3*+4X2* 8 + a; 8 + 3x-4). 

6. Show that *7* + lX* 8 -x+ l)(x‘ — x* + 1). 

7. Divide a-ibya^-5^. 

8. Resolve into factors : 

(i) 6a 4 * 8 + a 8 * - 6a 8 a; 8 - a 8 * 8 ; (ii) xy(l+ 2 8 )+ 2 (x 8 + y 8 ). 


VI 


1. Find the value of 8765943 * 8765943 - 8765938 * 8765938. 

2. Find the value of 


27a* + 108a 8 5 + 144a6 8 + 646®, .when a = 29, 5” — 23, 


3. Divide a 8 +i 8 + c 8 — 3a5c by a+6+c; and hence show 
a* + 5 8 + c* — 3a5c=£{a + b +c)j(a — b) a + (5—c) 8 + (c — a) 8 i. 


that 


4. Find the quotient when (ax + 6) 8 + (cx + d) 8 + (6x — a) 8 + (da: - c) 8 
is divided by a 8 + 6 8 + c 8 + d 8 . 


6. Express (x — lX* — 3X* — 4X* — 6) +• 34 as the sum of two squares ; 
hence show that it is always a positive quantity and that its value is 
equal to 25 when x 8 —7x + 9 = 0. 

6. Resolve (a* — b* — c* + d*) a — 4 {ad — be)* into four factors, 

7. Resolve into factors : 

(i) a*-2a5 + 6 8 + 2a-2i>; (ii) 6a 8 -a5-6 8 +6a-3i> ; 

(iii) 15* 8 - 4 xy - 4j/ 8 +10*+ iy. 

8. Divide (2x-y) 8 a* -(* + y) 8 a 8 x 8 +2(x+y)ax 4 -** 

by (2* - y)a 8 - (*+ y)ax + x 8 . 


VII 

1. II* + y + s=8and * 8 + y 8 +a: 8 —50, find the value of xy + yt + sx. 

2. Prove that (2a-35) 8 + (36-5c) 8 + (5c-2a) 8 

“2(2 a- 36X2a - 5c) + 2(3 b- 5cX3 b -2a)+2(5c - 2aX5c - 86). 
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3. 


4. 


5 . 


Find the product oi 

x + y + z-T*-y^z^-g^x^ and x^ + y^ + z^. 

Divide a*(**-«•)-«&(*+a)* + 6(* a +a 8 ) 

by a*(® - a)+bdx - 2a). 

Show that 

(16®* - ate 8 + 5x)* + (1 - x*)U6(l - ®*) 8 - 20(1 - *•)+5| * 


6. Find the continued product of 

x+y + z, x-y+z, x+y-z and z-x+y.- 


7. Resolve into factors : 

(i) 6®“ + ®—15 ; (ii) 35 (®-p) 8 -41(®-k}+12 ; 

(iii) ll® 8 - 54®i/* + 63y*. 


1 . 


8. If x + y + z=“Q, show that 

(®+»Xl/ + *X* + :r )--wye and ® 8 + v 8 + s 2 -3®y*. 


VIII 

1. Multiply together the expressions l + a®+^^^®* and 

— l) 

l + bx+~~^~x a as far as the term involving x a . 

2. If x+y + z~15 and xy + yz + zx^Qb, find the valued ® 8 + v 8 + * 2 . 

3. If a* + b a - 1 ■* c* + d a , Bhow that {ad - bc\ad + 6c)—(a—oXa+o). 

4. Divide {ax'+by) a + {ax-by) a +{bx-ay) a +{bx + ay) a 

by (a+ b) a x * - 3ab(x a - y *). 

5. Evaluate x a + V x B + A and ®* + A' when ®+ - -*a. 

x x x x 

6. If bx - ay, prove that (®* + y a \a a + b a ) “(a® + by) a . [ B. U. 1910 ] 

7. Bhow that (®* + v 8 X® 8 + «*)+2®(® 2 + yz\y + *) + 4® 2 y* 

“(®*+ xy + xz + yz) a , 

8. Besolve into factors : «* — Ux a y a +y*. [ B. U. 1897 ] 


IX 

1. (i) Multiply a a + ox+x a by a*-a®+® 2 . 

(ii) Find, without actual multiplication, the coefficient of e* in the 
product of 

(2® 8 - 3®* + 4*+ 4X6®* + 4®* - 2® +1). 
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2. 8how that (a* + 2a6+6 s — c 8 Xa 8 — 2ab + 6* + c 8 ) 

—(a* - 6 8 ) 8 + [4ab - c 8 )c 8 

5. If a* + b* m 1 •* c 8 + d *, show that (ac - bd)* + [ad + be)* “ 1. 

4. Write down the expansion of |x+ ' 

6. Show that (a* + abj2+b'la % -ab J2+b*)~a* + 6\ 

#. Divide »•(&• - e 8 )+J*(c* - a 8 )+c 8 (a 8 - b a ) by ab+bo+ea. 

7. Show that (x - a) 9 {b - c) +(x - 6)*(c - a) +(x - c) 3 (a - b) 

«= a 8 (& - e)+&*(e - a) +• c 8 (a - 6). 

3. Solve 'she equation (7 + xX8 - x) - y = 17x +1 - x*. 


X 


1. If x+-iXa + wi), x- 


=26, V + ^ = 2(c+rt) and v~~ ‘•2d 


find the value of xy + 


xy 


8. Show that (1+a)*(l + c 8 ) - (1 + c) 8 (l + a*)»2(a-cXl - ac). 

4. Show that (6* - c 8 X6 + c - 2a) 8 + (c 8 - a 8 Xc + a - 26) 8 

+ (a 8 -6 8 Xa+fe-2c) 8s » , 0, if o+6+c i “0 

5. Multiply a + 6^ + c^ - 6^c^ - - cfib^ by a 1 + $ + cK 

8. Besolve 15x 8 - 41x +14 into simple factors. 

7. Find the value of x for which 


x-1 2(x+1 ) . 5(x-5) t+1 

4 9 12 4 18 


8. A and B have the same income. A lays hy a fifth of his 
income ; but B, by spending annually Bs. 80 more than A, at the end of 
4 years finds himself Bs. 220 in debt. What was their income ? 



CHAPTEB XIV 
HIGHEST COMMON FACTORS 
(By factorisation ) 

100. Definitions. A common factor oi two or more algebraical 
expressions is an expression which divides each oi them without a 
remainder. 

N. B. By expressions toe Shall mean rational and integral expreteione 
only (i.e., expressions free from radical signs and in which no letter occurs in the 
denominator of any term). 

An elementary common factor is one which cannot itself be resolved 
into factors. 

Thus, 2, 8, a, a, b, b, b, c, d are the elementary factors of 6a®6"cd ; 
(»+v), [x-y), (a:* + y a ) are elementary factors of x*-y*. 

The product of all the elementary oommon factors of two or more 
expressions is called their Highest Common Factor; or, in other words, 
the Highest Common Factor of two or more expressions is that oommon 
factor which is formed by the product of the greatest number of element¬ 
ary oommon factors. 

Thus, since 6o*6(a;*-l)“2 x3x<jxaxjx (a;+ l)x (*-].), and 
15a6 a (x a - 3z + 2) “ 3 x 5 x a x 6 x 5 x (* -1) x (;r - 2), the elementary com¬ 
mon factors of the two expressions on the left are 3, a, b, and e—lj 
hence, their H.C.F“3ah(a:-l). 

Note 1. Other common factors of the given compressions are 3a, 6(as —1>, at. 
3(x--l), 3ad, dc., but none of them is elementary. 

Note 2. When the expressions considered have no numerical common factor. (I 
is easy to comprehend that the Highest Common Factor is an expression of the higher 
degree than any other oommon factor. Hence, when two or more expressions have no 
numerical factor common, their Highest Common Factor may be defined to 6s the im¬ 
pression of the highest degree by which each of them is divisible without a remainder . 

Note 8. If any expression A divides any other repression B without a remain¬ 
der, then A is evidently the H-C.F. of A and B. 

Note 4. If H be the H.C.F. of any number of quantities A, B, C, do., then the 
quotients of A, B, 0, dc., by H have no common factor. 

Note 5. If an elementary factor occurs mors than ones in each of two or mors 
given expressions, then the highest power of this factor common to the given expres¬ 
sions, and no higher power, matt occur as a /actor in the H.C.F. of these expressions. 
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Mote 6 . If A “ x s, and £**i>' xj', such that 9 and g' have no common jactor, 
(ken the H.C.F. of A and B, if any, will be the same as the E.C.F. of £ and p'. 

Note 7. If A=mxn, and where m and m respectively include all 

the monomial factors of A and B, then the H.C.F. of A and B“( the H.C.F, of 
m and m' ) x ( the H.C.F. of n and n ). 

Note 8. The H.C.F. of A and B is the same as the H.C.F. of A and mB, 
if m or any elementary factor of m is not a factor of A. 

101. Highest Common Factors of simple expressions. Bach 

expressions can be at onoe resolved into their elementary (actors, and 
so there is no difficulty in finding the H.C.F. of any number of them. 

Example 1. Find the H.C.F. of a*b*c f , a*b a c 7 and o*6*c*. . 

The elementary common factors are a, b and c ; and the highest 
powers of them common to the given expressions are respectively a*, 6“ 

and c 4 . 

Hence, the required H.C.F. • m a*b a c*. 

Example 2. Find the H.C.F. of 24 ab a x a v*, 36a 8 ® 4 * 8 and 

MO&Wc. 

We have 24a& a ® 8 i/ 4 “3x2 8 xab*x a y‘, 

36a a ® 4 «* —2* x S^aVt 1 , 

240fe 8 a:V*-3 x 5 x2 4 x fc»it 8 i/*z. 

Evidently then the elementary common factors are 3, 2 and x ; 
and the highest powers of them common to the given expressions are 
respectively 3, 2 a and a 8 . 

Hence, the required H.C.F.“3 x 2* x sc 8 “12x 8 . 

Note. After exhibiting each expression as a product of powers of different 
elementary factors, the elementary factors common to the given expressions are ai 
once obtained by writing down in succession such of the elementary factors of the first 
expression as are also found in every one of the remaining expressions. Thus, in the 
above example, the elementary factors of the first expression are 8, 3, a, b, x and V, of 
which 8, 3 and x only are to be found in each of the others. 

EXERCISE 51 

Find the H.C.F. of: 

1. a a 5 8 and a a b a . 2. 12a 8 fc and 20a a c 8 . 

3. 9xv*e* and 24« 8 v 4 . 4. 20a a x*y‘ and. 75a a y 8 . 

5. 18m a n 4 and A5m*n 8 . 8. 16o 8 « 4 V, 40a 8 y 8 ® and 28® 8 a. 

7. 24r» a np\ 60mn‘p and 84m 8 p a . 
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8 . 45x*y V, 75xV«* ana 90x*y** a . 

9. 36a a 6 a c*x‘, 54a‘c a x* and 90a*6V. 

10. 720*6*0', 966“c*<l' and 120c»i*o‘. 

11. 48a*x*y'e a , 60x*y* 2 * 6 a , 72y's*6*a a and 84a“6*a*x a . 

12. 75m*n*p*g # , 90TO*n'p*g*, 105m e n*p'g 8 and 135ro'n*p*q a . 

18. 54a a 6'c*d\ 72a'6 a c*d*, 108a*6*e'd a and 126o*b*o*d'. 

14. 18a*x*y 5 , 42a*y*«*, 60x*y**' and 78a a x**\ 

15. 32a a 6*x*y'a®, 40a 8 x 8 y*a s , 566 8 x a yV, 72x 8 a'yV 

and 966*a*x*y a . 


102. Highest Common Factors of compound expressions 
whose elementary (actors can be easily found. 

The method illustrated in the last article will also evidently apply 
in snob oases. 

Example 1. Find the H.C.F. of a'6 a + 2a a 6 8 and a'6 - 4a 8 6\ 
a 8 6 a + 2a a 6*-a a 6 a (a + 26); 

and a'6 - 4a 8 6* - a'6(a a - 46 a ) - a*6(a + 26Xa - 26). 

Henoe, the required H.C.F.—a a 6(a + 26). 

Note. The H.C.F. of two or more algebraic expressions having monomial and 
compound expressions as factors is the product of the H.C.F. of monomial expressions 
and that of the compound ones. 

In the preceding example, the H.C.F. of a'b' and a*b is a'l i and that of 
(a+26) and (a*-46’) is (a+2b). Therefore, the required H.C.F. of the expressions 
-(a’b)x(a+2!>)-a’6(a+2b). 

Example 2. Find the H.C.F. of 

x*y a + xy 8 and x‘y + 2x 8 y a + X a V 8 . 
x*y a + xy 5 - xy a (x* + y') -xy a (x+yXx a - xy + y*); 

ana x*v+2x*y a + x a y* - x a y{x a +2xy+v a ) -x a y(x+v) a . 

Henoe, the required H.C.F.-xy(x+y). 

Example 8 . Find the H.C.F. of 

24(x* - 2ox* - 8a a x a ) and 64(x* - ox* - 6a a « a ). 

The first expression—3 * 8 x x a (x a - 2ox - 8a a ) 

- 3 x 2* x s a (x+2aX* - 4a). 

The seoond expression —6 x 9 x **(»* - ox - 6a a ) 

-2 x 3 “ x x a (x+2aX«- 3a). 

Henoe, the required H.C.F.-8x2xx*(x+2a)-6« ,, (x+2a). 
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EXERCISE 62 


Find the H.C.F. of ; 

1. o® - ab * and a* + 2a 8 6+a*6*. 

2. e 8 y 8 -® 8 y* and x s y* + x*y a . 

8, 6(ir* - 9) and 15{® 8 + 27). 

4. 12(a® - a*6*c*) and 20(a 4 6*c* + a*6 8 c 8 ). 

6. w , »*-2m 8 » 4 + »» 4 n 8 and (m s n-mn*) a . 

6. 4a 4 * —9a** 8 and 4a*** + 6a® 8 . 

7. 18a 4 6 8 - 82a*6“ and 18a 4 6* + 24a 8 6 8 . 

8. 9* 4 y 4 - 36x a v' and 24® 4 y * ~ i8x B y*. 

9. 6a 8 6*-24a6 4 and 4a*6 + 82a*6 4 . 

10. 48®*a*(® + a)*(®*a* - *a 8 ) and 64(® 8 a* -®*a 8 )(® 8 a + **a*). 

11. 24(* 8 - a 9 ) and 40(* 4 + ir*o 8 4- a 4 ). 

12. 66(* 8 a* - x a a e ) and 72(* 8 a 8 + 8a 8 * 8 + 2a*®). 

18. 80(a* + 4 ab+ 36*) and 42(a*+a6-66*). 

14. 28(* 8 - 3®* -10®) and 62(® 4 - 8® 8 +15®*). 

16. x A y + 8® V -18* V and ® V +10* V + 24*v\ 

18. a 4 ® 8 - 4a 8 * 4 - 12a*e 8 and a 5 **+8a 4 * 8 + 12a 8 ® 4 . 

17. 4®* +12®* + 9* and 4®* - 2® -12. 

18. a* - 06 - 26 * and a 8 -a*6 -4a6*+46 8 . 

19. (a 8 -6 8 Xa+6)*, a 4 -6 4 and 3a 4 + 2a 8 6-5a*6*. 

20. (2®-8)*(®* + ®-2), 4®*-®-18and 2®*-23*-64. 

21. 8{27a*6 + a*6 4 ). 12(6a 4 6* - 7a 8 6 8 - 3a*6 4 ) and 

40(8a 8 6* + 18a*6 8 + - a6 4 ). 



CHAPTER XV 

LOWEST COMMON MULTIPLE 
(By factorisation) 

1-;;. l>ef ; nitionB. One erprest ion is Baid to be a multiple of 
anothei whe i tne former is exactly divisible by the latter. 

One expression r said tc b a common multiple of two or more 
others when it i. exactly divisible 1 ; each of these latter. 

Of the different common mi Li-des o* two or more expressions Shat 
which consists of the least number of elementary factors is called the 
Lowest Common Multiple of those expressions. In other words, 
a common multiple of two or more expressions is Baid to be their Lowest 
Common Multiple when it is the product of just as many elom'entary 
factors as it must necessarily have and no more. 

Thus, the common multiples of o and b are ab, 2 ab, a*b, ab *, 0 * 6 *, 
Ac. ; but of these ab consists of the least number of elementary factorB, 
and hence, it is called the lowest common multiple of the quantities 
a and 6 . 

Cor. Hence, every common multiple of two or more expressions 
is divisible by their Lowest Common Multiple. 

Note. The letters L.C.M. are usually witten for 'Lowest Common Multiple'. 

104. L.C.M. of Bimple expressions or Buch compound expres> 
sions as can be easily resolved into their elementary factors. 

In such cases the L.C.M. oan be written down by inspection. 
The following examples will illustrate the process : 

Example 1. Find the L.C.M. of 4a*6c and Gab*d. 

The 1st expression — 2* xo*x 6 *c. 

The 2nd expression — 2 x 3 x a x 6 * x d. 

Hence, 2* x 8 x o* x 6 * * c x d must necessarily be a faotor of every 
common multiple of them. 

Hence, the required L.C.M, 

-2**3 xo*x 6 *xcxd 
— 12 a* 6 *cd. 

Example 2. Find the L.C.M. of 24®*ys, 18®y*s* and 27® 4 y* 2 *. 

The 1st expression-2 8 *3*a:*xy **. 

The 2nd expression ■« 2 x 8 * * a; x »* x s*. 

The 3rd expression-3* xxy* x *». 
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Hence, 2* x 3* x x* x y a x g 8 must necessarily be a faofcor of every 
common multiple of them. 

Hence, the required L.C.M. 

-2 8 x 3» x x* x x g* -216xW. 

Example 3. Find the L.C.M. of 

4®“(® + a) 8 , 6a 8 ®(® 8 -a 8 ) and 9® 8 (a; 8 -a 8 ). 

The let expression — 2“ x x* x (x + a)*. 

The 2nd expression «2xSxfl*xix(j! + aX® - a). 

The 3rd expression - 3* x x B x (x - aX®“ + a® + a 8 ). 

Hence, 2* * 3* x a* x ® 8 x (*+a)*(® — aX®* + ox + a 8 ) must necessarily 
be a faotor of every common multiple of them. • 

Hence, the required L.C.M. 

-2‘x3*x a «x !t *x( I +a)*( x - aX® 1 * + ax + a 8 ) 

** 36a*® 8 (® + a)“(® 8 - a 8 ). 

Note. The L.O.M. of two or more algebraic expressions having monomial 
and compound expressions as factors is the product of the L.C.M. of the monomial 
expressions and that of the compound ones. 

In the preceding example, L.O.M. of 4x*, 6a 8 * and 9»* is 36a'x‘ and that of 
(*+a)\ (■* -a*) and (a*-a’) is (z+a)*(x* -a"). Therefore, the required L.O.M; is 
(36a’x’) x(e+a)*(a*-a*)-36a , » , (*+a) , («‘-e‘). 

Example 4* Find the L.C.M. of 

e*-3®+2, * 8 -t-2® 8 —3® and ® 4 + ® 8 —6®*, 

The 1st expression—(®~lX®“ 2). 

The 2nd expression—®(® 8 + 2*-3)—®{®-lX® + 3). 

The 3rd expression- ®*(® 8 +®-6)-®*(®-2)(® + 3). 

Hence, ®*(®—lX® — 2X® + 3) must necessarily be a faotor of every 
common multiple of the given expressions. 

Hence, the required L.C.M.—® 8 (® - lX® - 2X® + 3), 

Example 5. Find the L.C.M. of ® 8 -3®* + 3®-l, ® 8 -«*-«+1 
and 2® 8 +2x-l. 

® 8 -3®* + 3®-l-(®-l) 8 . 

® 8- ®*—® + l—®*(®—1)—(® — 1) 

. - (® - IX®* -1) ^ (® -1)*(®+1). 

® 4 - 2« 8 +2® -1 - (®* -1) - 2®(® 8 -1) 

- (®* -1){(*» + l)-2®[-(® 8 - IX* - D 8 
-{®-l)*(«+l). 



LOWEST COMMON MULTIPLE 


189 


XV. ] 


Henoe, («— l)*(cc +1) must necessarily be a footer ol every common 
multiple oi the given expressions. 

Henoe, the required L.O.M.—(® -1) B (®+1). 

EXERCISE 63 

Find the L.O.M. o!: 

1. a a b and ab*. 2. a*i>* and a*bc. 

3. 6®*v 4 and lOxy*. 4. 4w»*n* and 14m‘«“p. 

6. 8®*y*s and 12® B y*2*. 8. i.a a bc, 10a&*c and 14afce*. 

7. 8o*6*c, 12a6 B c* and 2Qa a bc*. 

8. 6® 4 y, 9x a y a z, I2a a xy a and 15a®s*. 

«. a*6-a6“ and a B &* + a*&*. 

10. 4(s-y)“, 6(®* -y a ) and 8(®+y)*. 

11. ®*-4® + 8 and ®*-5® + 6. 

12. a* + 2a a x - 3ax a and a 4 + a"® - 6a*®*. 

18. a*(a* — 4) and a 4 + 2a* - 8a*. 

14. 4a*®*, 2®(®*-a*) and 6a*®(a. 3 +a*), 

15. 12(0:“ + 3® -10) and 16(®* + 4® -12). 

16. ®* + 2®-16, ®* + 9® + 20 and a*+ 4®-21. 

17. 12a 4 -27a*6*, 2a a + ab-3b a and 2a a -ab-3b a . 

18. 8a* + 276 B , 8a B -276 B and 16a 4 + 36a*&*+816 4 . 

19. 8® 4 -50®*y*, 12® B + 24®*y - 15®y* and 16®* - 48®y + 20y*. 

20. 4®*-12a®+9a*, 6®*-7a®-3a* and 6®*-lla» + 3a*. 

21. 2®* + 6®+9, 4® B -12®* + 18® and 4® 4 + 81. 

22. 9a* - 6a® + ®*, 6a* + 10a® - 4®* and 9a* - 21a» + 6®*. 

23. 8®“-12®* + 6®-1, 8® B -4®*-2® + l and 2®* + 5®-3. 

24. ®*-6®y + 8y*, ®*-7®y + 12y*, ®* + 2®y-15y* and ®* + ®y-20y , t 

25. 6®*-®-l, 8a* + 7®+2 and 2®* + 3a-'S. [0. U. 1869] 

26. l + 4®+4®*-16® 4 and 1 + 2®-8®*-16a*. [0. U. 1871] 

27. 9® 4 - 28a* + 3. 27® 4 -12®* + 1. 27® 4 +-6®*-l and ® 4 - 6®* + B. 

[ 0. U. 1886 ] 



CHAPTER XVI 
EASY FRACTIONS 


105. Definition. The algebraical fraction ^ ■ where a and b 
may have any numerical values, is defined to be a quantity which, when 
multiplied by b, beoomes equal to a. In other words, | is defined to 

be equivalent to a+b. In ^ 1 a is called the numerator and b the 
denominator. 

Note. Thus an algebraical fraction is no other than the quotient of one 
expression by another, expressed by placing the dividend over the divisor in'lt 
a horizontal line between them ; and the dividend and the divisor so placed 
are respectively called the numerator and the denominator of the fraction. 


106. The value of a fraction is not altered if both its 
numerator and denominator are multiplied or divided by any 
the same quantity. 

If a, b and m stand for any quantities whatever, to prove that 


a ^artt' 
b bm 

Let ic •* ^ • 

then ^ * 6-a 

x xfcx m «ox»», or, 

Henoe, x—am+bm, 


[ by definition ]; 

x x bm^am. 
a wm am t 
b bm 


Conversely,, we have - 


am+m % 

bm-*-m 


Thus, the proposition is established. 

Cor * _ax(-l) -o 
°• b fix(-l) - b 
altered if the signs of both the numerator and the denominator be 
changed. 


Thus, the value of a fraction is not 


107. Reduction of a fraction to its lowest terms. A fraction 
is said to be in its lowest terms, when its numerator and denominator 
have bo oommon factor. 
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Hence, to reduoe a fraction to its lowest terms, or more briefly 
to rimplifv it, is no other than to find an equivalent fraction whose 
numerator and denominator have no oommon factor, and this is evidently 
done by dividing the numerator and the denominator of the fraction by 
their highest common factor. 

Note. In all cases where the numerator and the denominator can be factorised 
by inspection, the reduction is at once effected by simply removing the common factors, 

4a*i>*c* 

Example 1. Eeduoe jOal/c ® l° weB * i * ierma ' 

_ 2 x 2 x a * x 6“ x c* — 2a. 

10ai 4 c®”' 2x6xaxi 4 xc* 5 b 


bun*.!. Simplify 

a*i B (a * - b *) _ a B i B (a + fc Xa - b ) _ a( a - b) . 

3ai 4 (a* + 6*) *" 3af> 4 (a + iXa® -ab + b a ) 3i(a* -ab+ b*) 


os® Q/j* 40 

Example 8 . Reduce -rn-to its lowest terms. 

X +*X~ A Z 

The numerator ■> (a + 8 )(m - 5). 

The denominator “ (x + 8 X* — 4). 

...... (a + 8X*-5)_*-5 

Hence, the given fraction** ^ + 0 ^ 4 ) x-4~ 

Example 4. Simplify 

The numerator ■* 2a(a -b)+ SaXa - b) “ (a - b)(2a + 3cc). 
The denominator—3a(a — b) — 2aXa - b ) 

-(a-6X3a-2a;). 

Hence, the given expression - jj I z -§—§;• 


EXERCISE 64 


Reduce to lowest terms : 


1. 

2a*6* 

t <teV. 

Z - 8®y 4 

8. 

4o*ot* 

4a*6 4 

10a® , y 1 

4. 

16®*tf , « 4 

,. 18a a bc*d‘ 

“• 27a*i®c 4 d 4 

6. 

16x a a*v*s‘ 

2&rV** 

40o*s 4 « , y 4 

7. 

70 a*b n c‘d' 
106c*d a a a b* 

„ 39m*n B j>V 

4 66p a m a n*g t 

9. 

*®-a* 

x a +ax 

10. 

S’". 

I 1 

11 -B»". 

“* 4a: , +6a« 

12. 

8a*-lfloi 
486*-8a* 
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18. 

3a* - 12a* 

**-16a* ' 

14. 

2* 4 —4a*** 1r 4**+8* 

*‘--4aV + 4a* ®*+6*+6' 

16. 

*“ + 2*-8 
*■ + *-12* 

17. 

** + 2*-15 a* - 3a6 - 46* 

** + 9*+20 a*-4a6-56* 

1». 

a*-a*6+a*6* 
a* + 6* 


20. 

1-7*+12** 

1-8*+15*“' 

21. 

**-6*y+5y* 

** + 2*y-S5y®’ 


22. 

l-9a* + 14a* 

1- 4a* -21a*' 

23. 

** —8**-65 
*‘+**-20' 


24. 

3a®*+9a***+27a** 
a®-27*® 

25. 

2x*-*-6 

3**-2*-8 


26. 

3**-5a*+2a* i 

3** + a*-2a* 

27. 

3** + 16a* + 5a* 

3** + 22a* + 7a“ 


28. 

6** - 7* - 20 

9**+ 6*-8 ’ 

20. 

2** + 3a* - 20a* 
8**+5a*-28a* 


30. 

10-17a*+3a**“ 

5 - 26a*+5a*** 

81. 

*“ - (a - 6)* -ab 
*® + 6*® + a*+a6 


32. 

6ae+106c+9a*+156* 

6c* + 9c*-2c-3* 

33. 

86*+12a6+6*v+ 9av 
126*+8a6+9*y+ 6ay 


34. 

2a* + a6-6* . 
d® + a*6-a —6 

35. 

a* — 6* - 26c - c* 
a“ + 2a6+6*-c* 





108. Reduction of two or more fractions to a common 
denominator. 


Let f. 


\ ' Ac., stand ior any number of fractions. 
a T 


Let L denote the L.O.M. of the denominators, i.e., of 6, d, /, Ac. 
Then, Bince the value of a fraction is not altered when its numerator 
and denominator are both multiplied by the same auantity, we muBt 
have 

a ax[ L-*-b) a*( I r*-b) • 
b b*(L+b) L 
o cx(Jy-nf) ex(L-t-d) • 
d ~dx(L+d) L 


jt 

f 


«x (£■+-/) ■ 

L 


and so on. 


Thus, the fractions in the third column are respectively equivalent 
to the given fractions and they have all got the same denominator, 
namely, L .. 



BAST FRACTIONS 


178 


XVI..] 


Hence, we have the following rule for reducing fractions to a 
common denominator: Find the L.C.M. of the denominators, and 
multiply the numerator and the denominator of each fraction by the 
quotient obtained by dividing the L.C.M., thus found, by the deno¬ 
minator of that fraction. 


Example 1. 

denominator. 


Reduce alb' 


a(a-b) ftnd b(a a -b a ) fco a 


common 


The L.C.M. of the denominators “ ab(a* - 6 a ); and the quotients 
obtained by dividing it by the denominators are respectively aHa — 6), 
b(a + b) and a. 


„ , sc a :*ab(a-b) xabia - b) . 

Hence, we have a + b ~ {a+b) * ab{a - b) - ab{a i _ b >) • 

x a x a *b(a + b) x a b(a + b) . 

a(a-b)“ i(a -b)*b(a + b)“‘ab{a a -b*} ' 


x * _ i'xb _ * B a 
6(a* -b ‘)" b(a a - b a ) x a ” a6(a a - 6*)‘ 


Example 2. Reduce x*-J+3 and «*- 3* + 2 to 

a jommon denominator. 

The denominators are respectively 

(x - 2X* - 3), (sc - lX* - 3) and (sc - lXsc - 2). 

Hence, their L.C.M. “(sc—lXsc-2Xsc-3), and the quotients obtained 
by dividing it by the denominators are respectively sc-1, sc-2 and sc-3. 
Hence, we have 

sc — 1 „ (sc-lXsr- 1) _ x a -2x+ 1 ___ . 

sc a -5sc+6 (x*-5®+6X®-l) sc®-6sc* + llsc-6' 

_sc -2 (sc-2 Xsc-2) s c a -4 sr + 4 . 

x* - 4sc + 3 (sr a - 4x + 3~Xsc- 2) * B -6se a + llx-6 ' 

_sc-3 (sr — 3Xm — 3) x*-6se+9 

sc* - 3*+2 " (* s -3sc+2Xsr- 3) “ x a - 6sr a + Use - 6' 


EXERCISE 55 

Reduce to a common denominator : 

1 . 


ja, 3c, e 
2 b id f' 


ab , bc_, co_. 
4scy a 6sc a v i0* a 


2 . **, 

*• 26c 3co 4a6 

a-b a+b' ala+b)' 


3. 
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5. 

7. 

0 . 

10 . 

12 . 

14. 

15. 


x* t y* _a a_ a-c 

a* + 2ab a-2b‘ a-b ab-a*‘ 

_i«_. c 2x , 3p ,_ 4 a 

a~66oa+6 ' a*(a + *) 6 8 (a—x) c*(a* — x*)' 

_a*_, b* _ci_ 

2xy-3y* 2x* + 3xy 4x 8 v~9xy s ’ 

_,_&!_ 1t 3 4 

x B + x+l x* —x+1 ' x*-x-2 x*+x—6' 

———& 96_ f b s ' . o x _&__c 

a(a* -2af>+46 8 ) * 8 f ?£> 8 a -36 a 8 ~+3ci+9& 8 a 8 -276 8 ' 

a ( b _ ( ___ 

Mj-6-c) a(a-5+t)' a* V j* -o*~2ab 

c-a t & -jt t 6~c 

(a - btb - c) (a-cXb-c) (e-aXa-j) 


109. Addition and Subtraction of Fractions. 

From Cor. 3, Art. 47, we know that 

a(b+c + d + e) m: ab+ae+ad+ae, where a, b, c, d, t are any 
quantities whatever. 

Hence, conversely, 

ab ±ac±ad±ae _ ^ + c + ^ + g ^ ab + ao + ad + oa, 
a a a a a 

Hence, putting p, g, r, s respectively for ab, ao, ad, ae, we have 

j> + q + r + s_ p , g , r , s . 

a - a + a + a + a where Pl 8l r * s and a ftro 

any quantities whatever. 


Thus, the sum of any number of fractions which have a common 
denominator is a fraction whose denominator is the same and whose 
numerator is the sum of the numerators of the given fractions. 


Hence, to obtain the sum of any number of fractions whioh 
have not the same denominator, we must first reduce them to 
equivalent fractions having a common denominator and then prooeed 
as above. 


Note. To subtract a fraction from another fraction we are to follow the above 
rule; tut the numerator of the fraction to be subtracted it lobe taken with minus 
sign. Thus, 

• » o . (—as ) a+(—a ) a—a 
b“ 6 6 b “ t “ b ' 
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Example 1. Find the value of 


a-bb-a 


Since, 


,6 

6-0 


we have 


„ 6x1-1)_-6, 

(6-o)x(-i) o-6 
_a_ . 6 = a . -6 
o-6 6-o o—6 a—6 


o+(-6) ij fl-6 
a-6 o-6 


1. 


Example 2. Find the value of —~ + a - • 

as + o as-o 

Since the L.C.M. of the denominators — o*, 


we have 


x i 
® + o 


*(*-0) 

an “ 


o j o(i!+e) i 


cc—o sr 




Hence, the required value = ^5 ~ a i + + a J 

x *-a* sr-a* 

_ x(x-a) + alx+a) — z*+ o* t 




*-«* 


Example 3. Find the value of -|r+ -r-fi - a *^- 

o*-6* o B -6 B a B —6 B 

In the first and Becond terms the numerator and the denominator 
have a common factor. So they are to be reduoed to their lowest terms. 
This is not essential. But this will make the operation easy, 

o + 6 1 . 

a B -6*“o-6 ' 
a- 6 1 

a B —6 B “a* + a6+6*‘ 

.'. the given expression « —\ - a ^-~! 

o-6 o* + o6+6* o B -6 B 

(o*+o6+6 , )+(o—6)—(o 1 + 6 B ) o6+o —6 
o*-6 B “ o* -6 s • 


Example 4. Find the value of 4r+ 

o+6 o B -6* 


o 

a*+ 6* 


In the present example it is not convenient to reduce all the 
fractions to a oommon denominator at once. We can proceed best 
as follows: 


1 . 6 _(o—6)+6_ o 

o+6 o*-6 B o*-6* o*-6* 


We have 
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Hence, the required value - + p 

a(o 8 + 5 8 )-o(a 8 - 5 8 )„ 2 ab* , 
" a* - 5* o* -b* 


Example 5. 

We have 

Lastly, 


Q . 1 1 4 . 32 , 

Simphfy - _- 2 - ^ ~ 5 S +4 + ^ + 16 

1_1 (x+2) - (x - 2) _ _ 4 . 

x-2 x + 2~ x 8 -4 x 8 —4 ' 

4 4 4(x 8 + 4) — 4(x 8 — 4) — 32_. 


x 8 -4 x 8 + 4 


x‘-16 


x*-16 


32 


32 


x‘^16 x* + 16 


32(x 4 + 16)+32(x^l6) __64x* , , 

* a —fl nw wuiuli 


x 8 -256 


x 8 -256 


is the required result. 


Examples. Simplify - J. b ~ a +^ ~ ^ ^ + ~+# 

The given expression -{^ - - {* + 35 ~ 0 T 4 ji} 

Now, .we have 

1_1_^(q + 25) —(fl + 5) ^_ b _. 

o+6 o+2fc” (a+5Xa+25) (a+6Xo + 25)' 

, 1_1 (a + 45) - (a+36) _ 5_, 

an a + 36 a + 46 (a + 35)(a + 45) (a + 35Xo + 45) 

Lastly, ( ffl + fc){ a +25) (a + 35Xo + 45) 

5(o + 35X o + 4 5) — 5( a + 5Xo + 25 ) . 

(a+5Xa+25Xa+35Xo+45) 

of which the numerator “5(a 8 + 7a5 + 125 8 ) — 5(o 8 + 3a5 + 25 8 ) 

- 5(4a5+105 8 ) - 25 8 (2o+55). 

, , 25 8 (2a + 55) 

Hence, the reqd. result - (^ + + 85Xa + 45 )' 


EXERCISE 56 

Find the value of: 

t o±5 ,o-5. , x-y | p-g + r-x, 
a b ' ' xy y« zx 

. o + 5 o-5 K o 8 + 5 8 o-5 

4 * a-b~a+b i 8 -fc 8 2(o+5) 


S. °-+ * • 
a-x x—a 

4x *+9y 8 2xj-_3y t 

4* i -9y 8- 2«+3y 
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7. 

9. 

11 . 

IS. 

IB. 


17. 


19. 


21 . 


23. 

26. 

27. 

29. 


a _6_ 

(o+6)* o *-6.*' 

. . 1. + _1_ 

(a-6)(o-c) (o-c)(6-e) 

_L_ + V . . 

x* + 7x+10 X s + 13a; + 40 
o + 6_o-6 . 2o6 
o-6 o + 6 6*-o* 
x + V + x-y _ 2{x 8 -V s ), 
x-y x + y x*+y* 


q o*+a6+6* . a* — c.\+b* 

8 * " a+6 + ~a-r^‘ 

in - 1 + 1 

x*-3x + 2 x*-5x + 6' 

12 I_(2x-3 y)* 

2x + 3y 8x“ + 27v*' 

14 - 1 + 1 -j. „.2a 

o + 26 a-26 46 s -o* 

16. a ~^*- a+ 2Xj. _8ax 

a + 2x a —2x a s + 4x* 


3x + l x-3 5x s + 24x 
x-3 ~3x + 9 _ 2x*-18 ’ 
x , x . 2x* _ 

x-2a x + 2a x* + 4a* 
_x_ , x , 6x* 

3x-y 3x+y 9x*+y* 

(a* + 6 s )* _ a _ 6 _ „ 
a6(a-6}* 6 a 

_1_2__j_ _1_2__, 

x-a 2x + a x+a 2x-a 

_2_x_ 1_3 

x-1 x*+ 1 x+i x s -1 
x—1 , x-2 , 


___ x —5 

x* - 3x + 2 ^ x s - 5x + 6 ^ x* - 8x +15‘ 


ip 4a-6 _ 4a+ 6 _46{l r 8a*) 
l-4a6 l + 4a6 lGa*6*-l' 

20 ^ , _b , 2a6 , 4o“6 

o-6 o + 6 o s + 6* o* + 6*' 

22 — 1 _ _x—9o 

x-3a 2x + 6o 2x s + 18a 1 ’ 

24 -1— i +_i_1_, 

x-1 x+1 x-2 x+2 

26. -- 1 + 3 -+ 1 . 

o-x x+3a o + x x-3o 

2 o __ o — c 6 — c 

(a — 6)(x - a) (6 — aXx — 6) 


on . x+o ,_x+7a L _ ,_ x + 13 a 

x* + 5ax + 4a* x s + liox + 28a* x* + 20ax + 9ia*' 

31_1_ 4 .__+ _ _1__. 

x* + 3x + 2 x* + 4x + 3 x* + 6x + 6 

o» _i__1 _2x_ 

' l-x + x* 1 + x + x* l+x*+x* 

OQ ... \ __1-1_?x_ , g. 1 _ x — 2 . 6x 

1 + x + x* 1 —x+x* 1—x* + x 4 ' x —2 x* + 2x + 4 x* + 8* 

or _ 11 ___ __11 A , 33ax 

16(2x*-6ax + 9a*) 32x“ + 96ax + 14~4a s 4(4x i - 81a‘l 
110. Multiplication of Fractions. 

Let | and | be any two fractions ; to find the value of ^ x 5 • 

Let x- | x 


1—12 
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Then, we have xxfcxd* ® x ^ xfcxd — ® xf>x ~ xd 

"(f x& ) x (l *d)“axc; 


or, <rx&d“ac, 



i.e., 


g c ac 
6 d "hd* 


Hence, 




e ac e ace 

f bd* f bdf ' 

« 0 ace 0 ac«p . 

fc bdf h bdfh 1 


and so on. 


Thus, the product of any number of fractions is a fraction whoss 
numerator is the product of the numerators of the given fractions and 
whose denominator is the product of their denominators . 

In practice, factors which are common to numerator and denomina¬ 
tor are cancelled. 


C I tt CL C CLC 

Cor. Since, c- j > we have j Xc j x 'l j' 


Example 1. Multiply together v and - • 

yZ zx xy 


The required product ; 


a; 8 xy 8 x z* x 8 xy 8 x 2 * 


vsxzx* xy y* x z* x x a 

The result is obtained by removing like factors from numerator and 
denominator. 


N. B 'When all the factors of numerator and denominator cancel each other 
U is a common mistake with the beginners to give the result as 0. A Utile reflection 
io m shew that the result of such a multiplication can never be eero.‘ 


Examples. Multiply a 4i[x+x' by i*-toxtx‘‘ 

The required product' (fl « + f^^)^^ + a .s) 

m aa^g_—«Xa+aO ax 
(a+ x) 2 (a-x) 2 ” (a +xXa - x)' 



Example 3. 


Multiply together 
l-sr*. 1 -y 2 


— * -, 

1+y x+z * 


and 1+ 


* 

1-sr 
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Since. 1 + JL—l=*±* m ±. 

1-X 1-x 1 —: 


the required product - x —-^—y^ x ~A- 

1+V x(l + x) 1-x 

^(l + sXl — sXl + vXl -y)l~t', 
(l + l/)s(l + sXl-s) s 



4a*6* 9c 11 
3 d* ’ 16d* 


and 


4d* 

276* 



7o*6*c* , 4 s*v*js* 

12 xyz and 21a‘6V* 


a*-96* 3a* 

o*+3a6 a a -3ab 

a” + 8s B a* - 4a* + 4**, 
a*-2a*s a*-2as + 4x* 


10. 

s* + 4s + 3 s*-3s + 2 
**-4 s*-9 

11. 

s*-7s+10 
s* - 2s -16 

s*-3x-18 

s*-8s+12 

12. 

s*-4s + 3 ^*-78 + 10. 
s*-6s + 5 s*-5s + 6 

13. 

a 4 -6* 
a*-2a6+6* 

. a-6 
a* + a6 

14 

2s*-5s + 2 3s* + s t 

IK 

s*-6s-16 

s*-11s+ 28 

14. 

3s*-5s~2 4s-2 

10. 

s*-4s-21 

s*-12s + 32 

ie. 

a*-s* a*-6* / . as \ 

a + 6 as + s* r a-xl 

17. 

(?-H( 

* * + * +1)- 
a* a / 

18. 

/4a , 3s\/26,3s\ ia la 

l3s + 26)(3s + 4a)' 19 ‘ \6 

♦sx 

o . d\ la 
d* cl \6 

. M/« _ J 

a /\ d c 

20. 

2s* - 7s + 3 3s* + 11s-4 2s* + s-15 

2s*+7s-4 3s* + 8s-3 2s*-lls + 15 


21. 

6*-o*-c* + 2ac 6*+e*-a* 
c* + a* - 6* + 2ac a* - 6* + e* 

-26c. 

-2ac 



22. 

c* - a* - 6* + 2a6 a* — 6* + c* 
fc*-c*-a* + 2ac a* + 6*-c* 

-2ac. 

-2a6 
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111. Division c! Fr«etions. 

Let | and ^ be any two fractions ; to find the value of £ ■+■ J • 

_ , O c 

Let x ~bd 

caeca 

Then, we have ** 4 ~ b - d d ~ b’ 

[ tn-i-H xn=m, whatever »» and n may be.) 


c„d_a„d 
x% d c~ b c' 0X,X 


a v d 
b * c 


[••• 


!x d 
d c 


■I 


Thus, to divide one fraction by another we have to multiply the 
former by the reciprocal of the latter. 


Cor. t+c’ 


a 

5 


c 

1 


? X ^ 


a _ 
be 


__ , . 0 . ... a* + b* a* — ab+b* 

Example 1. Simplify a a_^s‘' a _^ 


a 8 + 5* 


a-b 


(a 8 + 5 8 Xa-5) 


The required result - a% _ b * * 0 « _ ob + ” ( fl » _ fc*Xa a - oh + 6*) 

(0 + bXa* -a5 + b s ){a - b) - 
“(a+5Xa-5Xa*-a5+5 a ) A ' 


_ , „ O- 1-f SC 5 * + ST — 2 

Example 2. Simplify ^a^Tx +la" 


® a — 3a: -10 ® a -4® - 6, 
® a + ®-12 ®* — 4® + 3 


_ . , ,, ® a + ®-2 x a + x - 12 ® a -4®-5 

The required result = ^8 + 7a . +12 x x » _ 3ir -10 * s* - 4 ® + 3 

(®-lX®+2) x (® + 4X® - 3) (®— 5X®_+1) 
“(® + 3X® + 4) (®-5X® + 2) (® — 3)(® — 1) 

(® — lX® + 2 X® + 4 X® — 3 X® — 5X® +1) „ ® + 1 
“ (* + 3X® + 4)(® - 6X® + 2X® - 3X® ~ 1) ® + 3 
a a a+b 1 a-b 

. « ... a-b a + b . a-b a + b.. a a 

Example *3. Simplify —£-- 


: v __ w _.. 

^ Q . TO 


We have 


_5_ a + b _a — b o a + b a 

a-b a+b a—b o+5 

[0. U.187B] 

a_ a a(a+ b )-g{a-b) 

a-b a+b a a — b a 2 ab 25* 

6_5_ b(a+b)-Ka-b) o a -6* a a -*-5 a 

o — b o + 5 o a -5 a 
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g + & , a-b (a + ft) 8 +(a — b ) 8 
a-b a + b m g 8 -ft 8 2(g 8 +ft 8 ) 4aft_ 

a + b _ a- b (a + b)* -(a-b)* a 8 -ft 8 a*-b 8 
a-b a + b a* -ft 8 



Hence, from (1) and (2), 

,. . • a . g 8 + ft 8 „ a* 

ihe given expression - ^ * -*+^» 

_ a 2 ab a 8 _2a* 
b a* + b* a* + b* (g 8 + 6 8 ) 8 

Af. B. 'When several fractions are connected by the signs x, -4-, each sign 
applies only to the fraction which immediately follows it' 


EXERCISE 68 


Simplify : 

1 4g 8 ftc 8gft 8 c 
' 16 xv % e 25x*yz 

, a; 8 -49 8+7 
3 - g 8 -25 8 + 5 


„ g 8 + ab . ab 
Z - a-b g 8 -ft*‘ 

. a *-ft* g 8 + fc 8 

g 8 + 2aft +b* a + b 


, m* - 9n 8 _ w 8 -2to»-3w 8 _ 

7n 8 + 5wn + 6n 8 m i -n‘ 


6 . 

8 . 

10 . 

12 . 

18 . 

14. 

16. 


m* + mn + » 8 


m + n 


> - 


fch* »• 

u. 


g 8 -4 r 8 -5g -14 

b 8 + 8®-18 g 8 -36 

g 8 + ft" + 3ab{a + b) (a-b)*+4ab # 

(g + ft) 8 - 4aft a 8 - 6“ - 3ab(a - b)‘ 

_x B +v* . (z+ y) 8 - 3xv xy 


x*-y 8 


r* - «* 


[x—yp + Sxy' 

a(a -b)* + 4a*b , a*-b * y ft( g + ft) 8 -4gft 8 
gft+ft 8 gft a*-ab 


g 8 - g-30 g 8 + 3g-10 g + 4 

8*-36 g 8 + 2g-8 2g 8 + 12g' 
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16. 


17. 


18. 


19. 


80. 


a. 


g * + 3a; -108 x' + 6x-72 x a - 16s + 63 
®*-64 x a + x-56 s*-14s + 48 

ixl+v*_ %*- y“\ lx+y_x-y \_ 

\s*-y* x a + y a ) \x-y x + y) 

(Ei+fca-ki-fcS)- ioci86si 

a 4 -fe* (a+6) s -4ai a 

\a+b)*-3ab(a+b) (o + fc) fi -3 ab (a + W a -2ab 

(a-b)\(a + b) a -ab\ (a-b) a + 3ab [a + b) a - 2 ab 

(a - b) a + 2 ab (a + 6)l(a -b)* + ab\ (a + b) a - 3 ab 



a* 

b* 


i 

_ 1 


b B 

a* 


-X b 

a 

(t 

- b )( 

? + 

b -l 

) K 1 + 

i+ 1 

\ b 

a)\ 

b 

a 

7 a a 

b a ab 


[ C. U. 1874 ] 


CHAPTER XVII 

SIMPLE EQUATIONS AND PROBLEMS 

I. Simple Equations 

112. In Chapter V, we have explained the process of solving 
•MT Bimple equations. We propose to consider the subject more fully 

here. 

We have stated that the process of solving any equation is pr ma¬ 
dly based upon certain _ axioms [ Art. 63 ] from which it has 1 eeu 
noticed that an equation is not altered, 

(i) if any term be transposed from one side of the equation to 
the other ; and (ii) if both the Bides be multiplied or divided by any the 
some quantity. 

Hence, the general rule for solving a simple equation involving 
one unknown quantity may be put as follows : 

(1) Simplify the two sides separately by clearing of fractions and 
brackets, if any, and by performing operations indicated by the symbols. 

(2) Transpose all the terms involving the unknown Quantity to 
the left-hand side of the equation and the remaining terms to the right- 

hand side. 

(8) Next, simplify the two sides again. 
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(4) Finally, divide both the sides by the coefficient o] the unknown 
quantity. 

The value oi the unknown quantity, thus obtained, is the required 
solution. 

Note. The student should verify for his own satisfaction that this value does 
really satisfy the given equation. 


Example 1. Solve (6a:+9)* + ($* - 7)* -(10a:+3)* - 71., [ 0. U. 1883 ] 
The left side - (36a;* + 108a;+81)+ (64*® - 112a:+49) 

-100a:*-4a; +130 ; 

and the right side—(100a:* + 60a-+ 9)-71 
-100a;* + 60*-62. 

Etenoe, the equation stands thus : 

100a: 3 - 4a; +130- 100a:* + 60a: - 62. 

Removing 100a:* from both sides, we have 
-4a:+130 - 60a:-62. 

Henoe, by transposition, 

-4a;-60®--130-62, 
or, -64®- -192; 

and therefore, dividing both sides by -64, we have ®-8. 

Thus, the required root is 3. 

Example 2. Given ^- 6 - + i - ! find *. 

Multiplying both sides by 8x9x5 or 360, which is the L.O.M. 
of the denominators, we have 

360(®-6) _ 360(2®-15) ^0^-360® 360(®-12) 

8 9 350 “ 15 6 ' 

or, 45(® —6) —40(2®-15) + 360 — 24®-60(® —12), 

or. 45®-270-80®+600 + 360 - 24®-60®+720, 

or, -35®+ 690--36®+ 720. 

Henoe, by transposition, -35®+36® -720 - 690, 

or, *-30. 


Example 8 . Solve i(4o(l+®) -Ka- *)[ -H8a(l -*)- V(a+*)(. 
The left side-f (! + *)-««-*)-(f “j) + (y+ | )* 


_7o . 16a+9 , 
12 12 ' 


«; 
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and the right side 

-T<i-*)- s <« + *Hi-fMT + i)* 

7 a 9a +16 
12 12 '*• 

Hence, the equation Btands thus : 

7 a , 16a + 9 7 a 9a +16 

12 + 12 - "* = ” 12 - T2 *** 

Multiplying both sides by 12, 

7 a + (16a + 9)* = — 7a — (9a + 16)ar. 

Hence, by transposition, 

{(16a + 9) + (9a + 16)(* - -14a, 
or, 25(a +1)* — -14a ; 
dividing both sides by 25(a+l), we have 

_ i4 a 

** 25 ( 0 + 1 )' r0( l u i re ^ root. 

Example 4. Given - * v +1 — ~^r + • find x, 

a+b a—b a+o 

Multiplying both sides by a*-6*. which is the L.O.M. of the 
denominators, we have, 

(a - 6)*+(a 8 - 6 s ) - (a + b)x +(a - 6)*. 

Hence, by transposition, 

(a - b)x - (a+ b)x - (a - 6)* - (a* - 6*), 
or, {(a-5)-(a+6)f*— -2a6+2f>*, 
or, - 25* — - 25(a “ 5). 

Therefore, dividing both sides by -25, we have *—a— b. 

EXERCISE 59 
Find the value of x, when 

1. 3(* - 4)* + 5(x - 3)* “(2®—5X4® -1)+24. 

2. (12*+9)*+(5*+3)* *-(13®+9)* + 33. 

8. 5(® +1)* + 7(*+3)*=12(*+2)*, 

4. (3*-14)*+(4®-19)*-(5*-23)*-22. 

6. (5®-8)*+(12®-7)*-(13®-10)*+ 37. 

8. (*-!)*+(®+l) 8 —2®(**—l)+4. 

7. (® - 2)* + 3®*+(*+2)*—4«*(aH- 2). 
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8. (*+2X®+3X®+4)+96* ,, ® 9 (®+9)+5(3b + 13). 

9. 8(e* -14)“(x + l) 9 + (sc — 2)* + (® — 5)*. 

10. a(®-a)“6(®—6). 11. 3(® — a)+5(2«—3a)*8a 

Solve the following equations : 

12. (® + aX® + 6)-(a + 6)*”(®-aX®-6). 

13. a 9 (®-a)+6 9 (®-6)**a6*. 14. m*[x-m)+n a {x+n)+mnx- 0. 

16. 6E®-2a) + a(®-26)“(a-6) 9 . 16. a(4® - a) + 6(4® - 6) - 2ab m 0- 

17. x(x - a) + ®{® - 6) - 2(® - aXx — 6) =- 0. 

18. [x + 3a)(® - 36) + 3(® - 3oX* + 36) - 4{® - 3a)(® - 36). 

19. (26+2c-®) 9 +(26-2c+®) 9 «(26+2d-®)* + (26-2<i + ®) 9 . 

20. (x - a)* + (®- 6) 8 + (x - c) 8 “ 3(® - aXx - b\x - c). 

21. (®+ a) 8 + {x + 6)* + (® + c) 8 = 3(® + aX® + 6X® + c). 


* +a-f +6. 

a 6 


23. 6*. 

6® ax 


24. «®+l)+i{®+2)+l(a:+3)=*16. 


®-6 + ®-4 
5 3 


■ 8 -*=* 


jr , 2 ®-13 q 4®-3 5 
10 "9 15 ' 


®+7 , ®+13 , ® + 17_® + 27 


• 28. 6J- 


®-7_4®-2 


[ C. U. 1861 ] 


g-1 ®-9 . 3®-2(®-i 
3 ~ 2 7 


2®-9 , ® ®-3 
27 18 ~ 4 


; 8J-®. 


■-(®-®^)-36. 


32. 83. ^-5i-?^ + 10 T 5x - 


34. 


[ C. D. 1889 ) 

35. 

te 7 21 +7* + T! '- aS -»+S*- 9 -’■+». 


36. 

IMHMHMH- 

[ O. U. 1866 ) 

37. 

g-3 i®-3 4®+2 ®-6. ®. 

7 3 2 3 8 

[ C. U. 1866 ] 

38. 

K®-2)-K*-4)-*(2®-3)-2j. 

EC.TJ. 1869] 

89. 

a-x . 2a-®_3a~®. 
a 2a 8a 

[C. U. 1870] 
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40. 

2a-13 ®-l * . * n 

9 11 8 7* 

[ 0. U. 1876 ] 

41. 

2® —3.3®-8 4®+15 . 1 

6 11 " 33 2 

[ 0. U. 1877 ] 

42. 

4® + 3,13® 8® + 19 
' 9 108 18 

[ C. D. 1878 ] 

43. 

®* - 2J * - 3| ^ 2® s - 3 x - 5i 

4 5 8 3 

[ C. D. 1883 ) 

44. 

0 -*® _ 6-®_c-®_6-®*. 
bx c b cx 

[C. U. 18881 

45. 

® + 2i , ® + 3i ® + 4$ 

' 15 25 “ 55 

[0. U. 1888] 


« 11®-13 . 19a:+3 5®-25$_ nol 17® + 4. 

46 . —gj—+ -y- r -« 28 »- 21 — 

x-lH _ 2 - 6® _ _ 5x -} (10- 3®), 


3® —1(1 + *), l-*®_2f + *(®-l). 

481 4 ~ + 5J 2i 

49. |(® - a) - *<2® - 36) - i(a - ®)« 10a + 116. 

__ 2® + a ®-6 3a® + {a —6)® « 2®+1 40 2 — 3® Q 471 — 6®. 

6U - "6 " a “ a6 ' 0l * 29 12 y 2 


15-1® 2® + 5 _ 17- V® 


[0. U. 1874) 


118. Equations involving Decimals. 

The decimals, if necessary, may be converted into vulgar fractions. 


Example 1. Solve - 56. 

Since, and 0625 == io6§o"“^’ 


we have 
or. 


*~2 * - 4 rr 
Ar ^T 66 * 

18(* - 2) -16(* - 4) =■ 56, or, 2® + 28- 56i 

2e-=28, or, e«*14. 
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Example 2. Solve -65*+2*^®-if 


Binoe, 


and 


‘585®-'975 5'85®-9'75 l'9 5®-3'25 . 
'6 “ 6 “ 2 

™6-i£6-r 8 
•2 2 ' a ’ 

'39s-'78 3'9®-7'8 l'3z-2'6, 

9 9 " 3 


the equation stands thus : 

^ + i3Ss=S3B. 


. yg_1 3z- 2 6 i 


Hence, multiplying both sides by 6, we have 

3'9z+(5'85® - 975) - 468 - (2'6® - 5'2). 

By transposition, (3‘9+5'85+2'6)z“46‘8+5‘2+975, 

or, 12'35®—6175 ; 

w - 6 il 76 -K 
W jg.gg 5. 


EXERCISE 60 


8olve the following equations 

1. '5®-'2®“'fcr-r5. 


3. 

6. 

6 . 

8. 

9. 

10 . 


rat- -i®+8'9. 

j® _JL +_.* _ 1 , n 

‘5 '05 '005 '0005 u ' 

,' 45 z -' 75 _ l '2 ' 3®-'6 
®* + 6 ^2 : 9 


2. 875® + '5 * 2'25®+8 

a ® + 75 _ g- '25 
'25 


'15®+ 


'6 


'2 


'9 


•*_,'02®+'07 ® + 2 
5*+—^ g—9 5. 

•ah. i 001*- 125 5 — * 

011 * +-^-- -03 - 1 «. 


125 


>16. 

[C. U. 1883] 


7. 7®+'4-'67®+'6. 


135®- '225 '36 '09®-18 


[ C. D. 1888) 
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114. Solution of equations facilitated by suitable transposi- 
ti on and combination of terms. 

Example 1. Solve 23*-^ + 19* + 13_^^ + ^8ft. 

By transposition, we have 

23*- 29 7*-8ft 97* +72ft 19* + 13 . 

12 4 35 ~ 7 

(23* - 29) - (21* - 25)... (97*+72ft) - (95*+65) . 
or ' — 12 “ 35 

or ^2.2* + 7ft. 

0 1 6 35 

Hence, multiplying both sides by 6 x 35, 

35*-70-12*+ 45. 

Hence, 23*-115, or, *-5. 

Example 2. Solve x -- a ^ + + x-c(a+b ) _ 3 

be ca ao 

The equation may be written as 

g-q (5 + c ) . *-h(c + a) . *-c(a + fc) . .... 
be ca ab 1 1 

By transposition, we have 

| *-o(6+c) ^ t f *- 5 (o + a) ^ , ^ *-c(a+6) . 

®-o(fc+e)-6c , x-b{c+a) — ca , *-c(a+5)— ab_ n 

or, , -*r- t- j -, 

be ca ab 

or * - [ab+ac + be) + x~[bc+ba+ca) t *-(cfl+ci>+oft) _Q . 

'be ca ab ' 

or. {*-( a6 + te+ ca) }{i + JL + A}.o. 

When the product of two quantities equals to 0, at least one of 
them must be equal to 0. Since the Bum of three known quantities, •**.» 
cannot be zero, the other must be equal to 0. 

«-(o6+6c+ca)—0. 

Hence, e—o5+6c + ca. 
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EXERCISE 61 

Solve the following equations : 

l. 


5®+6,64®-36 _20®+23,13®-7 
4 + 16 16 + 3 


, 17®-13 ■ 108®+ 75 27®+19.50&®-39 

z - 9 32 “ 8 27 

.. 29®-18,189®-93 86tf®-54,27®-13 

8 49 "24 7 

, 16® -17 _ 23®-15 142 A® -153 92®-65 

*• 9 16 81 64 

, 18® -19 , 135® + 62$ _ 27® +14 , 106 A® -114 

5 ‘ + 65 -13 + 42" ‘ 

. J8_- 19® _ 41 + 27® , 164 +1071*® _ 164*1 - 95® _ „ 

15 28 112 75 

„ 18-41® 17-16® , 9M-10® 14-32®_ n 

'• “ 9 8 5 7 U> 




s. 


y. 


to. 


®-o 


X-b* 


®-c* 


5* + c* c* + a* a® + b a 


‘3. 


3® - 5c , 3® - ca , 3® - a& _ . 

+-:-+- , v —a + b+C. 

b+c c + o o + o 

m - b*±c* + bx-c* + o* + c®-a 8 +l» =2(a + fc + c). 
c — b a — c o —a 


11. rf 8 tf )++**) + *'V±|“ ) = a + 6+c. 

a* - 36c 6 2 - 3ca c 2 - 3a6 

12 . + + + »J) + f® + (n» + H - 2(1 + m + »). 

i*-iw + TO mr - mn + n n*-m + i* 


II. Problems 

J15. We have already explained in Chapter VI how simple 
algebraic problems can be expressed symbolically and solved. We 
i roooed now to consider examples of a harder type. 

As pointed out before, the chief difficulty in the solution of 
a problem lies in constructing its symbolical expression. The student 
should, therefore, become proficient in it by constant and varied practioe. 

No general rule for solution can be stated. The following advice 
can, however, be offered : 

Read the problem several times and consider its meaning oarefully. 

See what quantity is required to be found out in the' problem. 
Represent it by ®. 
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Next, express the conditions of the problem in terms of the symbol 
x and obtain a simple equation in x. 

Finally, solving this equation, find the value of x. 

The process is explained by the following examples. For further 
illustrations, the student is referred to Chapter VI. 

Example 1. How old is a man now, who, 20 years ago, was five 
times as old as his son who will be 41 years old 16 years after ? 

The present age of the man is to be found out. Let it be x years. 
20 years ago, the man’s age — (x — 20) years, 

16 years after, the son's age will be 41 years ; 

.'. the son’s present age — 41 —16 — 25 years. 

Hence, 20 years ago, the son’s age =”25 —20*5 years. 

.'. from the condition of the problem, 
x-20-5*5, 

or, x-20 + 5 * 5 - 20 + 25 = 45 yearn. 

Thus, the man’s present age *45 years. 

Example 2. The sum of five consecutive odd numbers is 1185. 
What are the numbers ? 

[In solving problems, 2x and 2x + l are taken as even and odd 
number respectively ; because for any integral value of X, the value of 2x 
is even and that of 2x+1 is odd. ] 

Let 2x + l—the smallest of the consecutive odd numbers. Since 
oonsecutive odd numbers differ from each other by 2, the numbers after 
2x + l are 2x + 3, 2x + 5, 2x+7, 2x + 9, etc. In the present problem, the 
five consecutive odd numbers are, therefore, 2x + l, 2x + 3,2x+6, 2x + 7 
and 2x + 9. 

By the condition of the problem, their sum *1186 ; 
or, (2x+l) + (2x+3) + (2x + 5) + (2x + 7) + (2x+9)-1185. 

or, 10x+25-1185, or, lOx-1185 - 25-1160 ; 

.'. x-H^-llfi. 

Thus, the smallest of the consecutive odd numbers is 238. 

Hence, the five required oonsecutive odd numbers are 233, 235. 
237, 239, 241. 

Example 3. Two persons started at the same time from A. One 
rode on horseback at the rate of 7$ kilometres an hour and arrived at 
B, 30 minutes later than the other who travelled the same distance 
by train at the rate of 30 kilometres an hour. Find the distance between 
A and B. 
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Let w be the distanoe in kilometres between A and B. Then the 
time taken by the first man to travel the distance hours hours 

fl? 

and the time taken by the other hours. 

But the time taken by the former is half an hour more than that 
taken by the latter. 

Hence, or ' ^ x ~ x+ ^< 

3**15 ; .". ®*5. 

Thus, the distance between A and kilometres. 

Example 4. A person being asked his age, replied, "Ten years ago 
I was 5 times as old as my son, but 20 years hence I shall be only twice 
as old as he." What is his age ? 

Let the present age of the person be * years 

Then 10 years ago his age was (a:-10) years, and that of his son 
was K* ~ 10) years. 

Hence, the present age of his son *)!(*-10)+10} years, and .'. tl e 
son's age 20 years hence will be )1(*-10) + 30| years ; and‘the age of tie 
person 20 years hence will evidently be (* + 20) years. 

Hence, by the second condition of the problem, we must have 
x + 20*2)1(*-10)+30f 
*|(x-10)+60; 

6*+100 * 2*-20 + 300; 

3**180; .'. **60. 

Note, fractions might have been avoided bp assuming the present age of tie 
person to be Bx years . The student oan easily proceed on this assumption, 

Example 6. A and B have the same annual income. A lays by 
a fifth, of his, but B, by spending annually Rs. 80 more than A, at the 
end of 4 years finds himself Rs. 220 in debt. What was their income ? 

Let Rs. * be the income of each. 

Then A spends Rs. fx annually. Hence, B spends annually 
Rs. (f*+80). 

But spending at this rate B contracts a debt of Rs. 220 in 4 years, or 
a debt of Rs. 65 per year. His annual income, therefore, falls short of 
his annual expenses by Rs. 55. 

Henoe, we must have **(l*+80)-55 ; 

.\ 1**26; **125. 

Thus, A and B had eaoh an inoome of Rs. 125. 
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Example 6. A market woman bought a certain number of eggs 
at 5 a rupee, and as many at 7 a rupee, and Bold them at the rate of 
12 for two rupees, losing rupee one by her bargain. What number of 
eggs did she buy ? 

Let a:“the number of eggs bought. 

Then, since one half of them were bought at 6 a rupee, and the 
other half at 7 a rupee, the whole cost in buying the eggs 

( X 1 . !T 1 V IX . X\ 

2 5 + 2 7 ) rupeeB m lio + iij ^P® 68 - 


By selling the eggs at 12 for two rupees, 
the amount realised =x * A rupees. 

Hence, by the equation, ^ +1|) -1; 

or, 35® = 21x + 15x-210 ; x“210. 

Thus, altogether 210 eggs were bought. 


Example 7. Divide 28 into two such parts that the difference 
between their squares is equal to 112. 

Suppose, x is the greater part, so the other is (28—x), 

By the condition of the problem; 

x 2 -(28-®)*-112 ; 
or, (® + 28-®Xx-28 + x) = 112 ; 

or, 28(2®-28) *112; 

or, (x -14) = 2 ; [ dividing both sides by 28 * 2 ) 

or, x*14 + 2; 

x = 16 ; .'. the parts are 16 and 12. 

Example 8. There is a number consisting of two digits, the digit 
In the units’ place is twice that in the tens’ place, and if 2 be subtracted 
from the sum of the digits, the difference is equal to $th of the number. 
Find the number. 

Let x = the digit in the tens’place. 

Then 2x= » » » * units’ * . 

Clearly, therefore, the number* 10® + 2x. 

[ See Example 4 worked out in Art. 65.) 
Hence, by the second condition of the problem, 

{x + 2x)-2=*^~~3* ; 

0 

whence, 18® —12=12® ; 

or, 6® = 12; .\ ®—2. 

Hence, the required number *24. 
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Example 9. Divide 127 into 4 parts, such that ii the first be 
inoreased by 18, the Becond diminished by 5, the third multiplied by i 
and the fourth divided by 2J, the results will all be equal. [ B. U. 1883] 

Let * be the result in all the cases. 


By the condition of the problem, 
The 1st part + 18=*; 

The 2nd part— 6 = *; 

The 3rd part* 6 = *; 

The 4th part + 2$ = *; 


the let part “*-18. 
the 2nd part * * + 5. 

the 3rd part** g • 

the 4th part*!*. 


Therefore, (*-18) + (*+5)+ ~ + |**=127 ; 

or. 6(*-18) + 6(* + 5)+6* g + 6->j *=6*127 ; 

or, 6*-108 + 6*+ 30+* + 15* = 762 ; 
or, 28**762+108 - 30; 
or, 28**840; 


* = -W“30. 


the parts are (30 — 18), (30 + 5), (30-*-6) and 30 * ^ • 

i.e., 12, 35, 5, 75. 


EXERCISE 62 

1. The length of a field is twice its breadth ; another field whloh 
is 50 metres longer and 10 metres broader, contains 6800 square metres 
more than the former ; find the size of each. 

2. The length of a room exceeds its breadth by 3 metres ; if the 
length had been increased by 3 metres, and the breadth diminished by 
9 metres, the area would not have been altered ; find the dimensions. 

3. A and B began to play with equal sums, and when B has. lost 
&ths of what be had to begin with, A has gained Bs. 6 more than half 
of what B has been left with ; what had they at first ? 

4. The ages of a father and his son together are 80 years ; and if 
the' age of the son be doubled, it will exceed the father’s age by 10 years. 
Find the age of each. 

5. A person distributed Bs. 100 among 36 persons, men and 
women, giving rupees three to each man and two rupees and a half to 
each woman. How many were there of eaoh ? 
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6. The Bam of foar ooaseoative odd numbers is 488. Whet are the 
Bombers ? 

7. The som of six consecutive even numbers is 1362. What are 
the numbers ? 

8. There are two places, 164 kilometres distant from each other, 
from which two persons A and B set out at the same instant with a 
desire to meet on the road, A travelling at the rate of 3 kilometres 
in 2 hours and B at the rate of 5 kilometres in 4 hours. How long and 
how far did each travel before they met ? 

9. A labourer was engaged for 36 days, upon the condition that ha 
should receive two rupees and fifty paise for every day he worked, 
but should pay rupee one and fifty paise for every day he was idle. 
At the end of the time he received fifty-eight rupees. How many days 
did be work ? 

10. A person bought a picture at a certain price and paid the same 
price for the frame ; if the frame had oost rupees twenty less and the 
picture rupees fifteen more, the price of the frame would have been 
only half that of the picture. Find the cost of the picture. 

11. A post has a fourth of its length in the mud, a third of its 
length in the water and 10 metres above the water, what is its length ? 

12. Divide 20 into two such parts that the difference between their 

squares is 160. [ G. U. 1950 ] 

13. A labourer is engaged for 30 days on condition that he receives 
two rupees and fifty paise for each day he works, and loses rupee 
one for each day he is idle ; he reoeives rupees forty-seven in all. How 
many days does he work, and how many days is he idle ? 

14. A can do a pieoe of work in 9 days, B in twice that time ; 

0 can do only i as muoh as A, in a day ; how long would A, B and 0, 
working together, require to do the same pieoe of work ? [ 0. D. 1876.] 

15. Two sums of money are together equal to rupees fifty-seven 
and twenty paise and there are as many rupees in the one as 10 paise 
in the other. What are the sums ? 

16. A certain sum is to be divided among A, B and O. A is to have 
Bs. 30 less than the half, B is to have Es. 10 less than the third part, 
and C is to have Bs. 8 more than the fourth part. What does each 
reoeive ? 

17. A farmer wishing to purchase a number of sheep, found that 
U they oost him Rs. 42 a head, he would not have money enough 
by Bs. 28; but if they oost him Bs. 40 a head, he would then have 
Bs. 40 more than he required. Find the number of sheep, and the 
money which he had 

18. Two ooaohes start at the same timft from York and iVmAnn , 
a distance of 320 kilometres travelling, one at 9 kilometres an hour, 
lie other at 11. Where will they meet and in what time from starting 7 
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19. I bought a oertain number of apples at three a rupee, and 
five-sixths of that number at four a rupee ; by selling them at sixteen 
for six rupees 1 gained rupees three and a halt How many apples did 
I buy ? 

20. A number consists of two digits ; the sum of the digits is 5, 
and if the left digit be increased by 1, it will be equal to fth of the 
number. Find the number. 

21. A number consists of two digits, the digit in the tens' place 
exceeds that in the units’ place by 5, and if 6 times the sum of the 
digits be subtracted from the number, the digits will be inverted. Find 
the number. 

22. There is a number consisting of two digits, the sum of whose 
digits is 5, and if 10 times the digit in tens' place be added to 4 times 
the digit in the units’ place, the number will be inverted. What is the 
number ? 

28. Divide the number 39 into four parts, such that if the first be 
Increased by 1, the second diminished by 2, the third multiplied by 8 , 
and the fourth divided by 4, the results will all be equal. 

24. Divide 60 into 4 parts, such that if the first be diminished by 
3, the seoond increased by 11, the third multiplied by 4, and the fourth 
divided by 2, the results will all be equal. 

26. Divide the number 116 into four such parts that if the first be 
increased by 5, the second diminished by 4, the third multiplied by 8 , 
and the fourth divided by 2, the result in each case shall be the Bame. 


OHAPTEB XVm 

SIMPLE SIMULTANEOUS EQUATIONS AND PROBLEMS 
I. Simple Simultaneous Equations 

116. Introductory remarks. The equation ®-y-2, in whioh 
x and y are both unknown, evidently admits of an infinite number of 
solutions; for any pair of numbers, whose difference is 2 will satisfy 
it. [ For instance, the equation will be satisfied if ®“8, V“1; if *“4, 
y-2; if aj-6, y-3 ; if ®-6, y-4 ; and so on. ] If, however, x and y be 
suoh that they must also satisfy the equation *+y<-8, then of the 
different pairs of numbers whose difference is 2, we shall have to reieot 
all excepting that of which the sum is 8. Thus the two equations, 

e-y-2 1 
b+V-8 J 

will both be satisfied by the umi values of x and V, only whtn «“6 and 
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Again, it may bo seen that the three equations, 
a; + j/ + a = 6 
®-j/ + « = 4 
x + y-z** 2 

will be satisfied by the same values of x, y, z only when a; **3, y = 1, *“2. 
The equations may be individually satisfied by innumerable sets of 
values of the unknown quantities, but there is only one set whioh will 
satisfy them all. 

Two or more equations (like those just referred to) which are all 
satisfied by the same values of the unknown quantities involved in them 
are called simultaneous equations. They are said to be simple or of 
the first degree when each unknown quantity occurs only in the first 
power and the product of the unknown quantities does not occur. 

We shall consider first of all simultaneous equatlms involving two 
unknown quantities, and later on, those that invo’ .e more than two. 
There are three general methods for solving such equations and we shall 
treat them successively in the next three articles. 

117. First Method : Method of Substitution : From either 
equation find the value of one of the unknown quantities in terms of 
the other and substitute the value thus found in the other equation. 

Example 1. Solve 5*-24y=16 1 
42-2/=31 J 

From the 2nd equation, we have 

y=4*-31 (1) 

Substituting this value of y in the 1st equation, we have 
5®-24(42; —31)=16, 
or, 5x — 96® + 744=16 ; 

-91®= -728; ®=8. 

Hence, from (1), y = 4*8-31 = l. 

Thus, we have ®=8 and y = l. 

Note. The student is recommended to verify for his own satisfaction that these 
values of x and y do really satisfy both of the given equations. 

Example2. Solve ^+3-^ . | + jj. 

Multiplying both sides of the 1st equation by 10, we have 
6(3* - by )+30 - 2(2®+y), 
or, 15*-25y+30“4®+2y ; 
ll*-27v-80. 




(l) 
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Multiplying both sides of the 2nd equation by 12, we have 
96-3(a:-2y) = 6a:+4y, 
or, 96-3a;+6v=6a;+4y; 

2y-9a:+96=0. »• (2) 

From (l), we have e — ••• ••• (3) 

Substituting this value of x in (2), we have 

2y — 9L 2 1^30) + 96-0; 

22y-9(27j/-30)+1056 = 0; 

22y — 243y +270+1056 =0 ; 

.*. 221y = 1326 ; »=6. 

„ , , 0 n 27x6-30 132 

Hence, from (3), *“-j-j- - = -jj- = 12. 

Thus, we have a: = 12 and y=6. 


EXERCISE 63 


Solve the following equations : 


1. 

*+4 y =14 1 2. 

5x~8y “ 9 \ 3. 

2x+3y —32 1 


7s —3y= 5 J 

13x+7y=79 J 

lly-9x- 3 J 

4. 

9a: -4y= 8 \ 5. 

x+ay =5 1 6. 

2a;-i(v—3)-4 \ 


13a: + 7y = 101 J 

ax-by’ec J 

3y+l{x-2)=9 j 

7. 

i{a;+y)=J(2a; + 4) \ 

8. ${a;-v)”i(v-l) 

} [O.U. 1872] 


${x-v)=£(®-24) J 

i(4a:-5y)=a:-7 

9. 

M3a: - 2y) - 3=}(2a; - y) 

1 10. 4{2a: + 3y) + |a:= 8 \ 


U5x - 4y) - 8 =$(4a:- Sy) J i(7y~3x)~ 

V = ll J 


118. Second Method: Method of Comparison: From eaoh 
equation find the value of the same unknown quantity in terms of the 
other and equate the values thus found. 


Example 1. Solve 6a;-5y=ll \ 
2*+8tf=27 J 


From the 1st equation, we have 

6v=6»-ll. 

„_6®-ll 

.. V—g 




( 1 ) 
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From the 2nd equation, we have 
3i/-27—2a;. 

27—2a; 

• ' v -3— 

Hence, from (1) and (2), we have 
6a;-11 27-2a; 

5 3 

8(6® -11) - 5(27 - 2a;), 
or, 18a;-33-135-10a:; 

28a;—168 ; ®-6. 

_6x6—11 


( 2 ) 


Hence, from (1), 
Thus, we have 


5. 

U 

®—6 and y-5. 


Example 2. Solve L p-^" y -3v-5 

Multiplying both Bides of the 1st equation by 20, we have 
4(7+*)-6(2®-y)-20(3y-6), 
or, 28~6a;+5v—60y-100 ; 

66y+6*—128. ••• ••• (1) 

Multiplying both sides of the 2nd equation by 6, we have 
8(5y-7)+(4®-8)-6(18-5«), 
or, 15y+4a;-24-108-30a:; 

15y+84®—182. 

128-6® 

-55 


[ 0. U. 1880 ] 


From (1), 
From (2), 


( 2 ) 

( 8 ) 


, 132 - 34® 
15 


(4) 


Henoe, from (3) and (4), we have 
128-6® 182-84® 

55 15 


or, 


64-8® . 66-17® ■ 

11 8 ' 


3(64-3®)-11(66-17®), 
or, 192-9®—726-187®; 

178®—534; .*. *-8. 

Henoe, from (8), 

Thus, we have ®—8 and v—2. 


[ Multiplying both eidea by #] 
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EXERCISE 64 


Solve the following equations : 


1 . 


4. 


6 . 


8 . 


9 . 


5x-dv- 9 1 2. 3v-4 ®- 1 1 8. 3®-7y - 7 \ 

5y+2®-16 J 3®+4y«18 J ll® + 5y-87 J 

y(3+®)-®{7 + y) 1 6. 32®-25y- 28 1 

4x+9 ”5y-14 / 14® + 15y-116 J 


M3®+y) -i(2®+y + l)\ 7. 
8-K*-y)”6 J 

2® - l(y+3) “ 7+i(3y - 2®) \ 
4y + *(®-2)-26}-i(2y + l)/ 
2®-*(2y-l)-3A + i(3®-2y) 
4y-H6-2®)«6-*(3-2y) 


B(5®-6y)+8® —4y-2 1 
i{5®+6y)-i(3®-2y)-2y-2 l 


} [C. U. 1873] 


10. | "I" 1 - i + l“ 3 - U.U.1923] 


119. Third Method : Method of Elimination: "Multiply the 
equations by suoh numbers as will make the coefficient of oue of the 
unknown quantities the same in the two resulting equations ; then by 
addition or subtraction we can form an equation containing only the 
other unknown quantity.” 

Example 1. Solve 3®-4y— 6 1 
6® + 2y-17 J 

Multiplying the 2nd equation by 2, we have 

10®+4y —34 1 

and the 1st equation is 8®-4y— 6 / 

Hence, by addition, 13®”39; ®”8. 

Substituting this value of ® in the 1st equation, we have 
4y—9-5—4; y-1. 

Thus, we have ®—8, y—1. 

Example 2. Solve 5®+ 9y—89 1 
2*-17y-16 J 

Multiplying the 1st equation by 2, and the 2nd by 6, we have 

10e+18y-178 1 
and 10*—85y— 76 / 

Hence, by subtraction, we have 

108y-108; .*. y-1. 

Substituting this value of y in the 2nd equation, we have 
2®—16+17—82; e-16. 

Thus, we have *-16, y-1. 
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Note. We might as well have multiplied the 1st equation by 17 and the Snd 
equation by 9 and added the two resulting equations ; this would have given ue the 
value of x. Bui we have preferred the other alternative because, the coefficients of a 
being mailer, the required multiplications have been more easily effected. 

Example 3. Solve 23a--24?/-21 1 
25a: —16y”=43 / 

Multiplying the 1st equation by 2, and the 2nd by 3, we have 
46a;-48y= s 42 1 

and 75z —48y=129 / 

Hence, by subtraction, we have 

29z = 87; .’. a;~3. 

Substituting this value of x in the 2nd equation, we have 
16y = 75 - 43 = 32 ; y = 2. 

Thus, we have a: = 3, y = 2. 

Note. It may be noticed that the coefficient of y in each of the resulting 
equations is the least common multiple of 24 and 1G and this is all that is required• 
The Process would have been unnecessarily tedious if the 1st equation were multiplied 
by 16 and the Snd by 24. 


Example 4. Solve * 7 2 - = * T 1 - y + A 12 

2 14 8 4 

® + 7 + V-5^ 1 _ 5(?/+_l) 

3 10 1 * 7 

From the 1st equation, we have 

7{x -2) ~(x + v) „ [x - y -1) - 2(y +12), 
14 ' 8 ' 

&r-y-14 ir-3y-25 
or, 7 " ^ ’ 

or, 24z - 4y - 56 = 7# - 21y -175, 

or, 17®+17y--119, 
or, x+y**- 7. 

From the 2nd equation, we have 

1 0(a;+7) +3(y-5) _ 7(l-a;)-5(v-H) , 


10a;+3y+6 5 _ 2 - 7m—5 y, 


or, 70*+21y+885 -60 - 210®-150y, 

or, 280a;+171?--825. 


[ C. U. 1882] 


( 1 ) 


(2) 
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Multiplying (1) by 171, we have 
171®+ 171y--1197 1 
also 280® + 171y*«- 325 J 

Hence, by subtraction, 

109®“872 ; .'. ®-8. 

Substituting this value of ® in (1), we have 
y “ -7-8” -15. 

Thus, we have ® = 8, y== -15. 


Example 5. Solve - + ^ ™ 1 
® V 



Multiplying the 1st equation by 4, and the 2nd by 3, we have 

45 

= a ann — t 

x v 

Hence, by subtraction, 

13 _13 . 
x 8 ’ 

Substituting this value of x in the 1st equation, we have 
1 _ 3 
4 


21 . 12 _ 

® y 8 


®= 8 . 


■j 

w 

v 


-1 - 


4 

Thus, we have ®“8, y“4. 

Alternative Method: 


y-4. 


Supposing - 
x 


vte get 
and 




*v, 


2u + 3t>■ 
7m + 4u* 


1 

=¥ 


(1) 

( 2 ) 


Multiplying the equation (1) by 4 and (2) by 3, we have 
8m + 12u “ 4 
and 21m + 12v-¥. 

Hence, by subtraction, 

13m "=¥; 

M*“J. 

^-M-|> ®“8. 

X 0 
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c v wm A I 
4 


V“4. 


ALGEBRA MALE BAST 

Substituting the value of u in equation ( 1 ), 
f + 8 ®-l; 
or, Sv-i-i; 
or, 3u-i ; 

. 1 
V 

Thus, we have *= 8 , y— 4 . 

Example 6. Solve - 1 , 2 - + -JL ~o 
x + y x-y ° 

J7_ 12 . 

x+y x-y 0 

Supposing u-—and v -—• 

X + V x-y 

we get, 12 «+ 8 u «8 ••• (i) 

27m-12i»«6 ••• (2) 

Multiplying the equation ( 1 ) by 3 and ( 2 ) by 2 , we have 
36u+24u “ 24 
and 54w-24u“12. 

Hence by addition, 

90u-36; 

12 . 
x+y 5 ’ 

® + V"# ... ( 3 ) 

Substituting the value of u in the equation (l), we have 
12 .|+ 8 v- 8 ; 
or, 8 v- 8 -V-V; 
or, v-f j 

• _A_2 . 

’ ' x-y 6 ' 

••• *-¥-# ( 4 ) 

Hence, by adding (3) and ( 4 ), we have 
2e—5; 


[A. U. 1927 J 
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Substituting the value oi a in the equation (8), we have 

t+v-f: 

or, v-0. 

«-t, tf-O, 


+ 6y-58 \ 
-llv- 9 J 
+ lly-70 \ 
- 7y-18 / 


EXERCISE 66 

Solve the following equations 

1. 7 x- 5y- 11 1 
8x+ 2y- 18 / 

4. 25*-14y- 8 \ 

12*+ 7v — 46 / 

7. 28*-15y— 41 \ 

21a+13y- 66 / 

10. 61a-16y- 8 \ 

68*+23y-137 / 

18. 66*-14y- 9 1 
91* - 15y — 81 / 

16. 6* + llv-146 1 
11*+ 5v-110 / 

18. *±# + 3*^-2 


2. 13*+ 

5* 

6. 12*+llv 
8 * 

8. 19*+24y-34 \ 
23*+36v-62 J 
11. 62*- 9v-84 1 
89*+14y«67 / 

16*+46y-17 \ 16 
-78 / 




14 


8. 8*- 9v 
7*-10v 

6. 13*-14v - 22 \ 
17*-21v = 18 / 

9. 47a- 66v-128 \ 
26*+ 84v-293 J 

12. 12*+ 85v=-49\ 
19*- S4y» 91/ 
14*+ 81y= 68\ 
17*+186v- 101/ 


18*+69y 

"• rus,::.) to- d. i88i] 


JL+JL 

14 18 


-1 


19. 


4*+5y 


8 


f + 2v-J 


10. U. 1876 ] 


4*-3v-7 to 2y 6 

6 10 ~ 16 ~ 6 

7--J+ ® * 4.11 

o T a Sa" « + JS 


3 2 20 16 

_i 96*+8 v 
60 


M 6*-8v , 7e-6v 

21. 12 + 16i 

(8j)*+2y-6 , ll*-(4fr)y+ 17 19 . 17*-10t/+g 
16 + 11 22 “— 
*2. _ 2 * -8y^33 y + * . 1 

8 12 2 8 4 

s l(f + i +1 ») -»i (*»-!-«) 

, 49*-’7 
4’2 


10 


•2v+‘6 

1’6 
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24. 4 + 1 -—2 

X V 

3 . 2 _ 19 
xv 20 

•c 2 . 3 n 
26. + =2 
a V 

XV 

”■ l + k - 1 

»• f + J -2 I 

5 + 2y > 


[C.U. 1879] 

[C. U. 1887] 



26. 


28. 


30. 


32. 


a + ». 

x y 
3 _ 1 
v x 
2 .5 
to 2p 



to + 9“ 6 

£ + ?~ 14 

[ C. U. 1870 ] 
7 . 4 _ 6 

4a+3y 4a-3y 4 

_8_14__3 

4a-3y 4a + 8y 3 


II. Problems leading to simple equations with more 
than one unknown quantity 

120. Easy Problems. 

Example 1. The present age of the father is double of that of the 
son. 16 years ago the father’s age was thrice that of the son. Find their 
present ages. 

Let x - the present age of the father, 

and y*the present age of the son. 

By the given condition of the problem, 

(1) 

and (a-16)“3(y-16) — (2) 

Substituting 2y for x in equation (2), 

2p-16«3(y-16), 
or, 2y-16*“3y-48, 
or, 2y-3y“16—48, 
or, — v™ —82. 

.*. i/*'32. 
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Therefore, the bod's age is 32 years and that of the father is 
(32 x 2—) 64 years. 

Example 2. A and B each had a number of mangoes. A said to 
B, "If you ^ive me 30 of your mangoes, my number will be twice yours.” 

B replied, If you give me 10, my number will be thrice yours." How 
many had each ? 

Let x — the number of mangoes A had, 

and V~ * » » * B * . 

Then, in accordance with what A said, we must have the equation 
a;+ 30 = 2(1/-30); (l) 

and in accordance with B'b reply, we must have the equation 
y + 10=3(a:-10). — (2) 

From (2), Bx~y = 40, or, 6a;-2y=80; (3) 

and from (1), x-2y=— 90. ••• ••• (4) 

Hence, by subtraction, 5a: = 170 ; x -34. 

Substituting this value of x in (4), we have 

2y = 34 + 90—124 ; y =62. 

Thus, A had 34 mangoes and B had 62. 

Example 3. A certain fraction becomes 2 when 7 is added to its 
numerator, and 1 whon 2 is subtracted from the denominator. What 
1b the fraction ? 

Let - represent the fraction. 

V 

Then, we have ^—-2 ; ••• (1) 

and ■— g-1. — ••• (2) 

From (1), a: + 7—2y ; x«2y-7 1 

From (2), x — y — 2 / 

Therefore, 2y-7—y-2, whence y—5. 

Hence, ir-6-2-3. 

Thus, the fraction is |. 

Example 4. 2 men and 7 boys can do in 4 days a piece of work 
whioh would be done in 3 days by 4 men and 4 boys. How long would 
it take one man or one boy to do it ? 

Let a:-the number of days in whioh one man would do the work, 
and y-the number of days in whioh one boy would do it. 
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Then, in one day a man does ~;th of the work and a boy does ^th 

of it. 

Hence, sinoe 2 men and 7 boys do Jth of the work in one day, 
we most have 


2 + 7.1. 
* y 4 


( 1 ) 


Again, since 4 men and 4 boys do ird of the work in one day, 
we mast have 


x y 


I. 

3 


( 2 ) 


Multiplying (1) by 2, and subtracting (2) from tbe resulting equap 
tion, we must have 


10 1 
V 2 

Hence, from (2), 


1 I 

"3 6 ' 

4 I A.Jl. 
x 8 "15 15’ 


y-eo. 

*-15. 


Thus, one man would do the work in 15 days and one boy far 
GO days. 

Example 5. Cost of 3 doors and 5 windows is Bs. 487 and that of 
6 doors and 3 windows is Bs. 561. Find the value of a door and a 
window. 

Let *—the cost of a door and y-the cost of a window. 

By the given conditions of the problem, 

3a+5y—487 ••• ••• (1) 

and 6*+8y—561 — — (2) 

Multiplying (1) by 3 and (2) by 5, we have 

9*+15y—1461 — — (8) 

25*+15y—2806 — — (4) 

Subtracting (3) from (4), 

16*—1344; 

*-84. 

Substituting the value of * in (1), we have 
y—47. 

Thus, the value of a door is Bs. 84 and that of a window Bs. 47. 


Example 6. Two plugs are opened in the bottom of a cistern 
containing 192 litres of water; after 3 hours one of them becomes 
stoppiS. and the oistern is emptied by the other in U hours i had 
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6 hoars elapsed before the stoppage, it would have only required 6 hours 
more to empty it. How many litres will eaob plug-hole disoharge in 
one hour, supposing the discharge to be uniform ? 

Let x, y be the numbers of litres of water whioh the plugs oan 
respectively disoharge in an hour. 

In the first oaBe, the first plug remains opened for 3 hours, and 
the second for 3 + 11 or 14 hours. 

Hence, 8*+14y-192. ••• — (l) 

In the second case, the first plug remains opened for 6 hours, and 
the second for 6 + 6 or 12 hours. 

Henoe, 6s + 12y —192. ••• — (2) 

Multiplying (1) by 2 and subtracting (2) from the resulting equation, 
we have 

16y-2x 192-192 

-192; /. y-12, 

Henoe, from (2), 6s-192-144 - 48 ; s-8. 

Thus, the plug-holes respectively disoharge 8 and 12 litres in 
an hour. 

Example 7. The dimension of a reotangular court is suoh that 
if the length were increased by 3 metres, and the breadth diminished by 
the same, its area would be diminished by 18 square metres ; and if its 
length were increased by 3 metres, and its breadth increased by the same, 
its area would be increased by 60 square metres, find the dimensions. 

Let x metres-length of the court, 
and y metres-its breadth. 

Then, from the first condition of the problem, we have 

(*+3Xv-3)-*y-18; (1) 

and from the second condition, 

f«+3Xv+3)-®y+60. — (2) 

Prom (1), 8y-3*— -9, or, y-e— -3. —(3) 

Prom (2), 3y+ 3*«51, or, y+as-17. — (4) 

Prom (3) and (4), by addition, 

2y-14; .'. y-7; 

and by subtraction, 2e-20; .'. a:-10. 

Thus, the length of the oourt is 10 metres, and the breadth it 
7 metres. 

Example 8. There is a certain number consisting of two digits, to 
the sum of whose digits if you add 7, the result will be three times the 
left-hand digit; and if from the number itself you subtract 18, the digits 
will be inverted. Pind the number. 
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Let x and y be the left and right-hand digits respectively ; then 
the required number is represented by lOsc+y, and the number with 
inverted digits “10y+*. 

Hence, by the conditions of the problem, 


x + y + 7 - 3a;, 

- (1) 

and (l(te + y)-18-10y + a;. 

... (2) 

From (1), 2x-y*7 ; 

- (3) 

and from (2), 9a; - 9y = 18, or, x — y= 2. 

... (4 ) 

Subtracting (4) from (3), we have 



*-7-2«fi. 


Hence, from (4), y = 5-2 = 3. 

Thus, the required number is 53. 

Example 9. A and B play at bowls, and A bets B three shillings 
to two upon every game ; after a certain number of games it appears 
that A has won three shillings ; but if A had bet five shillings to two 
and lost one game more out of the same number, he would have lost 
thirty shillings. How many games did each win ? 

Let a;“number of games that A won, 

and y- • * » » B » . 

Then, the total number of games played is evidently *+f. 

Now, since A receives from B, 2s. for every game that he wins and 
gives B, 3s. for every gamo that he loses (i.e., for every game that B 
wins), his total gain must be equal to (2x-3y) shillings. 

Hence, 2x-3y-3. ••• •” (1) 

According to the other condition, A would have gained %x-l) 
shillings and lost 5(y + l) shillings; and therefore, his total loss would 
have been [5 (y + l)-2(x — 1)] shillings. 

Hence, 5(y +1) - 2(x -1) - 30, 

or, 5y-2x=*23. ••• ••• (2) 

From (1) and (2), by addition, 2y*26 ; y“13. 

Hence, from (1), x = *21. 

Thus, A won 21 games and B won 13 games. 

EXERCISE 66 

What fraction is that whose numerator being doubled and 
denominator increased by 7, the value becomes }; but the denominator 
being doubled, and the numerator increased by 2, the value becomes 1 1 
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2. Find two numbers suoh that ii the first be added to 6 times the 
seoond, the sum is 52 ; and i! the second be added to 8 times the first, 
the sum is 65. 

3. Find two numbers such that five times the greater ezoeeds four 
times the less by 22, and three times the greater together with Beven 
times the less is 32. 

4. What numbers are those whose difference is 45, and the 
quotient oi the greater by the less is 4 ? 

5. The age of the father exceeds twice that of his son by 10 years. 

Twenty years ago, the age of the father was five times that of his son. 
Find their present ages. m 

6. Ten years ago the age of the father was Beven times that of his 
son. Two years hence twice the age of the father will be equal to five 
times that of his son. Find their present ages. 

7. There are two numbers suoh that one-fourth of the greater 
added to one-third of the less is 11; and if one-fifth of the less be taken 
from one-eighth of the greater, the remainder is nothing; find the 
lumbers. 

8. A certain fraction becomes fc when 1 is subtracted from its 
denominator, and 1 when 7 is added to its numerator. What is the 
fraction 1 

9. What fraction is that which, if 1 be added to the numerator, 
beoomes 1, and if 1 be added to the denominator, becomes i ? [0. U. 1862] 

10. A certain fraction becomes i when its numerator iB increased 
by unity, and i when its denominator is increased by unity. What is 
the fraction ? 

11. The denominator of a fraction exceeds the numerator by 4 and 
if 5 be taken from each, the sum of the reciprocal of the new fraction and 
4 times the original fraction is 5. Find the original fraction. 

[ Solving the problem, we will find the fraction to be r V Students should not* 
that the fraction should not be reduoed to its lowest terms as Is generally dona. If 
reduced to lowest terms, it will not satisfy the given conditions. ] 

12. A and B have 39 rupees between them, but if A were to lose 
two-thirds of his money, and B three-fourths of his, they would then 
have only 11 rupees. How much has each ? 

13. Two numbers are such that if 7 be added to the less, the sum is 
twice the greater, and if 4 be added to the greater, the sum is 3 times 
the less. Find the numbers. 

14. Two persons, 27 kilometres apart, setting out at the same time, 
meet together in 9 hours, if they walk in the same direction, but in 
8 hours if they walk in opposite directions ; find their rates of walking. 

15. A banker was asked to pay Bs. 60 in 50 paise and 25 paise 
so that the number of the latter should be exaotly twice that of 
the former. How must he do it ? 


1-14 
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16. A man and a boy can do in 15 days a piece of work whioh 
would be done in 2 days by 7 men and 9 boys. How long would it take 
one man to do it ? 

17. A rectangle is of the same area as another which is 6 metres 
longer and 4 metres narrower ; it is also of the same area as a third, 
Which is 8 metres longer and 5 metres narrower. What is its area ? 

18. If 15 kgs. of tea and 17 kgs. of coffee together cost Rs. 189 
and 25 kgs. of tea and 13 kgs. of coffee together cost Rs. 213, find the 
price of eaoh per kilogram. 

19. A takes 3 hours longer than B to walk 30 kilometres ; but if he 
doubles his pace he takes 2 hours less time than B ; find their rates of 
walking. 

20. Bays Charles to William, "If you give me 10 of your marbles, I 
shall then have just twice as many as you" ; but says William to Charles, 
“If you give me 10 of yours, I shall then have three times as many as 
you." How many had each ? 

21. If a certain number be divided by the sum of its two digits the 
quotient is 6 and the remainder is 3. If the digits be inverted and the 
resulting number be divided by the sum of the digits, the quotient is 4 
ttwd the remainder 9. Find the number. 

22. Find that number of 2 figures to which, if the number formed 
by ohanging the plaoes of the digits, be added, the sum is 121 ; and if 
the smaller number be subtracted from the larger, the remainder is 9. 

28. A bill of 25 guineas was paid with crowns and half-guineas ; 
and twice the number of half-guineas exceeded 3 times that of the 
orowns by 17. How many were there of eaoh ? 

24. A person sells to one person 9 horses and 7 cows for Rs. 8000; 
and to another, at the same prices, 6 horses and 13 cows for the Bame 
sum. What was the price of eaoh ? 

25. A and B received £5. 17s. for their wages, A having been 
employed for 15 and B for 14 days ; and A received, for working 4 days, 
11s. more than B did for three days. What were their daily wages ? 

26. A mid B can do a piece of work in 16 days ; they work together 
for 4 days, when A leaves, and B finishes it in 36 days more. In what 
tflma would eaoh do the work separately ? 

27. If the numerator of a fraction is increased by 2 and the 
denominator by 1, it becomes equal to { ; and if the numerator and 
denominator are each diminished by 1, it becomes equal to i. Find the 
fraction. 

28. A traveller walks a certain distanoe ; had he gone half a kilo* 
metre an hour faster, he would have walked it in four-fifths of the 
time ; had he gone half a kilometre an hour slower, he would have been 

hours longer on the road. Find the distance. 
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29. A certain number between 10 and 100 is eight times the ram of 
its digits, and if 45 be subtracted from it, the digitB will be reversed j 
find the number. 

80. A and B lay a wager of 10s. If A loses, he will have twenty- 
five shilling less than twice as muoh as B will then have; but if 
B loses, he will have five-seventeenths of what A will then have; find 
how much money each of them has. 

81. A farmer wishing to purchase a number of sheep found that 
iffthey cost him Bs. 42 a head, he would not have money enough by 
Bs. 28 ; but if they cost him Bs. 40 a head, he would then have Bs. 40 
more than he required ; find the number of sheep, and the money 
which he had. 

82. There is a number consisting of two digits; the number is 
equal to three times the sum of its digits, and if it be multiplied by 8, 
the result will be equal to the square of the Bum of its digits, Find 
the number. 



CHAPTEB XIX 

GRAPHS OF SIMPLE EQUATIONS 


121. Is Chapter VII, we have discussed representations of 
numbers by geometric points. Ws now propose to show how Bimple 
equations are renresented graphically. The following examples will 
make*the subject clear. 

Example 1. If a point moves in such a manner that its abscissa 
is always equal to 5 units of length, find the path along which the point 
will move. 



Let five times the side of a small square represent the unit of 
length. 

On OX take the point M such that OJH—6 units of length ; through 
M draw the straight line PMP' parallel to YOY 1 . 

“ Now, if any point be taken on the straight line PMP', its ce will 
evidently be equal to 5 units of length ; but this will not be so if the 
point be taken on either side of the line PMP'. 

Hence, the moving point will always be on the line PMP'. 
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We see, therefore, that if a point moves in snoh a manner that its 
te is always equal to 6 units of length, the path along whioh the point 
will move is the straight line PMP'. This fact is briefly expressed by 
saying that the straight line PMP' is the graph of the equation x-5. 

Motel, From the above it is clear that the graph of the equation ®-6 il 
« etraight line parallel to XOX. 

Note 2. Generally speaking, the graph of the equation a-a is a etraight li no 
parallel to the axis of y, and passing through a point on the axis of a which is at 
a distance of a units of length from the origin ; and the graph of the equation (-J ii 
a straight line parallel to tile axis of x, and pasting through a point on the axis of 
which is at a distance ofb units of length from the origin. 

Note 8. Evidently, therefore, the graph of the equation is the ax i§- of y 
iteelf, and the graph of the equation y—0 is the axis of x itself. 

Example 2. If a point moves in such a manner that its x and V 
are always connected by the relation y-3a;, find the path along whioh 
the point will move, draw the graph of the equation p-3flr. 




S14 AXiOBBBA MADE BAST [ CHAP. 

Giving different values oi x in the given equation, we get different 
values oi V. They may be tabulated as follows : 


X 

0 

8 

* 

6 

V 

0 

9 

IS 

16 

1 


Take three times the length of a side of a small square as the unit 
of length and plot the points tabulated above. 

Join the points (0, 0), (8, 9), (4,12) and (6,16) and produoe the 
straight line both ways. Then this straight line will be the required 
path. 

Take any point P on this straight line. The oo-ordinates of P 
are found to be 6 and 18, which evidently satisfy the given relation. 
Blulilarly, the co-ordinates of any other point on this straight line may 
be shown to satisfy the given relation. But the co-ordinates of a point 
which is outBide the line OP will not satisfy the given relation, as 
can be easily verified. 

Hence, the moving point will always be on the line OP and never 
stray out of it. 

Thus, it is found that if a point moves in such a way that its 0 
and y are invariably connected by the relation y^Zx, the path along 
which the point will move is the straight line OP. In other words, 
the line OP is the graph of the equation y—Zx. 

Note 1. Generally speaking, the graph of the equation t ***»», where m > s any 
gi van number, is a straight line patring through the origin. 

Note 2. It should be observed that the greater the number of points plotted 
and closer their positions to each other, the more accurately the graph will to drawn. 
No graph should be drawn without plotting at least throe points. 

Example 8. If a point moves in such a way that its x and y are 
invariably connected by the relation y- -4s+6, find the path along 
whloh the point will move, draw the graph of the equation 
y—-40+5. 

The corresponding values of sand y in the equation y“» — 40+6 
may be tabulated as follows : 
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The points indicated by the tabulated values of x and v are some o{ 
the different positions of the moving point. 

Let four times the side of a small square represent the_ unit of 
length. Plot the points and join them. Produce the straight line both 
Ways. Then this straight line will be the required path. 



Take a point P on this straight line. The co-ordinates of P, whloh 
•re found to be — 1 and 9. satisfy the given relation. Take another 
point Q on the straight line; its co-ordinates whioh are found to be f 
and —5, also satisfy the given relation. Similarly, the oo-ordinates of 
any other point on this straight line may be shown to satisfy the given 
relation. But if a point be taken outside the line PQ, its co-ordinatei 
will not satisfy the given relation, as can be easily Been. Henoe, the 
moving point will always be on the line PQ and never stray out of it. 

Thus, it Is found that if a point moves in suoh a manner that its 
eo-ordinates always satisfy the equation y" - 4x+5, the path along 
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which the point will move is the straight line PQ. In other words, the 
straight line PQ is the graph of the equation^* -4 jc+5. 

Note 1. Generally speaking, the graph of the equation y*=mx+c, where m (Mid 
0 are any given numbers, is a straight line passing through the point (0,e), 

Note 2. As every equation of the first degree in x and y can be reduced to the 
form V“mx+c, it is clear that graphs of all simple equations are straight lines. 
Suppose, ax+by+ c—0 is a simple equation with two unknown quantities. By trans¬ 
position, by «■ -ax-c. Dividing both sides by 6, we get 

Note 8. The graph of the equation y^mx+c is also said to be the graph of 
the oppression mx+c. 

Note A The graph of any given equation may be defined to be the path 
described by a point which moves in such a manner that in every position of the point 
its co-ordinates satisfy the given equation. 

Example 4. Draw the graph of the equation 7x + 3y**ll. 
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The corresponding values of x and y in the equation 7a: + 3y-ll, 
may he tabulated as follows : 


X 

0 

1 

9 

V 

81 

1* 

-I 


Evidently, therefore, (0, 3f), (1, It) and (2, -1) are points on the 
graph. 

Let 6 times the side of a small square represent the unit of length. 
Join the points (0, 3|), (1, It) and (2, -l) and produce the straight line both 
ways. Then this straight line will be the required graph. [ See the 
diagram of page 216. ] 

Take any point P on the line ; its co-ordinates, which are found 
to be 3 and -3t, satisfy the given relation. Take any other point Q on 
the line ; its co-ordinates, which are found to be -1 and 6, also satisfy 
the given relation. Similarly, it may be shown that the co-ordinates 
of any point that may be taken on the line PQ will satisfy the given 
relation; but the co-ordinates of any point which is outside PQ will 
not. Hence, the line PQ is the required graph. 

Note 1. The equation 7®+3s = ll may be written as y m ~ after trai ispoat- 

ion and division of both sides by the coefficient of y. The graph of the aquation 

ll~»7x 

f*+3y“tl is also said to be tha graph of tho expression —g—• 

Note 2. The straight line PQ being the graph of the equation 7ic+3|/-ll, 
hie equation is said to be the equation of the straight line PQ. 

Note 3. The equation of a given straight line means the equation which 
> satisfied by the co-ordinates of every point on that straight line. 

Gx + 7 

Example 5. Draw the graph of - g—• 

Prom Note 1 of Example 4, the given quantity is equal to another 
variable y. Pind some corresponding values of x and y in the equation 

y — and plot them. The straight line formed by joining them will 

be the graph of the given quantity. 


05 

-7 

8 

8 

18 

V 

-7 

S 

11 

17 





918 


ALGEBRA MADE BAST 


l OHAPi 


Left 3 times the side of a small square represent the unit of length. 
Join the points (-7, -7), (3,5), (8,11) and (13,17), and produce the 
straight line both ways. This straight line is the graph of the given 
quantity. 
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Example 6. Find the equation of the straight line which passes 
through the points (1, l) and (3, - J). 

Let V’ m mx+o be the required equation. 

This equation being satisfied by (1,1) and also by (3, - 4). we must 

have 

1— m+o 1 Hence, 2w»- and m- —f i 
and — i*“8wi+c J whence c**l+£— 

Thus, the reqnired equation is V” -£x+i; or, 3e+iv7, 
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®**“Pl* 7» Draw the graph of the equation f + 4 “l and find the 
length of its portion intercepted between the two axes. 



“ 1 , 


or, 4aj+3v**12. [ Multiplying both sides by 12 ] 

From the equation te+Sy“12, we get 

, -— ■ . A_ - - _ 


X 

8 

0 

6 

-8 

V 

0 

4 

-4 

8 


Taking 6 times the side of a small square as unit of length the graph 
PQ is drawn 
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PQ eats the axes at A and B. 

(1) By measurement with a soale AB is found to be equal to 6 «ntta 
of length. 












aso 


ALGEBRA MADE BAST 


[ OHAXV 


(ii) A OB is a right-angled triangle, of whioh AO~ 4. 023 ” 3 anft 
Z.AOB is a right angle. 

/. AB - JA0* + 0B*~ «/l a + 3 a -5. 


- 1,0 

Example 8. Draw the graph of ^-g—* Find the value of the 

fonotion from the graph when *“8. [ D. B. 1981] 

Find the value of x when the value of the given funotion is 0, 

The graph ofis that of the equation From the equar- 


tlon v 



we get 




Taking 6 times the side of a small square as unit of length the 
freight line AB is drawn. [ See the figure above. ] 

From the figure V“3, when a: “3. 

The straight line AB outs the XOX axis at P. The ordinate of F 
is 0. Therefore, we are to find ont that abscissa of P for whioh the 
vetae of the fonotion “0. Counting from 0, 0P m - 8. a™ -8. 
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EXERCISE 67 

1. Draw the graphs of the following equations : 

(1) *«8. (2) *-13. (3) *+11—0. 

(4)p--7. (5) v —9-0. (6) v+10-0. 

2. Draw the graphs of tho following equations : 

(1) V-*. (2) y~-x. (3) i/-2*. 

(4) p + 2*—0. (5) p — — 3*. (6) 3p—6*. 

(7) 7y + 8*—0. (8) 6y+13* —0. 

8. Draw the graphs of the following equations : 

(l) p-3®+4. (2) p-7*-8. (3) v- -5*+9. 

(4) i/— -8*-11. (5) 3y = 7*+4. (6) -6y-7*-10. 

4. Draw the graphs of the following equations : 

(1) 2*+7y—10. (2) 4*-6p —7—0. 

(3) 5®+6y+8—0. (4) -8*+7p+8-0. 

(6) 10p-9*-13. (6) 8*-llv+13-0. 

5. Draw the graphs of the following equations : 


(1) f+i-1. 



(4) 

(5, 


Draw the graphs of the following expressions : 

(1) «-3. 

(2) 3* + 4. 

(8) -7*+8. 

(4) t*. 

tc\ 5*-9 

(5) 4 1 

(6) 


7. Find the equation of the straight line which passes through 
each of the following pairs of points : 

(1) (0. 0), (5, 6). (2) (0. 5), (7, 0). (3) (6. -8). (-7, 5). 

(4) (-4. 8), (-9. -13). (6) (-11, 0), (7, -10). 

8. Draw the graph of the equation 3*- 2y- 4=0, Find, fr j* the 

graph, the value of v when *-2. [ D. B. 1936 ] 

9. Draw the graph of the equation 3*+4y-12 -0 and find the 
length of the graph intercepted by the axes. 



OHAPTEE XX 

EASY QUADRATIC EQUATIONS AND PROBLEMS 

122. Definition. Any equation which oontainB the sqnare of the 
unknown quantity, but no higher power, is called a quadratic equation 
or an equation of the second degree. 

If an equation contains only the second power of the unknown 
quantity (and not the first), it is called a pure quadratic ; if it oontains 
the second as well as the first power, it is oalled an adfected quadratic. 

Thus, 3®' - 75 is a pure quadratic; 

and 8«*—7a: *6 is an adfeoted quadratic. 

128. Solution of a Pure Quadratic. In solving a Pure Quadratic 
we have to find the square of the unknown quantity just in the Bame way 
as simple equations are solved and then to extract the square root of 
the value so found. 

Example 1. Solve 6(**+l)—2“*8(as , + 7}. 

We have 6a:*+3 “■8**+21; 
hence, Ste*“18; [ by transposition ] 

e*-9; 

now, since the unknown quantity is one of whioh the square is 9, 
It must be either + 3 or - 3. (Thus there are two values of ® satisfying 
the given equation, as the student can easily verify.) 

Rote. The student should oarefulVytebserva that the last step of ihe^aboos 
solution amounts to answering the following question v 'What) quantity”** that of 
whioh the square is 9 f 

Example 2. Solve 4(® - 2X« - 8)-gV(® - 2lX« -14) "9. 

Multiplying both sides by 21, we have 

7(« - 2X® - 8) - (« - 2lX® -14)-■ 42. 

The left side-(7®*-36®+42)-(**-85®+294) 

-7®*-86®+42-®*+36®-294 
-6®*-252. 

gt 

Hence, the equation reduces to 
fie*-252-42, 

or, 8®*-262+42, [ by transposition) 
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Dividing both sides by 6, we have 
<r*“49. 

Now, she unknown quantity is such that its square is 49 ; 

.'. it must be either + 7 or -7. 

Hence, a '•“either +7 or —7. 

Example 3. Find the side of a square whose area is equal to that 
o! a rectangle of length 9 metres and breadth 4 metres. 

Let the side of the square “* metres. 

the area of the square”* *x sq. metres 
“®* sq. metres. 

Again, the area of the rectangle ”4 * 9 sq. metres 

“36 sq. metres. 

Hence, by the condition of the problem, 
x a sq. metres ”36 sq. metres, 
or, <c*“36; .'. *“6, or, —6. 

Since, the actual length of the side of a square is a positive 
quantity, the solution *“ -6 is inadmissible. 

. the required side“6 metres. 

N. B. In problems leading to quadratic equations, the solutions which are 
found inadmissible by the condition of the problem should be rejected, 

EXERCISE 68 

Find the values of * in each of the following equations : 

1. 3**“27. 2. aV«a\ 8. to’-28, 

4. 8* + ^“^*. 5. 2(**-5)+*(8-e)“3(a!+6). 

6. (*-7X*-10)+(sr-3X*-2)—(*-17X*-6). 

7. 2*i+10_7_50^*!, g. (*+a)*-2a(a+*)-3a*. 

9. ® , +2te-fe*-a*-&(&-2a5). 10. 2«{3a:+5)-5a(®+2)“36. 

n Bs^ + lS . 2**+9 2s*+87 , - 
“• 7 8 21 * 

12. Find the number lour times which is equal to sixteen times its 
reciprocal. 

18. Find the side of a square three times the area of which 'is 
equal to four times the area of a rectangle whose length and breadth 
are respectively 9 metres and S metres. 
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14. A has got a square plot of land whi*b he exchanges with 
a reotangular garden oi arefr 91 sq. metres, belonging to B and gains by 
the transaction an area of 10 sq. metres. Find a side of the square plot. 

15. Divide a straight line of length 10 cm. into two portions such 
that five times the square on one exceeds the square on the other by 
twenty times the former portion. 

124. Solution of a Quadratic by the method of resolution 
into factors. Seducing a Quadratic to the form o®*+h*+c—0, if we 
know the factors of which the left-hand side is the product, then 
by equating to zero either of these factors, we get a solution of the 
quadratic. 

Example 1. Solve*®—6*+6"0. 

Evidently the left-hand side“(*~2X* — 8). 

Hence, we have (*-2X*~3)"0. 

.'. either *-2-*0 1 e-8“0 1 

and .'. ®-=2 / ’ and .'. ®*“8 / 

Thus, 2 and S are the roots of the equation, as the student can 
easily verify. 

Example 2. Solve 2*® -10* ” 3*—15. 

We have 2®(*-6)“8(*-5). 

If *-6 ^0(5^ stands for ‘is not equal to'), we may remove the 
factor from each Bide of the equation. 

Thus 2*“8; .". ®“f. 

But if *-5“0, each Bide of the equation reduces to zero and the 
equation is satisfied. 

Hence from ®-5“0 we get another root vie., *—6. 

Thus the roots are 8, 5. 

If in course of simplification any factor whioh contains the 
unknown is found to be oommon to both sides of the equation, it must 
not be rejected, since every such linear faotor equated to zero will give 
one root of the equation. 

Example8. Solve 10(2*+8X* - 3)+(7*+3)* - 20(*+8X* -1). 

We have. 10(2*®-S*-9)+(49*»+42*+9)-20(**+2*-8). 

49*®-28*-21“ 0 ; 

7*®-4*-8“0, or, (7*®-7*)+(3®-8) l "0, 
or, (7*+8X«-l)-0. 

Hence, either 7*+3-0 \ ®-l“0 1 

and .*. **■-# J ° r ’ and *«*1 I 

Thus, -f and 1 are -the roots of the equation. 
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Bumple 4. Find the number which exceeds sixty-five times its 
reciprocal by 64. 

Let x be the required number. 

'Then, by the condition of the problem, 



Multiplying both sides by x, we have 
*" — 65 - 64*. 
or, a; 1 -64*-65 “(l, 
or, (*-65X* + l)“0; 

.'. either *-65-0 1 

**65 / or ' 


[ by transposition ] 
[ by factorisation ] 
e+1-0 1 

®- -1 J 


Hence, the required number is either 65, or, — 1. 


EXERCISE 69 


Solve the following equations : 
1. 3*®-12*+ 1*6*-23, 

*■ 

6. e*-4*-4*0. 

7. S{* - 2)* * 18+(8*+1). 

*■ i^ 6 - 7 *" 5 - 


2. 4»* —4**80. 

4. e*+9*-62*0. 

6 . 6 ®*+ 6 *— 4 — 0 . 

o — «*-8 , 

8 ‘ ® ®* + 6 2l 

10. «*-(o+5)*+o5*0. 


11. Find two numbers whose produot is equal to 399 and sum is 
equal to 40. 

12. The sum of a number and its square is eight times the next 
higher number ; find the number. 

13. Find the number whose square exceeds ten times itself by 96. 

14. Find the number which exoeeds 12 by as muoh as thirty-nine 
times its reciprocal falls short of 4. 

15. The difference between the ages of a man and his son is 
85 years now. If the product of the numbers denoting their ages, 
ten years back, be 150, find the present age of the father. 

16. The length of a rectangular garden of area 100 sq. metres 
exceeds its breadth by 15 metres. Find the oost of fenoing it by wire- 
net the price of whioh is Be. 1 60 P. per metre. 


1—15 
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MISCELLANEOUS EXERCISES IV 

I 


1. Define Highest Common Factor and Lowest Common Multiple 
of two or more algebraical expressions. Find the H.C.F. and L.O.M. 
of S6x M a 4 'e a , 24 xv*a‘b* and 240y“a e 6*c. 


2. Factorise the following expressions and find their H.O.F.; 
x* - 6x + 9 and 4x* - llx - 3. 


8 . 

4. 

5. 

6 . 


Find the L.C.M. of 

ab—ac — b a + bc and b a — 12oc —4a*—9o*. 


Solve the equation 
%.x-l) . 15 
5 2 


'll - 2 


' X 

_ U 

l 1 sj 

' 10 5 1 

6 

sj 


If 2s=*a+6+o, show that 

3ii>c+(6* + c ^ -a^) sis- a) 

2fec-(6* + c*-a*) (s-bXs-c)' 


Reduce the following to its simplest form : 

x* x* _1 , 1 

x*-l «“ + l ®*-l ®* + l' 


7. Solve ax+l’-by + l—ay+bx. 

8. One pipe can fill a oistern in a hours ; another can do it in 
b hours ; in what time could the two running together fill it ? And if 
a third pipe could empty the cistern in a hours, how long would it fcalr# 
to do this if the first two were running at the Bame time ? 


II 


1. Find the H.C.F. of 7®*—26®+15 and 5x(x — 1) + 3(3®—11)—24. 

2. Find the L.C.M. of ®* + bx a + ax+ab and x a —[a — b)x—ab. 

8. Reduce the following to their simplest forms : 
m (3®*y » -3 x a y*) a 
w (2® , v-2®y*) > ' 

4. Find the value of 


Uil 3(x*-®-30X®*-9g+14) 
y 1 (x a -13®+42X®« + 3* -10)' 


*±*+^. whenx . 

®-V x+v 


: a a + b a and tf—a* — i*. 


8 . 


Simplify 


(2®—9)*-(®-6)* , 2(®-8)* , 

8(®*—10e+25) 8(®*-8«+16) 
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6. What value of * will make the product of Ste+l and a+1 less 
than the produot of 2e+3 and «+3 by 20 1 

7. Find the value of x, when 

§(2*-ll)- |(*-5)-1 -(10-*). 


8 . Solve o*+6y—o* and 0. 

o a 


m 

1. Find the H.O.F. of a*®*+a*-2a6® , +ft*®*+a*6*-2a 4 6 and 
2<* V - 5a 4 ®*+ Sa" - 26V+5a*6*®* - 3a 4 6». 

2. Find the L.O.M. of e I +® 4 +®*+e*+®+l and ®*-* 4 +® 4 
-® , +®-l. 


B. Find the H.O.F. of ®* - 9, (*+3)* and *•+® - 6. [ 0. U. 19101 


4. State and prove the rule for finding the Lowest Common 
Multiple of two algebraioal expressions. [ B. U. 1902 ] 

Find the L.O.M. of e*+(a+&)*+af>, x*-b* and x*+{a-b)x-ab. 


5. 


Simplify 


1/ x+3 
1 l ®*+®-6 


«-8 \ _ i _. 

®*-8®-10/ ®*+4 


6. Solve ar+]/^x+bv m ’Ux+v)+l> 


7. An income of Bs. 196 is derived from two sums invested, one at 
4 per oent., the other at 7 per cent, per annum ; if the interest on the 
former had been 5 per cent., and on the latter 6 per oent., the inoome 
derived would have been Bs. 212. Find the sums invested. 


8. Find the value of ®, when S(«* -4)«*15. 


IV 

1. Define H.O.F. and L.G.M. of two or more algebraioal 
expressions. 

2. Find the H.O.F. of ®*-y*, ®*-2®y+y* and ®* - v* I and 
■how that when their L.O.M. is divided by x*+xy+y t , the quotient is 

». M the d.WI ,1 ^ bm 
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5. Show that (®+y) # - (y+e) B —3(® - s)i(®+yXv + *)+K® - s) 1 !. 

6. A number of three digits haB 6 in the units’ place and thi 
middle figure is half the sum of the other two ; if 106 be added to th< 
number, the hundreds’ figure will take the units’ place, and the units’ 
the tens'. Find the number. 

7. If 8 be added to the numerator and denominator of a certain 
fraction, the fraction becomes t; if 5 be subtracted from the numeratoi 
and denominator, it becomes $. Find the fraction. 

8. Solve 5(® a -8®+ll)+3(®*+2®+4)«"'8(8«*-S*+l). 


V 


1. Find the H.C.F. of »*-(«•+ 6*)®*+<*•&• and ® 4 -(a+&)•»* 
+2 ab{a + b)x- a*b*. 

2. Find the L.G.M. of 35® a -ll®-6 and 40* a -29*+3. 

8. - Reduce to simplest form : 

-- 2 + 1 ). 

\®+y * a -y a x-yl \x vl \x-y x vl 


4. Bimplify 


a* + bo+ca+ab \ 


fl 8 +8c 8 


6. Show that 


o* + 2bc+2oo+o6 a* + a a c a + 6oc“ + 4c* 
®+2 ®-2 2® a -4 4®*+8 


1+*+®* 1-x+e* 1-®*+®* «•+»*+! 


6. A and B travel together 120 kilometres by rail. A takes a return 
ticket for which he has to pay one fare and a half. Coming baok 
they find that A has travelled cheaper than B by 60 paise for every 
100 kilometres. Show that the fare per kilometre is 2 paise. 


7. The expression ax+b is equal to 13 when ® is 5, and to 29 when 
s Is 13. Show that the value of the expression is 4 when ® is *6. 


8. The defect of 4 from twioe the square of a number is 28. Find 
the number. 


YI 


1. Find the H.C.F. of 

2®*+®-10, ® a -5®+6 and ® a -3®+2. 

2. Find the L.C.M, of or* - (a* + ab)x+a*b, bx % - (6*+6c)® + 6*o 
and o**-(c a + oo)«+c*a. 
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8. There are two quantities a and b of whioh the L.C.M. la os, 

b b* 

and the G.C.M. is v ; if x+y m: ma+ show that ®* + i/ s -=»n 4 * 6 7 8 a* + —*• 

in m 

4 Simnlifv L + 

^ ^ ®* + ®y + y 8 y 8 + y« + s 8 s 8 + *®+® 8 

6. If ®“~xr and V" - 71 ' show that 
o + o 0+0 


<“> ir +v - 


-«• a'-P 

■ . 1 a 


».» »*+!<* g , + f>* . 
w ®*-y 8 a 8 -6* ' 

#. Solve J(7® -5)+*(34®+10)- ^- 2 X5« , ~3 )_ (lz*X|±15®). 


7. A market-woman bought apples at three for a rupee and as 
many more at four for a rupee ; and thinking to make her money again, 
she sold them at seven for two rupees. She lost, however, three rupees 
by the business. How much did she sell them for ? 

8. Solve (2®+8X*-5) + (®+5X3® + l)«34+(* + 4X®+5). 


vn 

1. Find the H.C.F. of o(o+l)®*+®-o(a-l) and < 1 ( 0 + 2 )®* 
+3®-o* + l. 


2. Find the L.C.M. of ab-ae+bc-b *, be-ab+ac-o % and 
oc-he+ab-a 8 . 


8. The H.C.F. and L.C.M. of two numbers ® and V are respso* 
lively 3 and 105 ; if ® + y = 36, prove that 



4. Simplify ^ ^ _ 2 ) + (* - 2 }® - 3) + (® - 3X® -1)' 

6. Find the value of when ®*=^-f and 

x-y o — o 0+0 

6. Show that if a number formed by two digits is four times the 
sum of its digits, the number formed by interchanging the digits Is 
seven times their sum. 


7. Solve 3®+20 -4y-10 

4(®-l)-3(y-3)«0 


[ C. U. 1895 3 


8. Find the number, the square of which exoeeds 7 by as much as 
the square of half the number falls short of 13. 



CHAPTER XXI 

HARDER FORMULAE 


We Bhall now consider some important formulas of a somewhat 
harder type than those treated of in Chapter IV. 

126. Formula (x+a)(x+b)(x+c) 

-x*+(a+b+c)x*+(bc+ca+ab)x+abc. 

Note. The student can easily verify this. It is also evident that the following 
results are included in it: 

(«-a)(a-6)(*-e)-«*-(a+6+c)!B’+(6c+ca+aJ>)*-al>fl; 

(»+«>(»-*■ —c)—cc'-t-fa-t-b—c)x*-(be+ea-afe)as-a6c j 
(as+aX*—6X« - *)- *’+(a - b — e)as* + (be - ca - db)x+abc. 

For instance, 

(a-aH<a-6X*~e)>“{as+(-a)H»+(-&)He+(-e)> 

—»*+{(-a)+(-6)+(-c)}as’+{(—6)(-«) 

+(-cX-o)+(-aX-6)}as+(-a){-6)(-e 
—as*—(a+6+e)os’+(be+ca+ab)a!—abc. 

Similarly, the other two results can be established, which is left as an exercise 
for the student. 

Example 1. Write down the product of *+2, as+4 and x +8. 
2+4+6-12, 

4x 6 + 6 x 2 + 2 x 4- 24+12 + 8 -44, 

2x4x6-48. 

Hence, the required product—as* + 12as* + 44as+48. 

Example 2. Write down the product of x - 8, as - 6 and as-7. 

(— 3}+(—6)+(—7)— —16, 
(-5X-7)+(-7X-8)+(-8X-5)-35+21+15-71, 
(-3X-5X-7)—-106. 

Hence, the required product— x n - 16aj* + 71as-106. 

Example 8. Write down the produot of as - 4, x +6 and as-8. 

(—4)+6+(—8)— -2, 

(6X-S)+(-SX-4)+(-4X6)-16+12-20— -28. 

(-4)xdx(-8)—60. 

Hence, the required product—as*-2as*-23as+60 
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Example 4. Write down the product of a;+ 3, *4-6 and e—8. 
3+5+(-8)»0, 

(5X - 6) 4 (- 8X3) + (3)(5) * - 40 - 24 +15 - - 49. 

gx£»x(-8)“ -120. 

Heuoe, the reqd. product m a 8 — 0.®* — 49® —120“** — 49*—120, 


EXERCISE 70 


Write down the product of: 


1 . 

*4-1, *4-2 

and * 4- 3. 

?. 

®4-2, *4-5 

and *4-7. 

8 . 

*4-8, ®-6 

and ®4-2. 

4. 

*4-4, *4-5 

and * —10. 

5. 

e-8, ®4-3 

and ®4-l. 

6 . 

*-5, *-2 

and *4-8. 

7. 

»-3, ®4-7 

and x — 4. 

8 . 

a 4- 6, * 5 

and * - 7. 

9. 

®-6, ®-7 

and ® -11. 

10 . 

a-3, *-6 

and *-9. 

11 . 

*4-4, ®-5 

and ®-12. 

12 . 

*4-5, *4-9 

and *4-11, 

18. 

®—6, ®4-8 

and x - 2. 

14. 

e-8, a-7 

and *-18. 

15. 

® — 3, «4-12 and *4-4. 

16. 

a—9, a—10 and *4-12. 

17. 

®4-9, ®-5 

and x — 7. 

18. 

*4-8, *4-12 and *4-15. 

19. 

®-14, *4-8 and ®4-6. 

20 . 

*-5, *-10 and «-16. 


126. Squares of multinomials. It has been respectively shown In 
examples 10 and 11 of Art. 54 that (a 4- 6 4- c) 8 “ a 8 4- 6 8 4- c 8 4- 2o6 4- 2ao 4- 26e 
and (a 4-64-c4- d) a >■* a 8 4- 6 8 4- c 8 4- d 8 4- 2a6 4- 2oc 4- 2 ad 4- 26c 4- 26d 4" 2cd. 

Thus, in each of these cases we may observe that the square of the 
whole expression is obtained by taking the sum of the squares of the 
different terms and of twice the product of each term by every term 
whioh follows it. The results are best remembered when put as follows: 
(o4-64-c) 8 “o 8 4-6 8 4-c 8 4-2a(64-c)4-26c; 

(o 4- 6 4- c 4- d) a * a 8 4- 6 * 4- c 8 4- d* + 2a(6 4- c 4- d)+ 26(c 4- d) 4- 2od. 


The same rule may be shown to hold good in every other case ; for 
instance, let us find the square oi a+b+c+d+e. 


We have, 
(a4-64-c4-d4-s) 8 


— j(a 4- 6 4- c) 4- (d 4- 8 

“(o4-64-c) 8 4-2(o4-64-cXd4-el4-fd4-e) 8 
*«ia 8 4-6 8 4-c 8 4- 2a(6 4- c) 4- 26c| 4- \2a[d 4- e) + 26(d 4-«) 

4- 2 c{d 4- e)f 4" (d a +e a + 2 de) 

■*o 8 4-6 8 4-c 8 4-d 8 4-e 8 4-2o{64-c4-d4-e) .... 

4- 26(c 4- d 4- e) 4- 2e(d 4- e) 4- 2 de. 


Hence, we oonolude that the square of any multinomial is equal to 
the Sum of the squares of its different terms together with twioe the 
product of eaoh term by every term which follow* it. 
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It is needless to add that the above rule will also hold good when 
the multinomial under consideration oontains one or more negative 
terms, for the symbols used above are perfectly general in character and 
any of them may stand either for a positive or a negative quantity. 

Note. Since (a+b+c)’ ^a’+b’ +c* + 2 (ab + ac + be), u>» have 

2{ab+ac+bc)‘*{a* +6’ +«’+2(a6 +ac+6c)}—(a* +b* +«*) 
“(o+6+c)’ — (a*+6*+c’). 

Similarly, a’+b' + e* ** (a+ b +c)* - 2(a6 +ac+be). 

Example 1. Write down the square of x-y + z—v. 

[x-y + t-v)* 3 " a*+y* + s*+t>* + 2*(-y + *-i>)+2(-yX* _ '»)+2»{-e) 
— x a + v* + s*+v B - 2xy + 2xe - 2xv - 2yz + 2yv - 2st>, 
Example 2. Write down the square of - a+26 - 3c - d. 

(- a+26 - 3c - d)* - a* + 46* + 9c* + d* + 2( - aX26 - 3c - d) 

+ 2(26X-3c-d)+2(-3cX-d} 

—a® + 46*+9c* + d**"4a6+6ac+2ad 
— 126c — 46d + Gcd. 

Example 3. Find the value of a* + 6* + c* + 2a6 - 2ac - 26o, when 
a—19, 6—18 and c—32. 

The given expression—a* + 6“ + c* + 2o(6—c)+26(--c)—(a+&—o)*. 
Hence, the required value-(19+18 - 32)*-(5)*-25. 

Example 4. If a—6+c, y—c-a, z-a-6, prove that 

»* + y* + z*-2ay--2®z + 2yz—46*. [ C. U. 1883) 

«*+y*+s* - 2«y - 2az + 2yz 

-a* +y“ + z* + 2a(-y-z)+2(-yX -*)—(*- y-s)* 

-1(6+c) - (c - a) - (a - 6)f *—(26)* - 46*. 

EXERCISE 71 
Write down the square of: 

1. x+y-e. 2. x-y+z. 3. -x+y+z. 

4. -x-y+z. 5. x-y-z. 6. a-x+y-z. 

7. a-x-y-z. 8, m + n+p+q+r. 9. p-q+r-x-y. 

10. -a+b-c+x-y-z. 11. a-2a-3y-4s. 12. 2a-6+2c-d. 

Find the value of: 

13. J* + »j* + n*-2Zj»+21«-2m«, when i—17, m—23 and n—13. 

14. p t +q a +r a +2pq-2pr-2qr, whenp-16, «-12 andr-26. 

15. a*+6*+o*-2a6-2ac+26c,'when a—28, 6-13 and o—15. 

1®. ®*+y*+l+2*y-2«-2y, when ®-6 and y-7. 
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17. * a +y a + 2*y-2*-2v'l-36 1 when *“23 and v—18. 

18. * a + 4y a + l-4*it-2*+4y, when *“26 and y —12. 

19. * a +9v a -6*v — 2* + 6y + 64, when *“49 and it” 16. 

20. 9* a +y a —6*v + 6*-2y-24, when *“14 and y“38. 

21. If a + 6 + c“12anda* + 6* + c*“50, find the value of 06 + as + 6c. 

22. If a + 6 + c“13 and a& + ac + 6c“50, find the value of a* + 6* + o*. 

127. Powers of Binomials : Involution. 

By actual multiplication it may be seen that 
(a + 6)*“a* + 2a6 + i* \ 

(a-6)*“a*-2a6+i* / 

{a + b) B =a* + 3a a b + 3ab a + b a \ 

(a — 6)® “ a® — 3o*b + 3a6 2 - 6® J 

(a + 6) 3 4 “ a 4 + 4a 8 6 + 6a B & a + 4ai“ + b* \ 

(a - 6) 4 “ a 4 - 4a 8 5+6a a 5* -4a6 8 + b* J 

(j + b)‘ “a 5 + 5 <z*b+ 10a B b a + 10a a b B + 5 ab* + b B \ 

(a - b) B « a B - 5 a'b + 10a B 6 a - 10a a 6 8 + 5a6 4 - b B J 

(a + 6)* -a" + 6a 4 6 + 15a 4 * 6 a + 20a B 6 8 + 15a a 6 4 + 6a6* + b B \ 

[a - b) B “ a* - 6a B b +15a 4 6 a - 20a*6 8 + 15a a 6 4 - 6o6* + 6* J 

Note. On examining the above eases we observe that : 

(X) The total number of terms in the resulting expression is one mors than the 
index of the binomial. Thus, in the fifth power the number of term s is six, in the 
sixth power the number of terms is seven ; and so on. 

(3) Any power ofa-b differs from the same power of a+b only in this that 
the signs of the terms of the former are alternately + and —, whilst those of the 
latter are all +. 

(3) The first term is a raised to a power equal to that of the binomial, and the 
last term is b raised to the same power. Thus, in the fourth power, Pie first term is 
a* and the last b" ; in the fifth power, the first term is a*, and the last b* ! and so 
on. As to the other terms the power of a in any term is one less, whilst the power of b 
is one greater than that in the preceding term. 

(4) The coefficient of the second term is the same as the index of the power te 

which the binomial is raised ; and \] the coefficient of any term be multiplied be the 

indes of a in that term, and divided by the number indicating the position of that 
term, the result gives the coefficient of the next term. Thus, if we multiply the co¬ 

efficient of the second term by the index of a in it and divide the produet by lire 

tee get the coefficient of the third term ; if the coefficient of the third term be 
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multiplied by the Meet 0 / a in it and the product divided by three, toe obtain the 
coefficient of the ith.term ; and to on, 

(IS) The coefficient of the terms equidistant from the beginning and the end are 
the tame i in other words, the coefficient of the term which has any number of terms 
he lore it, is equal to that of the term which has the same number of terms after it, 

The laws observed above, a proof of the universal truth of which is beyond the 
nope of our limits, furnish us with a ready means of raising a binomial to any power 
without the process of actual multiplication. The following examples art intended 
4o illustrate the application of those laws. 

[ The resulting expression in each case is called the expansion of the corres¬ 
ponding power of the binomial. ] 

The operation of raising any expression to any power is called Involution. 


Example 1. Raise a+b to the seventh power. 
The total number of terms in the expansion “8. 
The first term"o T 
» 2nd » "7 a*b 
* 3rd » -*$*0*6* "210*6* 

» 4th * "*¥Ai 4 6»-35a 4 6* 


[ Laws (3) and (4) ] 


Now, since the four terms from the end will have respectively the 
same coefficients as the four terms from the beginning [ law (5) ], the 
next four terms of the expansion will respectively be 36o*6 4 , 210*6*, 
lab* and b\ 

Hence, we have 

(o+ b)' -«*+7 a*b +21o*6* + 360*6* + 35o*6‘ + 21o»6* + 7 ab* + b'. 


Example 2. Expand (as-y)®. 


The total number of terms in the expansion "9. 
The first term—a;* 


• find’ » — -8a; T y 
» 3rd » — — 28®*y* 

. «h » - -e&rV 

» 6th » v * - 70a;V 


[ Laws (2), (8) and (4)) 


The coefficients of the remaining four terms need not be calculated 
M the coefficients of the firBt four terms only will now reappear in the 
reverse order. 


Henoe, we have 

(as -y)* —as* -Bas’y+ 28as e y* - 86as*y*+7Qas 4 y 4 - B6as*y* 

+ 28as*y*-8asy f +y*. 
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Example 8. Expand (2* - Sy } T . 

The total number of terms in the expansion— 8. 


As we have 2* for a and 3y for b, we must have 

The firBt term — (2*) T 
» 2nd » — -7(2*) 8 (3y) 

» 3rd » —*$ 8 (2*) 8 (3y) 8 - 21(2a:)*(3v)* 

» 4th » - - a: Sf 6 (2a:)*(3y) B — - 35(2*) 4 (3y) 8 

We can now write down the remaining four terms whioh will 
respectively be 85(2*) 8 (3y) 4 , -21(2*)*(3y) 5 , 7(2*X3y)" and -(3v)\ 

Hence, we have 

(2* - 3y) T — (Skr)* - 7(2c) B (3j/) + 21(2*) 8 (3y) 8 - 35(2*) 4 (3y) 8 

+ 35(2*) 8 (8y) 4 - 21(2*) , (3y) 8 +7(2*X3y) 8 - (3y) T 

- 128*’ - 7(64* e X3y)+21(32* 8 X9y 8 ) - 35(16* 4 X27y 8 ) 

+ 35(8* 8 X81y 4 ) - 21(4* 8 X243y B )+7(2*X729y 8 ) -2187y f 

- 128a;’ - 1344* 8 y+6048®*y 8 - 15120* 4 y 8 + 22680* V 

- 20412* V + 10206*y 8 - 2187y T . 

Example 4. Find the value of 

* B + 6** +15** + 20* 8 +15* 8 + 6*-8, when e-5/8-1. 

The given expression 

-(* 8 + 6* 8 + 15* 4 + 20* 8 + 15* 8 + 6*+l)-9 

-(*+l) 8 -9 

-(V3) 8 -9-9-9-0. 


EXERCISE 72 


Expand : 

1. (*+l) 8 . 
5. (*-y) 8 . 
9. (*+l) 8 . 

18. (2*-l) 4 . 
17. (l-o) T . 
21. (*-o) 10 . 


2. (*+l) 8 . 

#. (m-n) r . 

10 . (*+ 8 ) 4 . 

14. (*-y) 8 . 
18. (1-3*) 8 . 
22. (3*-2a) 8 . 


8. (a+6) 8 . 
7. (*+2) 4 . 
11. (*-l) 8 . 

15. (3«-2) 8 . 

19. (1-2*)’. 


4. (a+6) 8 . 
8. (oj+2)*. 
12. (2-mK 

16. (1-a) 8 . 

20. (2*-a) 8 . 


Simplify: 

28. (*+l) 8 -(*-l)\ 24. (*-l) 8 +(*+l) 8 . 25. (*+«)’-(*-a}*. 

Find the sum of the coefficients in the expansion of : 

26. (*+a) 4 . 27. (*+a) 8 . 28. (k+o) 8 . 

t». (*+a) T . 80. (*+a) e . 
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Find the value of: 

31. ®* + 5a; 4 + lQr* + lQ!E*+5<E+32, when *■« -2. 

32. x a — 6x‘ + 15a; 1 -2Cte 8 + 15a;“ — 6®, when *"5/2+1. 

83. 16a; 4 -32a; 8 + 24®*-8*-80, when *-2. 

84. e 4 +12a; 8 + 54a;*+108a;+81, when a;*—5. 

35. a; 4 +8®* + 24®* + 32a; — 609, when a; ” — 7. 

128. Formula (a+b+c)(a a +b*+c*-bc-ca-ab) 

-fta+ft+c){(&-c) a +(tf-a)*+(«-6)*l 
~a*+b*+c*—Sabc. 

[ {a+6+cXa* + h*+c* — be—ea — ab) 

—(a+6+e))(a* + 5“ - ab) - (ae + be) +c*} 
“(o+fe+c)|(a+h)* — 3a&- c(a+b)+c*l 
**(a + b + c){(a + &J* — c(a + b) + e* - Sail 
“(a+h) 8 + c* ~ 3ab(a+b + e) 

“(o+ b) s - 3 al(a+b)+c a -3 abe 
“a 8 + 6 8 + c B — 3o6c. ] 

Cor. Conversely, a 8 + 6 8 + e 8 -3a6c s *(a+&+cXa , +6* + e*-6e-oa 
—ab). Hence, we can always resolve an expression into factors when* 
ever it is of the form o* + 6 s + c*—3a6c. 

Note. Since a*+6 , +e , -&e-ea-a&—ii(6—e)*+(e —o)*+(a—t)*h tee have 
a* +&*+«* -8aie«J(fl+&+eX(&—c)’ +(c-«)* +(«-!>)'}. 

Example 1. Multiply x a + v a + z a + xy+xz—yz by x—y—a. 

Putting a for x, b for —y and c for -z, we have 
[x-y-zXx a + v a + z a +xv+xz-vz) 

m ‘(a+b+6Xa a + b a + c a - ab-oe-bo) 

“a* + b a +c a - 3abe x x a - y a - z a -3xyz. 

Example 2. Besolve m a — n a +1 + 3 mn into factors. 

Putting a for m, b for — n and c for 1, we have 
m a —b b +1 + 3mn *■ a* + b a + c 8 — 3ahc 

•*{a + b+ cXa a + b a + c a - ab-oc-bo) 
m ‘(,m-n+lXm a + n a + l+mn-m+n). 

Example 3. Show that [x-y) a +[y-z) a + (z—x) a 

“3(aj — vXv -tX*~ ®). 

Putting a for x—y, b for y—z and o tor a—x, we have 
a+J+c-(«-»)+(»-s)+(*-«)-0. 
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Hence, W* - y) a + {y- a)*+(a - *)“ l - 3(x- yXv - aXa - *) 

-a* + 6* + c*-3a6c 
—(a+6+cXa* + 6* + c* — ab— ac— bo) 

*°0x(a* + 6*+c* -ab- ac-6c)—0 ; 

. (* - v)* + (v ~ s)“ + (« - a;)* - 3(* - vXv - aXa - *). 

EXERCISE 73 

Multiply: 

1. w* + v a + e a — xv + xe + ye by x + y — a. 

2. p* + tq a + r a + 2pq+pr — 2qr by p—2q—r. 

8. 4®*+9y* + a* + 6*v+2®a — Sye by 2x—Sy — a.. 

4. o* + 46* + 2a6—3a+66+9 by a — 26 + 3. 

5. Ba* + 256*+ 15a6+12a —206+16 by 3a —66—4. 

Resolve into {actors : 

6. x*~V*-l-3xy. 7. **-y* + 6*y+8. 8. ** - 8y® - 27a* - 18*ya. 
Find the value of: 

9. ®* + y* + 18scy-216, when ® + y-6. 

10. a* - 86* - 24a6 - 64, when a-26 “4. 

11. (a-a)*+(a-6)*+(s-c)*-8(a-aXs-6Xa-c), when Ss-a+6+a. 

12. Show that (a—26)“ + (26—3c)*+(3c—a)* 

-3(a-26X26 - 3cX3c-a). 

13. Show that (®+y-2a)* + (y + a-2®)*+(a+®-2y)* 

- 3(x +y - 2aXv + a - 2®Xa +x - 2y). 

14. Showthat (a+26-8c)“ + (6+2o-3a)*+(c+2a-86)* 

-3(a+26-3cX6+2c-3aXe+2a-86). 

16. Bhow that (2p -5q+ 3r)“ +(2®-5r + 8p)*+(2r-5p+Sa) 8 

- 3(2p - 6g + 3rX2g - 5r + 3pX2r -5p+ 3fl). 

16. Find the value of ® B + y® - a® + 3®*y*a*, when a*-6* 
y-2a6, a-a*+ 6*. 

17. Find the value of x a +y* + a*-3®ya, when *-658, y-668, 
a-P74. 

129. Formula (o-b)(a-c)(b-c) 

~a*(b-c)+b*(c-a)+c*(a-b) 
-bc(b-c)+ca(c-a)+ab(a-b). 
t (a-6Xa~cX6 _ o)-la*-a(6+c)+6cK6-c) 

- a*(6 - o) - a(6* - c*)+6c(6 - c) 
-a*(6-c)+6*(o-a)+c*(a-6). ] 
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Cor. 1. Conversely, a*(b - c) + b*(c - a )+ c*(o * • b) 

-(a-bXa-eXb-o). 

Hence, we know aft once the factors of an expression which is of 
the form a’Xb—cJ+b^c—a)+o*(a—6). 

Cor. 2. Since a-c*“ -(c-a). we have 

[a-bXa-eXb- e)— -(a-b^b-cXo-a). 

Hence, the above relation oan also be pnft in the form 

a*(6 - c)+ b*{a - a) +c“(rf-6)- -{a-bXb - eXe - a). 

Cor. 3. Since a*(& - c)+ 6*(c - a) + c*(a - b) oan be pnft in the 
form aMa-b)+bc(b-c)+ccHc-a), we have also 

ab(a-b)+bc(b-c)+ca(e-a)“ -(a-bXb-oXe-a). 

Example. Simplify (a+26+3c)*(a-26+c)+(6+2e+Sa)*(6-2fl+a) 
+(c+2a+86) 8 (c-2a+6)+(a-26+cX6-2e+aXc-2a+6). 

Putting * for a+2b+3c, 1 we have y-s—a-Sb+e "j 

yfor6+2c+3o, ► t-x—b-^o+a !• 

and g for o+2a+36, J e-y" 0 - 2 a +6 J 

Hence, the given expression 

- ®*(y - g) + y*(e - x) +s*(® - y)+(y - *X* - ®X* - y) 
“-(y-*X*-®X®-y)+(y-*X*-®X®-y)“0. 

EXERCISE 74 

1. Show that (®-2y+*X2«~y _ *Xy“2»+«) 

“ (® - y)*(y - 2«+®)+(y-«)“(*-2®+y)+(*-®)*(* - 2y + *); 

2. Show that (a+ b)*(b —a)+(b+c)*(c— 6)+(c+a)*(a—o) 

+(6 - aXo - bXa - o) “Ot 

8. Resolve into factors 

2(a-6+c)*(a-c)+2(6-c+a) , (6-a)+2(c-a+6)*{c-6). 

4. Resolve into factors 

(«+y)*(y-®)+(y+«)“(* - y)+ (e +«)*(* - s). 

6. Simplify 2(o-6-c) 8 (6-c)+2(6-c-a)*(c-o) 

+2(c - a - 6)V - b) +8(o-bXb- oXa- a). 

6. Simplify (®-yXv _ *X®-2v+*) 

+(y-*X*-®Xy-2s+*)+(*-«X«-yX*-2®+y) 

+(e-2y+*Xy-2s+«X*- 2*+y). 
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130. Formula (b+c)(c+aHa+b) 

“a*( 6 +c)+ 6 a (c+a)+c*(a+ 6 )+ 2 afta 
*<i(6‘+ c a ) +&((*+a“) +c(a*+b*)+2abc 
-ftff( 6 +c)+ca(c+a)+o 0 (o+ 6 )+ 2 a 0 # 

-( a+b+c)(bc+ca+ab)-abc . 

[ ( 6 +cXc+aXa+ 6 ) 

m ( 6 + c)j(a +bXa + c)( *• ( 6 +c))a*+a( 6 +c)+ 6 ef 
“ a *{6 + c) + alb + c)* + bc(b + c) 

- a*( 6 +e)+a( 6 * + 26e+c*)+6*e + 6 e* 

“a*(6 + c) + 6*(c + a) + C*(a + 6) + 2a6e [re-arranging th* term*]. 

Bat, a *(6 + c) + 6 *(c + a) + c*{a+ b) 

“a( 6 * + C*) + 6 (d* + a*) + c(a* + 6 *) [ re-arranglng tt« term* 1 

“ ( 6*0 + 6 c*)+(c*a + ca*) + (a* 6 +a 6 *) 

•“ 6 c (6 + c) + co(c + a) + a 6 (a+ 6 ) 

“ 6 c(o + 6 + c— a)+ca(a+b + c — 6 ) + a 6 (a + 6 +o — o) 

** 6 c(a + 6 +c) + ca(a + 6 +c) + a 6 (a +6 + c)- 6 ca-ca 6 -a 6 fl 
**(a + 6 + cX6o+ca+a6)-3a6c. Henoo, the result follows. J 

181. Formula (a+b+c)(bc+ca+ab)~P+3abc, where P stands 
for any of the equivalent forms 

(I) a a (b+c)+b a (c+a)+c a (a+b ); 

(II) bc(b+c)+ca(c+a)+ab(a+b ); 

(ill) a(b a + c*)+ 6 (c 9 + a a )+c(o* h b a ). 

[ From Art. 130, we have by transposition, or by direct multiplica* 
tion, (o + 6 + cX 6 c+ca + a 6 ) 

" o *(6 + c) + 6 *(c + a)+c*(o + 6 ) + 3a6c 
- a( 6 * + c*)+ 6 (c* + a*) + c(a» + 6 *) + 3a6e 
“ 6 c( 6 +c)+ca(c + a)+a 6 (a+ 6 ) + 3a6o. ] 

Example 1. Find the product of 

( 2 ®+ 3v +5*Xl5 vs+ 10 *®+ 6 ®y). 

Putting a, 6 and o for 2®, 3v and 5* respectively, we have 
o+6+e“2e+3y+5*, 

6 o+ca+a 6 •" 16y*+10*®+6®y. 
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(3*+8y + 52Xl5y2+102*+6*y) 

■■ (a + 6 +cX 6 q+ca + 06 ) 
a*( 6 +c)+fc^c+o)+ e 8 (a + 6 ) 4 -babe 
« 4* 8 (3y+ 5e)+9v*{5e + 2*)+25**(2«c + 3y)+3.2*.3y.6s 
“ 12® 8 y + 20®**+ 45 y 8 2 + 18y 8 e+ 5Qz*x +75«*v+90 xyt. 
Example 2 . Show that (x + 3y -t- 12zXl2y« + 4 ex +xy)- 12 xyt 
■= (y+4&X122 + xXz + 3y). 

Patting a, b and c for x, by and 12 2 respectively, we have 
a+6+c-=ir+3y + 122, 
be + ca + ab m 86y 2 + 12zx + 3xy 
“ 3{12y2 + 42 *+*y), 
abc — 36*i/2. 

the left-hand side ~ £{(a + fc+eXbc+ca+a£>) - ahc| 

-M&+cXc+aXa+&) [ Art. ISO ] 

**4{3y + 122 X 122 +®X*+8y) 

[ restoring values of a, b, e ] 
-*(y+42Xl2s+*X*+Sy) 

EXERCISE 75 

Write down the products of the following : 

1. (* + 2yX2y+32X32 + *). 2. ( 8 *+yXy+ 62 X 5 s+ 8 *). 

8. (a+22>X26+8cX3c+o). 4. (3x+y+102Xl0y2 + 802*+3*y). 

5. (* + 2y + 2 X 2 *+y + 2 X*+y+ 22 ). • 6. (a - 2&X26 - 3cX3c+a). 

Simplify the following: 

7. a[b+c— a)* + 6 (c+a — i)*+.c(®+ 8 — <0* 

+ (b +c - aXo+o — fcXo + b— c). 

8 . c{b+c-aXc + a-b) + a(c+a-bXa+b-c) 

+ Ha + b- cXfe+c—o)+( 6 +c—oXc+o~ 6 Xo + 8 “ «)• 

9. (y + 2 ) 8 (ar+y + 2)+(2 + *) 8 (*+2y + 2 )+(*+y)*(«+y+ 2 s) 

- (2x+y + sX®+2y + 2 X* + y+2s)+2(y+ 2 X 2 +*X*+y). 

10. 2a(6+c - a) 8 + 2Mc+ a - i) 8 + 2c(o+6 - e) 8 - 3ai>c 

+ 2(a + fc+c)Kc + a — bXa + b —c)+(a+ b —cXfc+ 0 —a) 

+ (fc+e-aXo+a-hX. 

11. Prove that (s+y- 2 )Kv + 2 -e) 8 +(s+*-y) 8 l+(y+s-a!} 

x \(e + * - y) 8 +• (*+y —*) 8 l+t*+« - y)K«+y - *)• 

+ (y + 2 - *) 8 }+9(y +1 - *X*+»“ vX®+V- *)“8ey*« 
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132. Formula (o+&+c) s -=o 8 +6 8 +c s +3(6+c)(c+o)(o+6). 

[ (a+6 +-c)®«=)(a + 6) + c(* 

“(a + 6) s + c 8 + 3(a + b)c\{a + 6) + ci [ Art. 57 ] 

«= {a 8 + b B + 3a6(a + 6)f + c 8 + 3(a + b)c(a+ b + c) 

•= a 8 + k 8 + c 8 +13 ab(a + b) + 3(a + 5)c(o + b + c)f 
■= a 8 + fc 8 + e 8 + 3(a + b)\ab + c(a + 6 + c)( 

«= a 8 + 5 8 + c 8 + 3(a + 6))c* + c(a + b) + a&l 

■= a* + b a + c 8 + 3(a + fcXc + £>Xc + a) [ Art. 61 ] 

-a 8 + 6 B + c 8 + 3(5+cXc + aXa + 6). ] 

Cor. (a + &+c) 8 -a 8 -i> 8 -e 8 = 3(ii + cXc+aX<J + Z>). ' 

Example 1. Factorise 8(m + y + z) 8 ~(y+ z) 8 - (z + a) 8 - (a + y) 3 . 

Put a, b and c for y + z, z +a and x + y respectively. 

We have a + 5 + c = 2(a + y + z). 

.'. the given expression 

- i2(a +y + z)l 8 - (y+z) 8 - (z+a) 8 - (a+y) 3 
**(a + 6 + c) 8 - a 8 - 6* - c 8 

“3(i> + cXc + aX« + &) [Cor.] 

- 3(2a + y + z)(a + 2y + zX® + V + 2z). [ restoring the 

, values of a, b, c ] 

Example 2. Show that 

(a+y + z) B =(y + z-a) 8 +(z+®-y) B +(®+y-z) 8 +24ay*, 

Put a, b and c for y + z-®, z + a-y and x+y-z respectively. 

We have a + i+c^y + z —a) + (z + a —y) + (a + y —z)“8 + y+z, 

& + c=(z + a-y)+(a+y-z)«=2a, 
c+a~(a+y-z)+(y+z-®)“2y, 
a + 6“(y + z-®)+(z + a-y)“2z ; 

(a+v + z) 8 ** (a + b + c) 8 “ a 8 + 6* + c 8 + 3(6 + cifi + aXa + 5) 

- (y + s - a) 8 + (z + a - y) 8 + (a + y - sr) B + 3.2a.2y.2z 
«{y+z-a) 8 + (z + a-y) B +(a+y-z) B + 24ayz. 

EXERCISE 76 

1. If a + fc+c^O, show that a B +i 8 + c 8sc 3a(c + aXa + i!>) 

■= 3b(b+cXb+a) “ 3c(c+aXe+ b) ■■ Saba. 

2. If 2s"*a + y + z, prove that (s-a) 8 + (s-y) 8 + (s-z) 8 + 3ayz«*» a . 

8. Prove that (2a - y - z) 8 + (2y - z - a) 8 + (2z - a - y) B 

“3(2a-y-zX2y-*-aX2z-a-y). 


1-16 
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4. Simplify (3x - v - s) 8 + (3y - s - x) 8 + (3s - x - y) 8 

+ 24(y+s-xXs+x-vX*+V“*)-x 8 -y 8 -*• 

-3(y + *X* + xX*+»). 

6 . Show that (2® - y - s) 8 + y 8 + s 8 + 3{y + sX2® - y)(2x - e) 

=(2x-v- 3s) 8 + y 8 +27s 8 + 3(i/ + 3*X2* - vX&e - 3s). 

6. If 2s *X + y + s, prove that 

s 8 + (s - 2x) 8 + (s - 2y) 8 + (s - 2s) 8 - 24(s - xXs ~ vX« - *) “0. 

7. If Zs m ‘%x + v + z), show that (s-y-s) 8 +(s-s-x) 8 

+ {s-x-yr + 3(y + s-sXs + x-sXx + V-s)*“0» 

8. Simplify [b + c - a) 8 + (c + a - 6) 8 + (a + b - c) 8 - (a + b + c) 8 + 108a6o. 

9. Simplify (x + v + s) 8 - (y + s) 8 - (s + x) 8 -(x + y) 8 + x 8 + y 8 + s*. 

10. Factorise x 8 - (2x - y - s) 8 - (2y - s - x) 8 + (y - 2s) 8 . 

11. EeBolve into factors 

64(x+y + s) 8 — (2x+y + s) 8 — (x + 2y + s) 8 — (x +y + 2s) 8 . 

Find the value of: 

12. o 8 + fc 8 + c 8 , when 5 + c*»10, c + o — 16 and a + 6—20. 

18. e 8 +y 8 + s 8 , when x = 32, y« -25 and s- -7. 

14. (x+y + *) 8 -(x+s-y) 8 -(y + s-x) 8 -(x+y-s) 8 -23xys, 

when x«10, y-64 and s-2. 
16. (6x - v - s) 8 + y 8 + s 8 + 3(y+sX 6x - yX6x - s), 

when x—V, and s—17. 

188. Recapitulation of the Formula). The different formula 
treated of in Chapter IV as well as in the present one are grouped 
below to facilitate any reference to them. It is desired, however, that 
the Btudent should commit them so fully to memory that the necessity 
even for occasional references may be altogether done away with. 

I. (a + fc) 8 **a , + 2a6+6 8 . 

II. (o-6) 8 “a 8 -2a6+6 8 . 

III. (o+fcXa-f»)**o 8 -fe 8 . 

IV. (a+6) 8 -a 8 + 3a 8 fc+3ai 8 + 6 8 \ 

-o 8 +6 8 + 3o6(o + 5). J 

V. (o-6) 8 ”o 8 -3o 8 6+3a6 8 -6 8 \ 

«>o 8 -6 8 -3o6(o-6). / 

VI. a 8 + fc 8 “(a + 5) 8 -3o6(o + 6) 1 

*• (a+6Xa* ~ab+b a ). j 

VII. a 8 — 6* ">(a — fc) 8 + 8a6(a — b) \ 

•* (a — &Xo *+ab + 6*). / 

VIH. (x+aXx+5)-x 8 + (a+6)x+o6. 

IX. («-oX«+5)“® , +(5-a)e-ofi. 

X. (x-oX®-h)“*®*~(o+t)®+a6. 
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XI. (e+oX«+i>X®+c)“<r a +(a+6+ c)x % +{bc+ca+ab)x+abe. 

XII. [x— flX®~6X* — c)"**®— (o+ b+c)x* + [be + ca+ab)x—abe, 

XIII. o , +6“ + o , -Sa6c-(a+6+cXa > +6*+c 1, -6o-ca-a6) \ 

“i{a+6+ c)K6 -c) s +(o- a)*+(a - 6)*J. J 

XIV. (o - &Xa - c)(b - c) - - (b - etc - aXa - b) 

mc a a (b-c)+b a (c — a)+c a ia-b) 

^bc(b-c) + ca[c-a)+ab(a-b) 

- - W6 8 -c 8 )+Kc a -a a ) + c(a a -6 a )|. 

XV. (6 + eXc + aX& + b) « a a (b +c) + b a (c + a )+ c a (a+b)+ 2 abe 

•=a(b a + c a ) + b(c a + a a )+c(a a + b a )+2abe 
■= bc(b + c)+ ca(c + a)+ ab(a + b)+2abo 
•=(«+6+ cXbc+ca+ab)~ abe. 

XVI. ( a+b+c)(bc+ca+ab) 

“= [b + cXc + aXa + b) + abe 
■= a*(6 + c) + 6 s (c+a) + c*(a+6) + 3o6c 
*= bc(b + c) + ca(c + a)+ab(a + b)+3abc 
“ o(6® + c*)+ b(c a + a*)+ c(a a + b a ) + Babe. 

XVII. (o+6+c) 8 “a* + 5 8 + o* + 3(6+cXc+aXa + 6) | 

“a 8 + b a +c a + 3la 8 (i>+ c)+ i a (c + a) + c 8 (a + 6)f + 6aix>. [ 

or, (a + 6+c) 8 -a 8 -6 8 -c 8 “3(6 + cXc+oXo + 6). ' 

The following useful results are deserving of notice. They can bo 
deduoed from the above formula or verified by actual multiplication. 

XVIII. (a+ b ) a +(a - b) a « 2(a 8 + b a ). 

XIX. (o+6)*-(o-6)*“4a6, 

, (a+b\ a (a-b\ a 
or. ab-^j - \ 2/ * 

XX. (a+&+c) 8 **a a + i 8 + c a + 2&c+2ca+2a6. 

XXI. ( bc+ca+ab) a - b a c a + o a a a +a a b a +2 abcf,a+b +c). 

XXII. (6-c)+(c-a)+(a-6)-0. 
xzin. a(&-c)+fe(c-a)+c(a-fc)-0. 

XXIV. i\{b-c) a +{c-a) a + (a-b) a \=*a a +b a + c a -bc-ca-ab. 
xxv. (a+fe) 8 +(o-6) 8 “2o 8 +6o6 a . 

XXVI. (a+6) 8 -(o-fc) 8 -6a a 6+26 8 . 

XXVII. (o* + ab+b a Xa a — ab+b a ) —a* + a a b a + b*. 

XXVIII. (o+6)*"a‘+4a B 6+6o a i» a +4a6 8 + i!>*. 

XXIX. (a+6) 8 -a* + 6a‘6+10a 8 b a +10a a 6 8 +Soft 4 +i*. 
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I. Factors 

We have already explained in Chapter XII how simple expressions 
of the types a®-6®, a® + 6®, a®-6®, x a +px + q and px* + qx-rr can be 
resolved into factors, and Bhall in this section consider factorisations of 
a harder type. 

184. To factorise expressions of the form 
a*+b a +c*-3abc. 

Since, 6® + c® *(6+c)® - 3bc[b+c), we have 
o* + b* + c® — 3 abc 

“ a® + {(6 + c) 8 - 3 bdb + c)i - 3 abc 
{a® + (b +c)® f — 3bc\[b +c)+at 
“ {a + (b + c)f ja* — a{b + c) + (6 + c)*( — 3 bc[a + b + c) 

“ ia+ b +cH»® ~ ab — ac +6® + 26c+c* — 36c{ 

■> (a + b + cXa® + 6® + c* — be — ca — ab) 
m i(a+ b +c)|(6—c)® + (c—a)*+(a — 6)® K 

Example 1. Factorise a® - 6® + c® + 3abc, 

The given expression 

-a® + (- 6)® + c® - 3a( - b)c 

- {«+(-&)+( fia* + (-6)® + c®-(-6)c-ca-o{-6)f 
“(a-6+cXa* + 6® + c* + fec-ca+a6). 

Example 2. Factorise x B -y*+&xy+8. 

The given expression 

■**•+(- y)» + (2)® - SaX - y).2 

■ia: + (-p) + 2[k*+(-l/)* + 2®-(-p).2-2*-aj{-p)} 

—(* - v + 2X* i * + V * + 4 + 2p - 2a:+ xy). 

Example 8. Resolve into factors x B + 32a:® - 64. 

The given expression 

“a:® + 8a;® - 64 + 24a:* 

- (a:®)®+(2a:)* + (- 4)® - S.a;® .2x.{ - 4) 

-te a + 2a:+(-4)H(a ! *) a + (2a:)*+(-4) a -2aX-4) 

— (— 4)m*—«*.2asl 
■■ (®* + 2a: - 4Xa: 8 + 4a:® +16+8a;+4a;® - 2a:*) 

- (*® + 2a: - 4X® 4 - 2a:®+8®*+8a:+16). 
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Example 4. Find the quotient of a® + 6 ® +1 - 3 ab by a+ 6 + 1 . 
Binoe, a® + 6 ® +1 - 3a6 - a* + 6 ® + 1 ® - 3a6.1 

-(a+ 6 +lXa s + 6 * + l*- 6 . 1 -l.a-a 6 ) 
**(a+ 6 +lXa* + 6 * + l — 6 —a—a 6 ); 
the reqd. quotient*a* + 6 * + l- 6 -a-a 6 . 

EXERCISE 77 

Faotorise: 

I . e® + 1 /® — z® + Sxyz. 2 . p” - 8 g 8 -r”- 6 p 3 »v 

8 . 8 x® -27y®- s® - 18xyz. 4. a*+ 86 ® + l- 6 a 6 . 

B. 8 a® + 276* - 64+72a6. 

6 . Find the quotient of x e - y* + 6xy + 8 by x — y + 2. 

7. Factorise x * + 5a:® + 8 . 

8 . Resolve into factors 

(x - y) s - ({/ - z) e + (z - x)* + 3 ( 1 / - zXz - x\x - y). 

9. Factorise a* —18a®+ 125. 

Find the quotient of: 

10. e* + 27 - 5y(25y a - 9a;) by a;* + 25y® + 9+5 xy - 3a:+15v. 

II. a® + 6® -c® + 3a6c by a+6-e, 

12. a;® - y® -1 - 3xy by a: - p -1. 

18. a:® - 8p® + 27s® + 18a;pz by x — 2p + 3s. 

14. 8a® - 276® - c® - 18a6c by 4a s + 96* + c s + 6a6+2ac-36fl. 

185. To factorise expressions of the form 

( a+b+c)(bc+ca+ab)-abc . 

The expression - \a +(6+c)| ja(6+c)+6c| - abo 
*a a (6+c)+a(6+c)* + 6c(6+o) 

* (6+cMa* + a(6+c) +• bo\ 

“(6+cXa+6Xa + c) 

* (6+cXc+aXa+6). 

Cor. /. (a+6+cX6o+ca+a6)—(6+oXc+aXa+6)"a6e. 

Cor. 2 . (6+cXo+aXa+6)+a6o“(a+6+oX6o+ea+a6). 
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188. To factorise expressions of the form 

(1) P+Zabc 

and (ii) P+iabc, where P stands for any of the equivalent 
forms (1) <* a (ft+c)+6 a (c+o)+c 2 (fl+6), 

(2) bc(b+c)+ca(c+a)+ab(a+b), 

(8) a(6*+ c a )+b(c* +a 2 )+c(a“+ b a ). 

(i) Taking the 1st value of P, we have 

P+2of>c * o a (6+c)+6 *(p+ o)+c*(a+6)+2a6c 
“ a 8 (h+c) + o(6* + 26c+c 8 ) + b a c + be* 

[ arranging aocording to powers of a ] 
•= a 8 (6+c)+ a[b +c)* + bc(b +c) 

“ (b + c)io* + a[b +c) + 6cf 
“ (b + cXa + b)(a + c) — (6+cXc+oX» + b). 

(il) Taking the 2nd value of P, we have 

P + Sate “ bdb +c) + ca[c + a) + ab(a + b) + 3abc 

—bb(.b+e)+ca[o+a)+ab(a + b)+abo+abe+abe 
«■ {bdfa +c)+ abc\ + \caic + a)+abc\ + \ab(a + b) +o6ol 
~bc{a+b+c)+ca{c+a+b)+al(a+b+c) 
m ‘(a+b+cXbc+ca+ab). 

187. To factorise expressions of the type Q, where Q stand* 
for any of the equivalent forms 

(1) a*(b-c)+b a (c-a)+c a (a-b), 

(2) bc(b-c)+ca(c-a)+ab(a-b), 

(8) -lo(6 2 -c a )+6(c 2 -a a )+c(a a -6 a )K 

Prom the first form of Q, we have 
o a (f>—c)+ b a (o —o)+c a (a— b) 

■*a 8 (6 — c) - a(& 8 — c 8 )+ b‘o — be 8 

[ arranging aoeording to powers of a J 
- o 8 (fe - c) - a{b* - c 8 )+ bc(b - o) 

-(& - c)lo 8 -a(b+c) + bc\ 

**(& - cXa - 2>Xa - c) - -(b-cXe-aXa-b). 

Cor. Putting a 8 , b a and o 8 for a, b and o respectively in the 
tbove, we have 

a*{b a - o 8 )+fc*(o 8 - a 8 )+c*(a 8 - b‘) 

--(& a -c a X« , '-a a Xa a -& , ) 
m -(b-cXc-aXa-bXb+cXc+aXa+b). 
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Example. Faotorise {x-a) 3 {b-c)+[x-b)*[c-a)+[x-c)*[a-b). 

The exp. «■(«*- 2 ax + a“X& - c) +(®* - 2 bx + 6 *Xc - a) 

+(** - 2 cx +o*Xa - 6) 

- z a i(6 - c)+(c - a )+ (a - 6)1 - 2xla[b - c )+Ufi - a)+c(a - 63 

+ \a 3 {b - c) + b a {c - o) + c*(a - b)\ 
[ arranged according ho powers of z J 

-x*.0-2z.0-(&-eXc-aXa-fc)- -(h-cXc-aXa-5). 

188. To factorise a a (b-c)+b*(c-a)+c*(a-b). 
o*(6 - c)+f)“(c - a)+c*(a - 6) 

~a 8 (6—c)- o(i® - c 8 ) + bdjb 3 - c“) 

[ arranging according to powers of a ] 

-{b -c)|a* - a{b a + be +c*)+ bdjb +c)f 

“(6 - c)i - b 3 (a - c) - bc{a - c) + a(a* - c*)f 

[ arranging aooording to powers of b ] 

-(6 - cXo - c)i - b 3 - be + a{a +c)f 

-{6- c\a - e)lc(a- b) +a* - b*\ [ arranging the last faotor 

in powers of o ] 

“(6-oXa-cXa-6Xc+6+fl)“ -lb-cXc-aXa-bXa +6+e). 

Rote. It must be observed that (i) as soon as the given expression is arranged 
guarding to powers of a, one of the factors, namely, b— c, becomes obvious; (U) when 
(he expression within larger brackets is arranged according to powers of b, the neat 
faotor, a—c, becomes obvious ; (Hi) when the expression now within larger brackets 
it arranged according to powers of c, the third factor, a—b, becomes obvious, 

189. Cyclic Order. There is a certain peculiarity in the arrange¬ 
ment of three letters a, b, c in the different expressions of Arts. 187 
and 138. Thus, in any o! the equivalent forms of Q in Art. 187, we get 
the second term by ohanging a, b, c of the first into b, o, a respectively; 
the third term by changing b, e, a of the second into o, a, b respectively i 
and the first term by ohanging c, a, b of the third into a, b, o respect¬ 
ively. The orders in which the letters a, b, c are to be nh nugaa 
successively will be best understood in the following way : 

Let the letters a, b, o be arranged 
round the oircumferenoe of a oirole as 
Shown in the diagram, starting from the 
letter a and moving in the direction of 
the arrow-head we notice that the 
order of the letters is abe. Similarly 
Starting from 6 and o successively and 
moving in the same direction, we notioe 
that the orders of the letters are boa and oab respeotively. 
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Tbe letters a, 6 , e when arranged in this manner, are said to be in 
eyeltc order. 

Thus, a, b, c are arranged in cyclic order in the following : 

(i) b+c, c+a and a + b ; 

(ii) b-c, c-a and a-b ; 

(iii) 6 +c-a, c + a~b and a + b — c ; 

(iv) be, ca and ab ; 

(v) a 8 ( 6 -c), b a (c-a) and c a [a-b ); 

and so on. 

140. To factorise a 9 (b a -c a )+b 9 (c a '-a a )+c 9 (a*-b a ). 

In this expression also the letters occur in audio order and we oan 
at once proceed as in the last example. 
a B (b a - c 8 ) + 6 8 (c 8 - a 8 ) 4 c 8 (a 8 - b a ) 

- a 8 ( 6 8 - c a ) - a a [b a - c 8 )+b a c a (b - b) 

[ arranged according to powers of a 1 

- (b - c)ja 8 ( 6 +c) - a 8 ( 6 8 + be +c 8 )+ 6 8 c 8 | 

■“(6 - c)| - 6 8 (a 8 - c 8 ) + 6 a 8 (a - c) + a 8 c{a - c)l 

[ arranged according to powers of b ] 
■*( 6 —cXo — c)| - b a [a + c)+ ba a + a a c\ 
«( 6 -cXa-c)ifl(a 8 - 6 8 )+a 6 (a- 6 )! 

[ arranged according to powers of 0 ] 
-( 6 - cXa - cXa - 6 )|c(a + b) + ail 
■> — (b —cXc - aXa - bXbo+ca + ab). 

141. To factorise (a+b+c) 9 -a 9 -b 9 -c 9 . [ See Art. 132, Cor. ] 

142. To factorise Zb a c a +Zc a a a +Za a b a -a‘ K -b*-c*. 

The given expression 

—4i*c 8 - (a* + 6 * + c* + 26*c 8 - 2 c 8 a 8 - 2 a 8 i 8 ) 

“ (26c) 8 - (a 8 - 6 8 - c 8 ) 8 
«126c+(a 8 - 6 8 - c 8 )H26c - (a 8 - 6 8 - c 8 )| 

- la 8 - ( 6 8 - 26e+c 8 )H(6 8 + 26c+c 8 ) - a 8 | 

“ {a 8 - ;;> - c) 8 ||( 6 +c ) 8 - a 8 | 

“ \a+(b —c)Ha—(6—c)H(6+ c) +aH(6+o)—ol 

* ,, (a+ 6 -cXa- 6 +cX 6 +e+aX 6 +c-a) 

■“(a+ 6 +cX 6 + 0 “aXc+a~ 6 Xa+ 6 -o). 
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EXERCISE 78 


Resolve into factors : 

1. a 4 U>-c)+d 4 (c-a)+c 4 (a-&). 

2. b a c a {b a - c") + c*a*(c* - a*) + a*6*(a* - b a ). 

8. a 8 (6-c) + i> 8 (c-a) + c 8 (a-d). 

4. 6c{6 8 -c 8 ) + ca(c*-a a ) + a&(a 8 -6 8 ). 

6. b a c a {b - c) + c 8 a 8 (c - a) + a*f>*(a - h). 

6. x{y-z) a + y{z-x) a + z{x-y) a + 8xyz. 

7. <r 8 (v ~ z) 8 + y 8 (z -x) a + z a {x -y) 8 . 8. (y-z) 8 + (z-!r)*+(a;-y) 8 . 

9. [x* + 2x + 4 Xv - z) + (y * + 2y + 4X« - a;) + (z* + 2z + 4Xa; - y). 

10. \x a — (b+c)x + 6c}(6 — c) + ia: 8 — (c + a)x + ca\(c — a) 

+ ia; 8 - (a + 6)a;+ ab\[a ~ b\ 

11. (x + bXx + cXb — c) + [x + cXx + aXc — a) + (x + aXx + b){a — 5). 

12. o(fc + c) 8 + t>(c + a) 8 + c(a + &) 8 -3aI>c. 

13. 8a; 8 — (y - z) 8 - (z + a;) 8 - (a: - y) 8 , 

14. o 8 (6 8 -c 8 ) + fc 8 (c 8 - a 8 ) + c 8 (a 8 - b‘). 

16. x'(y* - z 4 ) + y e (z 4 - a; 4 ) + z e (x 4 - y 4 ). 

16. 8(a + 6 + c) 8 - (6 + c) 8 - (c + a) 8 - (a + 6) 8 . 

17 . yz(v + z)+zaX*+a;) + xy(x+y) - x a - y 8 - z 8 - 2xyz. 

18. [x + l) 8 (y - z)+(y +1 ) 8 (z - a;) + (z + l) s (x - 1 /), 

19. (a; + l) 8 (y -z) + (y +1 ) 8 (z - a:) + (z + l) 8 (a; - y). 

20. aXy-z) 8 +y(z-a;) 8 +z(a;-y) 8 . 

21. 26 8 c 8 y 8 z 8 + 2c 8 <x 8 z 8 a; 8 + 2 a a b a x a y a - a 4 x 4 - 6 4 y 4 - c 4 * 4 . 

22. 72y a z 8 + 18z s x*+8a; 8 y 8 - a; 4 - 16y 4 - 81z 4 . 

23. Find the value of 2 b a c a + 2c 8 a 8 + 2 a a b a -a*-b 4 -c l , 

when fc + e-a = 7, c + a-6«10 and a + b — fl“8, 

24. Evaluate a a (6 + c) + 6 a (e + a) + c a (a + b), 

when a + o+C“20, fcc + ca + a6”18 and abc^ 87. 
26. Evaluate (a +b + c) 8 - a 8 - 6 B - c 8 + 3abc, 

when a + 6 + c“13 and a* + 6* + c*“69, 

143. Factors of Reciprocal Expressions. 

Definition. An algebraioal expression in whioh coefficients of the 
terms equidistant from the beginning and end are same, is oalled 
a reciprocal or recurring expression. 

Thus, x*+4a a +6x a + 4x+l is a reciprocal expression. 
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Example 1. Resolve into factors a; 4 + 2x® + 3x* + 2* +1. 

The expression - (x 4 +1)+ (2s* + 2a-) + 3a;* 

[ collecting terms with equal coefficients ] 

- K* s + l)*-2x*( + 2x(x* +1) + 3a:* 

-(x* + l)* + 2x(x* + l} + 3x*-2x* 

“ (a;* +1)* + 2(x* + l).x + x* 

*= )(x* +1) + xf* “ (a:* + x +1)*. 

Example 2. Factorise o 4 - 5a* - 12a* - 5a +1. 

The expression - (a 4 +1) - (5a“ + 5a) - 12a* 

[ collecting terms with equal coefficients ] 

- Ka* +1)* - 2a*l - 5a(a* +1) - 12a* 

- (a* +1)* - 5{a* + l).a - 2a* - 12a* 

“a;*-5xa- 14a* [ putting x for a* +1 ] 

“(x + 2aXx-7a) 

“ (a* +1 + 2aXa* +1 - 7a) [ restoring the value of x ] 
«(a + l)*(a*-7a+l). 

144. Factors by trial. 

Example 1. Resolve into factors x® -2®*-5*+ 6. 

On inspection we find that the given expression oan be split up 
into parts each of which is divisible by x-1. 

Thus, the exp.‘=x®-x*-x* + x-6x + 6 

-= (x® - x*) - (x* - x) - (6x - 6) 

- x*(x -1) - x(x -1) - 6(x -1) 

“(x-lXx* -x-6)=(x-lXx + 2Xx-3). 

Note. It is important for the student to observe that the given expression 
MAiihsa when 1, — 3, or 3 is substituted for x. Thus, it may be remembered OS 
■ general rule that if any expression involving x vanishes when *“a, x—a is 
a factor of that expression. 

The above general rule leads to the following particular oases : 

(1) II In any expression eontainlng Integral powers ol x, the snm ol the 
coefficients Is zero, x—1 Is a factor of that expression. 

(2) If In any expression containing Integral powers of x, the snm of the 
eoetticlents of odd powers of x Is equal to the snm of the remaining coefficients, 
x+1 Is a factor of that expression. 

Thus, in example 1 above, the sum of the coefficients of the 
expression *"l + (-2) + (-5) + 6“l-2-5+6**0. 

Hence, x-1 is a factor of the expression. 
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Again, in the expression ® 8 + 8a:® + 3a: +1, the odd powers of os an 
»* and ®. 

The stun of their coefficients — 1 + 3 ~ 4 and the sum of the 
remaining coefficients “ 3 +1 — 4. 

These two sums being equal, the expression ® 8 + 3®* + 3® + l most 
have (® + l) as a factor. 

Example 2. Resolve into factors a; 8 + 6®* +11® + 6. 

The sum of the coefficients of odd powers of ® — l +11 — 12 and the 
snm of the remaining coefficients=6 +6 =■= 12. 

These two sums being equal, ® + l must be a factor of the given 
expression. Now, grouping the terms into parts each of whioh is 
divisible by ® + l, we have 

the expression “ ® 8 + ®* + 5®* + 5®+6®+6 

** (® 8 + ® 8 ) + (5® a + 5®) + (6®+6) 

■* ®*(® +1) + 5®(® +1) + 6(® +1) 

“ (®+lX®* + 5®+6) “ (®+IX®+2X®+3). 

Example 3. Resolve into factors 8® 8 + 16®-9. 

Putting y for 2®, the given expression 

-(2®) 8 + 8.2®-9«y 8 +8y-9. 

Now, the sum of the coefficients of y 8 +8y-9 
-1 + 8-9-0. 

Hence, y-1 is a factor of this expression. Next, arranging it into 
parts such that each part is divisible by y — 1, we have 

y 8 + 8y-9«y 8 -y+9y-9«y(y*-l)+9(y-l) 

-(» -1 )\v(v +1) + 9( =(y - iXv* + y + 9) 

“ (2® - 1X4®* + 2® + 9). [ restoring the value of y J 

Example 4. Resolve into factors ®* + 4®* -13® 8 -13®*+4®+1. 

We notice that the sum of the coefficients of odd powers of x 
«l + (-13) + 4--8, 

and the sum of the remaining coefficients 

«4 + (-13) + l«-8. 

These two Bums being equal, ®+1 must be a factor. 

Now, grouping the terms into parts eaoh of whioh is divisible by 
® +1, we have the given expression 

-(»* + «*)+(3®* + 3® 8 ) - (16® 8 +16®*)+(8®*+8®)+(®+1) 

- ® 4 (®+1)+3® 8 (® +1) -16®*(® +1)+3®(® +1)+(® +1) 

-(*+1X®‘+ 3® 8 -16®*+3*+1). 
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The factor a 4 + 3a 8 - 16a* + 3a +1 is a reciprocal expression. Hence 
proceeding as in Art. 143, we have 

* 4 + 3*“ - 16a;® + 3* +1 

«(a; 4 +1) + (3a 8 + 3a;) - 16a;*, 

[ grouping terms with equal coefficients ] 

- [(a* + l) a - 2a-*| + 3x(x a +1) - 16a;* 

~(x a + 1)* + 3(a* + l).a - 2a;* - 16a;* 

■=y* + 3ya-18a* [ putting y for x a + 1 ] 

- (y-3aXv + 6a) 

“(a;* +1 -3a)(a;* +1 + 6a) [ restoring the value of y ] 

- (a* - 3a + lXa* + 6a +1). 

Hence, the given expression — (a + l)(a* - 3a + lXa* + 6a +1). 

Example 5. Resolve into factors a 8 + a* - 21a — 38. 

By trial we find that the given expression vanishes when a*“ — 2. 
Hence, a-(~2)=a+2 is a factor, Thus, we have 
» B +a*-23a-38 = (a* + 2a*)-(a* + 2a)-(l9a + 38) 

[ splitting into parts divisible by a + 2 ] 
- a*(a + 2) - a(a + 2) - 19(a + 2) 

*»(a+2Xa*-a-19). 

145. Factors of Homogeneous expressions of two dimen* 
sions. 

The following examples will illustrate the process : 

Example 1. Resolve into factors 6o* + lab + 26* + lloc + 76c + 3c 2 , 
If a—0, the expression becomes 26* + 76c + 3c*, 

whicb“=(26 + c)(6 + 3c). ••• (l) 

If the expression reduces to 6o* + lloc + 3c*, 
which “(3a + c)(2o +3c). ••• (2) 

If c ar 0, the expression reduces to 6a* + 7a6 + 26*, 

which = (3a + 26X2a + 6), ••• (3) 

Now, comparing the results (1), (2) and (3), we notice that the 
given expression must be “ (3o + 26 + c)(2o + 6 + 3c), [since it is these 
factors which reduce to the form (1) when 0 * 0 , to the form (2) when 
6“*0, and to the form (3) when c = 0 ]. 

Alternative Method : Arranging the terms in descending powers 
of any one of the letters, say, a, we have 

the given expression “ 6o* + (76 + llc)o + (26* + 76c + 3c*) 

- 6o* + (76 + llc)o +(26+cX6+So). 
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Now, split the produot of (the coefficient of o* ) and (the term 
independent of a ) into two factors whose sum “'the coefficient of a. 

Thus, split 6x(26 + cX6 + 3c) into factors whose sum —76+11a. 

By trial, the factors are 2(26 + c) and 3(6+3c). 

Hence, the given expression 

—6o* + 2(26 + c)a + 3(6 + 3 c)a + (26 + cX6+3c) 

— 2a {3a + (26+c)( + (6 + 3c)) 3a+(26 + c)( 

—(3a+26+cX2a + 6+3c). 

Example 2. Factorise x*-3xy + 2y*-2yz-4js a . 

The given expression is homogeneous in x, y and z. 

If a;—0, the given expression reduces to 2 y* - 2yz - 4 2 s , 
which — 2(y* - yz - 2z s ) — 2[y + z)(y - 2 z) 

— (2j/ + 2z)(y - 2z). ••• ••• (1) 

If v—0, the given expression reduces to a:*-42 s , 

which=(-a;+ 22 X-sc-2z). ••• (2) 

If *=0, the given expression reduces to a:* - 3xy + 2y s , 

which=(-a: + 2yX~K + y). — (3) 

Now, comparing the results (1), (2) and (3), the given expression 
is evidently equal to {-x + 2y + 2z){-x + y-2z)={x-2y- 2zXz- V + 2*). 

Alternative Method : Arranging the expression in descending 
powers of any one of the letters, say, x, we have 

the expression -a; s - dyx + (2y’ > - 2yz - 4s s ) -ar s - 3ya; + 2(y + *Xv - 2z). 

Next, splitting the product of (the coefficient of x* )x( the term 
Independent of x ), i.e., 2 (y + z)(y - 2 z) into two factors whose sum 
—the coefficient of a:, i.e., —3 y, 

we notice by trial that these factors are -2(y + z) and —{y — 2z}. 

Henoe, the given expression 

—a:* - 2(y + z)x - {y - 2z)x + 2(y + z\y — 2z) 

-a;)a; -2(y + *)) - (y - 2 z)\x - 2(y + z) I 
- [x - 2y - 2*X* _ V + 2c). 

146. Factors of general expressions of the second degree in 
two or more letters. 

Example. Factorise 6a s + 7a6+26 s + lla + 76 + 3. 

Arranging the expression in descending powers of any one of the 
letters, say, a, 

the given expression—6a s + (76 + ll)a + (26* + 76 + 3) 

- 6a s + (76+ll)a + (26+1X6 + 3). 
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Now, split the product of (the coefficient oi a* ) and (the term 
independent oi a ), 6 * (2b + 1X6 + 3) into two factors whose sum—the 

coefficient oi a, 76+11. 

The iaotors are evidently 2(26 +1) and 3(6 + 3). 

Hence, the given expression 

-6o* + 2(26 + l)a+3(6 + 3)a+(26 + 1X6 + 8) 

—2ai 3a+(26+1))+(6+3))3a+(26+1)1 
—(3a+26+lX2a+6+3). 

147. Factors found by suitable arrangement and grouping 
of terms. 

There are some expressions oi which the factors become obvious 
after re-arrangement of the terms in a certain way, but there are others 
again which do not exactly come under this category. Hence, no definite 
method oan be specified as applicable to all cases that may be practioally 
included in this article. We must, therefore, content ourselves only 
with directing the student’s attention to a few important oases, more 
or less isolated, whioh will fairly introduce him to the subieot under 
consideration. 

Example 1. Resolve into factors (3®* - 46*)a + (3a* — 4®*)6, 

The given expression—3®*a —46*a+3a*6-4a*6 

- (8®*a+3a*6) - (46*a+4**6) 

[ taking the 3rd term with the 1st, 
and the 4th with the 2nd ] 

- 3o(®* + a6) - 46(a6+®*) 

-(®*+a6X3a-46). 

Example 2. Resolve into factors x* + x*v *—y *«*—f *. 

Oombining the 4th term with the 1st, and the 2nd with the 3rd, 
we have 

a*+®*y* - y*s* - ** -(® 4 - «*)+(a V* - v*r*) 

-(a* + s*X®* - «*)+y*(a* - **) 

-(a* - «*))(** + «*)+ v*\ 

-{*+*X* - «X&*+y*+»*). 

Example 3. Resolve into factors a*+7®* - 21® - 27. 

The given expression - (a* - 27)+(7«* - 21e) 

—(® - 3Xa* + 3a+9)+7a(e - 3) 

—(a- 8M(e*+3®+9)+7®( 

-(e-8X** + 10®+9)-(e-3X®+9X®+1). 
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Example 4. Besolve into factors 4a * +12 ab + 96* — 8a -126. 

The given exp.—(4a* + 12a6+96 s ) - (8a +126) 

-(2a + 36)*-4(2a + 86) 

-(2a+36))(2a + 36)-4f 
-(2a + 36X2a + 36-4). 

Example 5, Besolve into factors 2a* - 26c + 66* + ac - 7a6. 

We observe that the 1st, 3rd and 6th terms are of Ihe second 
degree in a and 6, whilst the 2nd and 4th terms are of the first 
degree in those letters. 

Putting the former set of terms in one group and the latter in 
another, we have 

the given exp. — (2a* - 7a6 + 66®) + c(a- 26) 

- (a - 26X2a - 36) + c(a-26) 

=(a-26X2a-36+c). 

Example 6. Besolve into factors a ;* - y* - *® + 2y* + x + y-». 

The given exp. — (sr* - y* - z* + 2yz) + (x + y-t) 

Ha:*-(y-z)*( + (a:+y-z) 

“(a ;+y -eXx-y + «) + (* + y-s) 

-(z + y-zJKai-y + zJ + ll 
-(* + y-zXa;-y + z +1). 

Example 7. Besolve into factors 

a*x a + a‘ - 2a6z* + 6** B + a*6* - 2a 4 6. 

We observe that the 1st, 3rd and 4th terms have got x * for 
a common factor, whilst the others have got a®. 

Hence, putting the 1st, 3rd and 4th terms in one group and the 
remaining terms in another, we have 

the given exp.—(a*a; B -2a6a; B + 6*:e B )+(a B + a B 6*-2a‘6) 

—* B (a * - 2a6 + 6*) + a B (a* + 6* - 2n6) 

—(a* - 2a6+6*X* B + a B ) 

- (a - 6)*(a:+aX** -xa+ a*). 

EXERCISE 79 

Besolve into factors: 

1 . x*+x* + x + l. 2. x* + x*-x-l. 

3. «•— x* —x+1. 4. 6c(a* + l)+a(6 , +c*). 

6. x*-ab*+xb a -x*a. 6. a6(** + y*)+<ry(a*+6*). 

7. r*+® y-ys-s*. 8. xb-ao-xc+ab. 
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8. (2x* + 36»)a-(2a* + 3x*)6. 

10. 

o{a+c)-Kb+c). 

11. 4a* + 8ac-126c-96*. 

12. 

a*x* + acxz - b a y a - bcyz . 

18. x 4 - + y*x* -v* 2 *. 

14. 

16x* - 15a6 + 126x—25a*. 

16. a*(a + 26) + 6*(2a+6). 

16. 

m* - 2 m a n + 2 mn a - n“. 

17. a 4 + 2a*6-2a6*-6\ 

18. 

x*(x - 2y) + v*(2x - y). 

19. a* + 5a* + 10a+ 8. 

20. 

x® - 17x* + 85x -125. 

21. 8a* + 18a*6 - 27a6* - 276*, 

22. 

x*-2xy+y*-x+i/. 

28. 4a* - 4a6 + 6* - 6a + 36. 

24. 

x 4 - 2ax® + 2a*x* - 2a*x + a 4 . 

26. a 4 -3a*6 + 4a*6*-6a6® + 46\ 



26. a* + 3a6 + 26* + ac + 26c. 

27. 

x* - 4 xy + 3 y a + xz- 3 yz. 

28. m a + 2pm-5mn~4pn + 6n a . 

29. 

a* - 10a6 - 156c+216* + Sac. 

80. 2x* + 4a(46 - 3a) + x(46 + 5a). 

31. 

a*-3a(26-1) + 46(26 - 3). 

32. 3x(x + 2) - 2y(4x -1) - 3y*. 

33. 

a*-6*-c*-26c+a—6—o. 


34. x“ — 4y* — 9c*4-12yz4-4x— 8y + 12e. 

35. 9x*-4z*-24xy4-16v* + 20y-15x4-10z. 

86 . 2a*x 4 - 5a 4 x* + 3a® - 26*x 4 +5a*6*x* •- 3a 4 i*. 

87. 2x® + (2a - 36)x* - (26 + 3c-6)x + 36*. 

88. (a* + b a )x a - a*6(2a + 6) + a(26x* - a B ). 

89. 2a 4 - 5a® + 6a*-5a+ 2. 40. a 5 -4a 4 -13a* + 13a* + 4a-l. 

41. 2x“ + 6xi/ + 4y* + 5xz + 6yz + 2**. 

42. 2x*4-xy-3j/*-xz-4y;s-z®. 48. a*-5a® —12a 4 -5a*4-]. 

44. 4x*-4xy-3y* + 12yz-9;5*. 

45. x*-ax 4 + a*x*-a*x* + a 4 x —a*. 46. x* + 7x* + 14x + 8. 


148. Miscellaneous Examples. 

Example 1. Resolve into factors a* +7a6* — 226*. 

We find that the expression can be split np into parts eaoh of 
whloh is divisible by a-26 in either of the two following ways : 

(i) (a* - 86 s ) + 76*(a - 26); 

(ii) a(a*-46*)+116*(a-26). 

Hence, choosing the former way, W3 have 

a* + 7a6* - 226* - (a* - 86*)+76*(a - 26) 

-(a - 26)|(a* + 2a6 + 46*)+76*1 
■•(a— 26Xa* + 2a6+116*). 
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Example 2. Resolve into factorB sc*+2(o* + 6*)+Sox - 6(8x+6a). 
Arranging the expression according to descending poweri of x, 
we have it -x* + 3(a-6)x+(2a*-6a&+26*) 

-x* + 3(a-6)x+(2a~6Xa-26) 

-x* + K2a-6) + (a-26)fx+(2a-6Xa-36) 

- x|x + (2a - 6)t + (a - 26))x + (2a - 6)} 

- )x + (2a - 6)Hx + (a - 26)1 

- (x + 2a - 6Xx + a - 26). 

Example 8. Besolve into factors x* - 6xy + 8y* — z* + 2 y». 

The given expression— (x*-6xy + 9y*)-(y* + s*-2y*) 

-(x-3y)*-(y-s)* 

- )(x -3y)+(y- «)t )(x-3y)-(y-*)( 

-(x - 2y - r)(x - 4y + «). 

Example 4. Resolve into factors (a* - 6*Xx* ~ V*)+ 4a6xy, 

The given expression - a*x* - a*y* - 6*x* + 6*y* + 4a6xy 

- (a*x* + 6“y* + 2a6xy) - (a*y * + 6*x* - 2a6xv) 

- (ax+6y) s - (ay - 6x)“ 

-|(ax+6y)+(ay- 6x)[ )(ax +by)~ (ay - 6x)f 

- i(a - 6)x+(a+6)i/H(a+6)x - (a - 6)yl. 

Example 6. Resolve into factors x*+6x*+4x* - 16x+6. 

The given expression— (x* + 6x* + 9x*) — (fix* + lfix) + 6 

-(x* + 3x)* - 6(x* + 3x)+6 
H(x* + 3x)-2H(x* + 3x)-3l 
—(x* + 8x - 2X»* + 8x - 8). 

Example 6. Resolve into factors x*+2x*y+8x*y *+9xy*+ y*. 

The given expression - (x* + 2x*y*+y*)+x*y*+(2x*y+2xy*) 

- (x* + y *)“ + (xy)*+2(xyXx*+y *) 

- «x* + y *)+xy- (x* + xy+y*)*. 

Example 7. Resolve into factors (x - lXx - 2Xx + 8Xx +4)+4. 

(x - lXx - 2Xx+3Xx+4) - Kx - lXx + 3)H(x - 2Xx+4)} 

- (x* + 2x - 3Xx*+2x - 8). 

Hence, putting z for x* + 2x, 

the given expressjon“(x-3X*-8) + 4-«*-ll*+28—(*- 4X«-7) 
«(x* + 2x-4Xx* + 2x-7). . 

Roto. The student must carefully notice why in multiplying together the four 
Ktomial*. e-1, «-S, * + 3, tc+4, vie combine *+8 with *-l, and •+< with *-S. 


1—17 
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Example 8. e + V“a and xy“b a , find the value o( (1) e* + y* 
and (ii) x a ~x a y-xy a + y B in terms ol a and b. 

(I) a* + y* ->(a*+v*)* - 2®*v* « |(®+v)* -2®p[* -2as*v*i 

and the required value “(a* -26*)* -25*~ a*- 4a*b* + 26*. 

(li) as* - as*y - ®v* + v 8 « ®*(a ~v)~ v*(® - y) 

“(as-vXa* - y a ) - (a: - y)*(a + y) 

■* K* + v) a - 4ay K* + V ) “ (a* - 46*)a. 

Example 8. Find the value ol as* - as* + as* + 2, when a*+ 2 "2®. 
a* - a 8 + a* + 2 «(a* + a* + a*) - 2(a* -1) 

- a*(a* + x + 1) - 2(as - lXas* + * + 1) 

«(a* + a + l)la*-2(®-l)f 
“ (a* + x + lX®* — 2a; + 2), 

and the required value-(a* + a + l)x0-0. 

Example 10. Find the value ol 

a* + 6* + c* - 26*c* - 2c*a* - 2a*5*, when a+6-c 

The given expression 

“ - (2h*c # + 2e“a* + 2o*6* - a* - 6* - c*) 

— -(a + 6-eXa-6+cXa + &+cX& + c-a), [ Art, 1421 

and ”0, when fl + 6“C. 

EXERCISE 80 

Resolve into lectors : 


1. 

a* 

+ 8a“ + 19a +12, 

2. 

a*+ 9®*+ 26®+24. 

8. 

,B* 

-6®* + lla-6. 

4. 

a*+ 5®*-2®-24. 

5. 

a* 

-4a* + a + 2. 

6. 

a* + 5a 4 -2a-6. 

7. 

a* 

-6a*+ 18®-10. 

8. 

x* -3a*-9a* + 12® + 20. 

9. 

X* 

-3a®-a*+ 13®-10. 

10. 

®*-5®* + ®* + 13a+6. 

11. 

a* 

+ 5a*-8a*-30®+36. 

12. 

a* - 7a 8 + 9a* + 26a-66. 

18. 

a* 

-7a*+ 13®-15. 

14. 

a 8 -5®+ 12. 

15. 

a* 

-6a* + 32. 

16. 

2®* - 3a* - 4. 

17. 

a* 

-9ay*-10y*. 

18. 

a 8 + 4a 8 6-9i*. 

19. 

6a 1 

*-3a*5-286*. 

20. 

8a*+ 4®-3. 

21. 

2a" + 6a*- 4a -8. 

22. 

a* - 3a - 2, 

28. 

2a*-o a b-b a . 

24. 

3a*+ 8®*-8a-3. 

25. 

e* 

-6ay*+9v‘. 

26. 

a* + bx - (a* - 3a6+26*). 
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27. ®*+4a6®*y*-(a*-6*)*y*. 

28. a* + 2(** + y*)a*6* + (**-y*)*&*. 


29. 

a* + (® + y)a - 2x a + 5*y - 2y*. 

30. 

®(®+a) - 2a*+86(a+«)+2b*. 

81. 

x a +4®y + 3y* + 2yz - z a . 

32. 

®*+2®y - 8v'* - ia* +12y». 

88. 

a* + 2 db — c* + 26c. 

34. 

®*+2®-y“+2v. 

85. 

®*+6®-y* + 4y + 5. 

36. 

a*+4a6 - 66* - c* + 66c. 

87. 

®*-6®y + 5y*-s* + 4ys. 

38. 

®*-10®v+16y*-4s* + 12ys. 

39. 

a* - 12a6 -136® - 9c* + 426c. 

40. 

®* + 12®y -9s* + 36y*. 

41. 

x a - 14*y - 15y* - 25c* + 80y*. 

42. 

4a*-4a6-86* +126c-9c*. 

43. 

x* + 6a 8 + 8*“+6® - 9. 

44. 

a* - 4a 8 6 - 6a*6* + 6a6 8 - 6*. 

45. 

4®* - 20» 8 + 24a;* + 6® - 9. 

46. 

»*-2® 8 + 2®*-2®+l. 

47. 

a* - 9a* + 30a-25. 

48. 

a* - 2a6® - (ac - 6*)®* + 6c* 8 . 

49. 

®*y*+ x a y a - z a +2 xyz +1. 

50. 

®*(y* - s*)+4*y3 - v* + s*. 

61. 

(a* - 6*X®* + y a )+ 2 (a* + 6*)®y. 



52. 

®*-4® 8 -®* + 10®+4. 

53. 

a* - 6a 8 + 15a* - 18a+6. 

54. 

4®* +12® 8 - 5®* - 21® + 12. 

55. 

®* - 5x 8 v + 6®*y * - 5xv a + y*. 

56. 

® 4 - 5®* + 14®*-20® + 16. 



57. 

a* - 7a 8 6+14a*6* - 14a6 8 + 46*. 


58. 

«* + 4® 8 -ll®* + 20®+25. 

59. 

a* + 4a 8 6-l0a*6* + 4a6 8 +6*. 

60. 

®*+8® 8 +24®* + 32®-20. 

61. 

(*+ lX* + 3X* ~ 4X* - 6) + 13. 

62. 

(® + 2X® + 3X® + 4X® + 5) - 360. 

63. 

®{2*+lX*-2X2®-3)-63. 


64. Find the value of ®y(*+v)+ys(y + s) + s®{*+®) + 3sys 1 when 
®-a(6-c), y^Ufi-a), s=e(a-6). 

65. Find the value of (y-sXv*-**)-*^{v-^)*+®(y + *)^ + ® , . when 
®“a* —6*. y—6*-c*, s*a*-c*. 

66. Find the value of x a -2[y- 2)* -3y * + 20 y - 32, when x + y m 4. 

67. Find the value of ®*-y* + 4®+14y-45, when ®+v"25 and 
®-y**6. 

68. Find the value of 8 xy(x a + y a ), when ®+y ” J3 1 

when *-y** J 2 / 

il. Identities 

149. We shall in this section consider some important identities 
of a somewhat harder type than those treated of in Chapter XIII and 
establish their truth with the aid of the foregoing formulae and principles. 

The following general method should be remembered : 

Reduce the more difficult side of the identity to the form of the other 
with the help of the preceding formula. 
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If both the sides of the identity are complex, reduce each to its 
simplest form and establish their equality. 

Sometimes an identity follows easily by transposition of terms or 
addition of some terms to both its sides. 

Sometimes an identity may be proved very easily by substituting 
a new letter for a group of letters occurring in the identity. Make such 
•substitutions wherever necessary. 

The following examples will illustrate the process : 


Example 1. Prove that 

(® - aX* - 6)(a - h )+(k ~ bX* " cXh - c)+(a - cX® - aXo ~ «) 

« -(&-cXc -aia-b). 

Substituting p for x- a, q for x — b and r for x — c, we have 
q-p~a-b, r-q**b-c, p-r**c-a. 

•'. the left side -pgfa - p)+qr{r - q) + rp{p - r) 

“-( q-ptr-qtp-r) 

- - (o - bXb - cXc - o). [ restoring values 

of q-p, r-q,p~r] 

Example 2. Prove that 

(v+*)*(2®+v+a)+(s+®)*(®+2y+s)+(®+i/)*(®+v+2s) 

+2(v + sXs+®X*+ v) ** (2®+ y +sX*+2y+*X®+ V +2*). 

Putting a for y + s, b for s + x, c for x+y, we have 

b+c m, 2x+y + e, c+a**®+2y+s, a+b“®+y+2s. 
the left side^a^b+cJ+b^c + cO+c^a + iO+Sabc 

- ( b + c}' c +aXa+ b) * (2®+ y +sX® + 2y+sX*+ y +2s). 


Example 3. Prove that ®*+6(y+ s]x* +12 (y +s)*® + 8(y+*)' 

■«4(3E+2y+6s)i/*+(®+6i/+2sX®+2s)*. [M. M. 1881] 
The left side—®* + 3x*.\%y + s)f + 3.®.)2(v + *)i® + \%V + s)l® 

- i®+ + *H® - (®+ 2y+ 2s)* - \Zy + (* + 2s)(* 

- (2y)® + 3(2j/)*(®+2«) + 3(2yX»+2s)* + (® + 2s)® 

—8y* + 12y *(®+2s)+ 6y(x +2«)* + (®+2*)® 

—4y*i2y + 3(®+2x)f + )6y + (®+2 s)K®+ 2s)* 

- 4(3®+2 y+ 6 z)y* + (® + 6y+2sX® + 2s)*. 


Example 4. Prove that 

®®+V® + s® +24 xye - (®+ y +s) 8 - 3\x{y - s)® + y[z - »)* + s(« - y)*|. 
By transposition of terms, this identity is equivalent to the form 
31®{y - s)* + y(s - ®)* + s{® - j/)*f+24®y* 

•*(® + y + *)®-®®-y*-s*. (1) 
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II bhe latter identity can be established, the former can be deduoed 
by transposing terms. 

Now, 3My ~ *)“ + vie - x) a + z[x - y)*t + 24 xyz 

« SlaXy* ~ 2j iz +s“)+y(s* - 2 m;+®*)+ z(x * - 2*v+y 8 )l + 24®ye 

- 8jsr(v* + **) + y{z a + x a ) + z{x a + y *) - 2 xyz 

- lyzx - 2 zxy +8*ye} 

- 3|aj(y “ + «*)+ v(z a + x a ) + z[x a +y*)+2 xyz\ 

** 3(y + z\z + x\x +y) - (x+y+ z) a - x a - y 1 ‘ - z *. 

.'.by transposition, 

x B +v a + z a + 2ixyz = (x + v + z) a - 3l®{y - «)*+ y[z - «)“ + z[x - y)*l. 
Example 5. Prove that 

- x(b - cXc - aXa ~ b) *■ a[b - c){* - bXx - o)+ b(e - aX* ” oX® — o) 

+ o(a - b\x - aX® - b). 

The 1st expression of the right side 

- a(6 - c)\x a - x{b + o )+id 

“ x a a(b - c) - ®a(t* - c*) + abc{b - e). 

The 2nd expression of the right side 
■» t(e - a)!®* - ®(c+o)+cal 
~ x a U.o - a) - xK,o a - a*}+otc(o - o). 

The 3rd expression of the right side 
■* e(o - 5)1®* - *(a+6)+atl 

- ®*c(a -1) - ®c(a* -1*)+atc(a - 6). 
the right side (adding the columns vertically) 

“**io(t - c)+t(c - o)+c(a - t)l - sMt* - e*) 

+ t(c*-o*)+c(a*-t*)l+otc|(6 - e )+ (c - a)+ (a - 6)1 
-x*.0~ ®Kt - cXc - aXfl ~ b)l + atc.O. [ Formulae XXIII 

XTV and XXn, Art. 1S3] 

- - x{b - cXc - aX« - 6), 

Example 0, Prove that 

(l - ®*Xl - y *Xi - **) - (®+v*Xv+*®X*+ <bv) 

- (1+teysXl - e* - y • - - Steve). 


The left side 

~{l-x a ll-y a ll-z a )-^^^^^^ 

- U - (**+»•+**)+y*e* + z a x a +x a y a - e*y *«* \ - -M (®ve )• 

wy» 

+(®y*)*(e*+y*+»*)+(ayeXv***+e*»*+«*y*)+®*y*e* 
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+ ( v »*s + **a;* + £c*y s ) — iV«' “ ® B V B * B 

- xyz{x a + v* + *■) ■- (l/V + ***• + * V) “ W« 
- (1 - ®* - V* - z B ) “ *v« - *l/z(a: B + v* + e a ) - 2x a v a z a 
-l _ g-s _ y * - e * - 2ei/z + xy* - xyz(x* + y B + z B ) ~ 2x Vz B 
„( 1 _ 5t .a_ v *-e»-2aT/z) + !Ei/z(l-x s -V ,, -z a -2teV*) 

-(1 + xysXl -x a ~V a -z a - 2xpz). 

1B0. Conditional Identities. We shall now establish certain 
Important Conditional identities and deduce the truth of other 
identities from them. 

151. If a+6+c-O, prove that 

(1) o a +6 B +c a " -2(bc+ca+ab). 

We have (a+&+c) a -a B +6 B + c 8 +26c+2ca+2a&. 

0 B »»a B + h* + o B + 2(6c+ca + o6). 

Transposing, o B + fc* + c* “ - 2(6c+ ca+aft). 

(2) « B +6 B +c B -8a6c. 

We have a 8 + b a + c* - 3abc 

*"(a+6+cXa 8 + f> B + c B —6c—ca—ab) 

“0 * (a 8 + 6 B + e a -bc-ea-ai>)”0. 

. transposing, a 8 + 6“ + c 8 ** 3 abc. [ See Art. 99, Ex. 10 ] 

(8) (&c+ca4^ft) a -ft a <: a +e a a a +a a & a -i(a a +& B +<: a ) a . 

We have {be + ca + ab)* - 6 B c B + c B o 8 + a B b B + 2abc{a + 6 + 0 ) 

■■ b 8 c 8 + c B a 8 + a B fe B + 2abc x 0 
■= b a o a + c B a 8 + a B b*. 

Also, from (1) above, bc+ca+ab - -i(a a + 6 a + c a ). 

(bo+ea+a6) 8 *"l(a 8 +& a + c a ) B . 

Hence, [be + ca+ab) a - b a c a +c B a* + a a b a - l(a B + 6* + o a ) a . 

(4) a 4 +6 4 + c* - 2(6® c*+c®a®+a®6 a ) - i(a a +6®+c a ) a . 

We have 2 b'c* +2o B a B +2a 8 b B - a 4 - fc 4 - c 4 

-(a+5+cX&+c _ aXc+a-bXa + &”0) 

•=0x(fe+c—oXo+o — f , Xo+f>~°) [ Art. 142) 

-0. 

Henee, transposing, 

o 4 +5*+c* -26 a c*+2c B o 8 +2a 8 6 8 -2(& 8 o 8 +c B o B + a*b % ) 
-«a B +ft*+c B ) B . [from (8)] 
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(5) a B +b B +e B - -babc(bc+ca+ab) 
■»§flfte(a a +ft a +c a ) 

-f (o a +6 a +c a )(o s +i» B +c B ). 


Piaoe, a + b+c “0, we have, by transposition, o + 6— -c ; 

••• (o + 6)*“(—c)*, 

or, o* + 5a 4 b + 10a*b* + 10a*b* + 5ab 4 + 6* - - o*. [ Art. 127 ] 


By transposition, 

a* + b* + c‘ - - 5a 4 b - 10a*b* - 10a*b* - 6ob 4 

- - 6 alia* + 2 j,*H 2 ab* + b") 

m - baUfl + b\a* + ab+b*) [ factorising ] 

" -5ab(-c)i(a+b)*-ab} [ since, a+b- -e] 

- 5abc\(a + bX - c) - ab\ 

—5abc(-ac-bc-ab) 

- -5abc(bc+ca+ab) 


-^fla'+b' + c*) [by (I)] 

-#a a +b a +c B ).Sobc 
■* 4{o* + 6* + c a Xa*+b B + e*). 

(6) a 7 +b 7 +c 7 -7aftc(6c+<!a+a&) a 

-A(o a +b a +r a ) a (fl B +& B +e B ). 


[ sinoe, a B + b*+c B 
■Sabo J 


Bince, a+b+e-O, we have, by transposition, a+b" -e ; 
(a+b) T -(-c)\ 

or. o T +7o*b+21o*b* + 35a 4 b*+35a B b 4 +21o , b l ‘+7ab* +b* 

- ~e\ [ Art. 127 ] 

Transposing, n T + b T + e T 

- - 7a*b - 21a*b* - S5a 4 b B - 35a B b 4 - 21a a b* - 7ab" 

- -7ab(a*+8a 4 b+5a B b B +6a a b B +3ab 4 +b*) 

" - 7ai(a+bXa 4 +2a B b+3a*b*+2ab* + b 4 ) [ faotorlslng ] 

--7ab(-eXa*+ab+b B ) B 

"7abe(a a +ab+b B )* 

^abcCbc+ca+ab)* [ as in ( 6 ) ] 

■ Kbe+ oa +ob)*.3obe 

-|*(^ ± Y ± ^)V+b'+e ,,) [ from (2) 4 (3) ] 

-A(a , + 6 B +o*) B (o B + b B +o B ). 



364 


ALGEBRA MADE EAST 


[ CHAR 


Example 1. Prove that 

(v - s)* + {2 - x)® + (a; - v)® - 3(y - 2 X 2 - srXx - y) 

Putting o lor (y - 2 ), 6 lor (a - x) and c lor (x - v), we have 
a + b+C“y-2+2-x+x-y“0. 
a® + b® + c® ** 3abc. [ by (3) ] 

Restoring values oi a, b and c, 

[y - 2 )® + (2 - x)® + (x - y)» - 3(y - 2 X 2 - ®X* - v). 

Example 2. Prove that ^ ^ + ^ z -- ---~ 

(y - 2 )* + ( 2 -x)* + (x -yY,{y- 2 )® + ( 2 - x'i* + ( x - y) ° 
" 2 3 

Putting a lor { y-z ), b lor ( 2 -x) and 0 lor (x-y), we have 

a + b+c—y-z+z-x+x-y= 0 . 

a , + b® + c®-|(o 8 + 6 ® + c*Xo® + 6 * + c®), [lrom( 6 )J 

a* + 6 ® + c* o* + b® + e* a® + b® + c® 
or. -g- 2 - —3 - 

restoring values oi a, b, e, we obtain 
(y-s)‘+(s—x)*+(x—y)* (y-s) 9 +(s-x)* + (s-y)* 

6 2 

(y - 2)*+(2 - x)*+(x-y)® 

3 

Example 3. Prove that (y+ 2 -x)* + (s+x-y)*+(x+y-a)* 

-3(y + 2 -xX 2 +x-yX*+y-«)“ - 24xy2, il x+y+s-O. 
Putting a lor y + 2 —x, b lor z + x — y and c lor x+y — 2 , 
we have a+b+c , *(y + 2 —x )+.(2 + x—y)+(x+y- 2 ) 

■x+y+ 2 “ 0 . 

Henoe, o* + b® + c® - 3abe. 

restoring values ol a, b, c, we obtain 
(y+ 2 -x)® + (s+x-y)®+(x+y- 2 )* 

- 3 (y+ 2 -xX 2 +x-yXa!+y- 2 ). 

Also, since a+b+e—0, we have, by transposition, 

a- -(b+c)-H(2+*-y)+(x+y-s)l- -*2x, 
b- -(o+a)- -Kx+y-2)+(y+2-x)H -3y, 

0- -(»+&)- -i(y+2-x)+(2+x-y)i“ -82; 
8abc-3(-2xX-3yX-22)- -Mxyz, 
or. 8(y+2-xX2+«~vX*+#-*)“-SM«y** 
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Henoe, (v + s-«r ) 8 +[e + x-y) a + (x + y-a ) 8 

-3(v + «-!cXa + ®-vXa! + V-e)- -24*ya 

Szample 4. If *»*a a — 6 c, y ■“ 6 s —ca, a “c a — a 6 , show that 
® 8 + y 8 + s 8 - 3xyz = (a 8 + 6 8 + c 8 - 3a6c)*, 

We have af + p + a«»a*-6c + 6*-ca+c*-a6 
—a 8 + 6 a + c a -6c~ca-a6 ; 
y — z =■= 6* - ca—(c s - ab) * 6* — c* + a6 — ca 
1 “(6-cX6 + c) + a(6-c)“(6-c))(6 + c) + a) 

“ (6 — cXa + 6 + c). 

Sim ilarly, a - X »(c - aXa + 6 + c), 

«-p«(a- 6 Xa+ 6 +c). 

Now, x 8 + y 8 + a 8 - 3xyz 

“ M* + V + z)\(v -s) 8 + (z -«)* + (*- v) 8 ) 

“ i{a 8 + 6 a + c a - 6 c-ca- a 6))(6 - c) a (o+ 6 +o) a 
+{e-a) a (a + 6 + c) a + (a- 6 ) a (a+ 6 +o) a ) 

“(a a + 6 a + c a - 6 c — ca - ab) 

* i )(6 - c) a + (c - o) a +(a - 6 ) a Ka+ 6 + 0 )* 

“ (a+ 6 +c) a (a* + 6 a + e“- 6 c — ca—a 6 )* 

■* |(a + 6 +cXo a + 6 a + c a -bc-ca-ab)}* 

“(a 8 + 6 s + c 8 - 3o6c) a . 

Example 5. If «“a+ 6 +c, prove that 

s(s - 26Xa - 2 c)+a(a - 2 cXs - 2 a)+ s(s - 2 aXs - 26) 

“(a - 2 aXs - 26X« - 2 c) + 8 a 6 c. 

The stim of the first two terms of the left side 
-s{s- 2 c))(s - 26)+(s - 2 a)f 
-s (a- 2 c)) 2 a- 2 (a + 6 )f -s(s - 2 c) * 2 c ; 
and the third term **(a - 2 c + 2 cXa - 2aX« - 26) 

" (» - 2 cXs - 2aX« - 26) + 2 c(s - 2 aXs - 26). 

Henoe, the left side 

“s(s - 2 c) 2 c + l(s - 2 cXs - 2aX*—26)+ 2 a(s - 2 aXt —26)1 
- (a - 2 aXa - 26Xa - 2 c)+ 2 c]s(s - 2 c)+(a - 2 aXa - 26)). 

But a(a-2e)+(a-2aXa-26) 

■■(•* - 2 es) + {a*— 2 s(a+ 6 )+4a6[ 

“ 2 a*- 2 a(a + 6+c)+4a6 
"■ 2 a 8 - 2 a.a + 4a6-4a6. 
the left slde«{a-2aXi-26Xa-2c)+8a6e. 
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Example 6. If i“o + 6+c, show that 

(s - oXs - b)(s -c)= c (a + b + c)(bc+ca + ab) - aba. 

The left aide“s 8 -(o + 6 + c)s s +(6c + ca + a6)s-a6c 
—s 8 -s.s* + (be + ca + ab)(a + b + c)-abe 
•= (be + ca + abXa + b+c)~ abc. 

Example 7. If a + b+c + d=0, prove that 

(a + f>Xo + cXo + d)=(6+ a\b+ d)(b + c) 

■= (c + d Xc + aXe + b) 

•= [d + c\d + b){d + a). 

Since, a + b+c+d*=0, we have, by transposition, 
o + 6“ —(c + d ), 
o + c” -(6+d), 
a + d “ —(b+o ); 

. (a + i>Xo + cXa + d) “(a + 6)1 — (6+<Z)H — (6 + c)l 
“(a + 6X6+dX&+c) 

“(6 + aX6+dX6+c). 

Similarly, 

(a + 6Xa + cXo + d )—1 - (c + d)f(a + c){ - (6 + c)f 
“(c+dXo + cX6+c) 

“(c + dXc+oXc + 6); 

(a + 6Xa + cXa + d) ” - (c + t?M - (6+d)Ka+ d) 

“(c + dX6 + dX» + d) 

“ (d + c){d + btd + a). 

Example 8. Prove that 

(p + * - sr) 8 + (* + a: - y) 8 + (cc + y - *)" + 2ixyz 

- (2a +v ~ *)*+(y+«)* - (a;+ v - *) 8 - Gafa - 2*)(*+y). 
Potting a for Ste + y-a, 6 for v + g and c for -{x+y-u), 
we have o+6+c“a;+y + s, 
b + c=*2g-z, 
c + a^x, 
o+6“2(a:+y); 
the right side 

- (2*+ V~ *)“+ iv +«)* + 1 - (*■+ y - *)f 8 + 3.m(SLa - x).Xx+y) 

- o 8 + 6 8 + o 8 + 3{c + oX6 + cXo + b) 

“(o+6+e) 8 

-{*+y+t)* [ restoring values of a, b, e ] 
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■Ky + *-®) + (*+®“tf) + (® + V - e)} 8 [ since, (y + #-®) + (a + *-y) 

+ (* + y-a)-a;+y + s ] 

- (v + *-*}" + (a + ®-y) B + (a: + y- «) 8 + SK* + as — v) 

+ (® + y-a)H(® + y-a) + (v + e-a;)H(y + e-») + (s + ®-y)l 

[ Formula XVII, Art. 133 ] 
-(y + s- ®) B + (a + ®~ y) 8 + (* + v -e) 8 + 3.2<r.2y.2s 
• (v + * - ®) 8 + (a + * ~ y) 8 + (® + V - *)" + 24xyz. 

EXERCISE 81 

Prove that: 

1. a 8 ® + 6*y + c*z*=(® + y + aXa* + 6 B + c*), 

if a;*-yz“a 9 , y 9 -e®»6 9 , e 9 -®y «c 9 . 

2. ax + 6y + ca“(a+6+cX® + V + a), 

if <r—a 9 -be, y — 6 9 -ea, z“c 9 -a6. 

8. (« - a) 9 (6 - e)+(® - 6) 9 (c - a)+(a - c) 9 (a - 6)+(6 - cXc - a)(a - 6) - 0. 
4. 27(a+6+c) B - (a+26) 8 - (6 + 2c) 8 - (c+2a) 8 
-S(a+S6+2cX6+3c+2aXc+3a+26). 

6. 2(s-aX*-6X»-c) + a(s-6Xs-o)+6(*-cX«-a) 

+e{s~aXs-b) m abc, if 2s"*a+6+c. 

6. s(s - aXs - 6)+s(s - aX« - c)+s(s+aXs - c)+ c(s +aX« + 6) 

—(s + aX* + 6Xs + c). if s-a + 6+c, 

7. (« - a) 8 +(s - 6) 8 +(« - c) 8 - 3 (s - aX* - bXs - e) 

**${a 8 + 6 8 + c 8 -8a6c), if 2s-a+6+c. 

8. (Sx + 2y + 6e) 8 - (3* + 2y - 5a) 8 - 30a |(3®+2y) 9 -25a*t 

- (20® - v +8a) 8 + (y + 2a - 20®) B + 30z(20x - y + 8eXy + 2a - 20*). 
8. (sc+y +2aXx+ 2y +eX2sr +y + z)-(y + aX*+srX® +y) 

■■ 2 (*+y + a) 8 + 2scya. 

10 . (a+6+cX®+y + s)+(a+6-cX®+y-a)+(6+c-aXy+*-®) 

+ {c + a-6)(a + se-y)«4(ax+6y + os). 

11 . (v - *Xl + a*Xl + *e)+(a - ®Xl + vaXl + yx) 

+ (® - vXl + zxX 1 +ye) * (y - eXe - ®X® - y). 

12. (e-lX®*+®+ 4 Xy-e)+{y-lXy , +y+ 4 Xe-®) 

+(a-lXa 8 + a+ 4 X®-y)“ -(y-aX*-®X®-yX®+y+*). 

B 8 +y 8 + e 8 + M) 8 + 3(y+eXa+®)(®+y)-0, if x+y+e+tc-O. 
(6-c) 8 + (c-a) 8 +(g-6) B (6 - c) 9 +(c - a) 9 + (a - 6) 9 
6 ' 2 
_ (6-c) T + (c-a)' + (o-6)V 


18. 

14. 
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16. (®+vX*+zX® 8 - vz) ” (®+y + zXz - zX* 8 + y *), 

if ®— o 8 + o*, y — a* + o and *—o + l. t M. D. 1909 J 

18. (y + *-2®Xz + ®-2y) + (« + ®-2yX® + y-2*)+(*+y-2zXy + z-2») 
“3Kv-zXz-x) + (z-xXa:-») + (x-vXv-zX. 

17. (y-z)* + (*~ x )*+ (®-y)*“ ! 2(® 8 +y* + z* -yz-zx— ®y) 8 . 

18. (6-cX& + c-2a) 8 + (e-aXc + »-2&) 8 + (a-6Xffl + 6 _ 2c) 8 —0. 

19. ® 8 {y - *) 8 + y*(z - x) B + z B (x - y) 8 - 3®yz(y - z\z - ®X® - y). 

20. o 8 (6 8 -c 8 ) 8 + 6 8 (c* - o 8 ) 8 + c 8 (a* - 6 8 ) 8 

— 8a*6 8 c s (6+cXc+aXo + b\b - cXc - aXa — b). 

21. (6 + cX6—c) 8 + (c + aXc — a) 8 + (a + 6X« ~ 6) 8 

" 2(6 - cXc - aXo - &X<* + b +c). 

22. ®(y - z) 8 + y(* - ®) 8 + e[x - y) s * (y - zXz - ®Xs - yX *+V + *). 

28. Ha‘+ab + 6 8 ) 8 - (a - 6) 8 (a+26) 8 (2a + b )* - 27o 8 6 8 (o + &) 8 . 

24. 26*o* + 2c 8 a 8 + 2a*6* - a* - 6* - c* 

16s(s-aX«-&Xs-c), if 2s“a+6+c. 

26. («-o) 8 + (*-6) 8 + (s-c) 8 + 3a&c —s 8 , if 2s~o+6+e. 

M (6-c) 8 +(e-o) 8 + (a-6) 8 (6-c) T + (e-o) T + (a-6) f 

3 7 

_ ^ (fc-c)*+(c-a) 8 + (a-6) , | 8 . 

27. (o® + 6y + c*) 8 +(6® + cy + az) 8 + (c® + ay + 6«) 8 
H(6*+oy+a«Xca:+ay + 6z)+(c®+oy + 6zXa®+6y+cz) 

+ (ax+by +czX&r+ey+a*)l 
“(o 8 + 6 8 H-c 8 -6c-ca-o&X« 8 +y 8 + z 8 -y*-»®-asy). 

28. [ax + by + ez) 8 + (6® + cy + or) 8 + (ox + oy + 6*) 8 

- 3 (ax + by + cz%bx + cy + azXc®+ oy + is) 
“ (o 8 + 6 8 + c 8 - 3a6cX® 8 + y 8 + * 8 — 3®y«). 

If o + 6+e—0, prove that 

29. co — 6*“o6—c 8 “6e— a am ‘bc + ca+ab=‘ — Mo 8 + 6 8 + c*). 

80. 5 , + fee+c , "c* + co+o 8 “=o*+oh+6*“ -(bc+oa+db). 

81. o(e + oXo +6)“6(o+6X6+c)“c(o+cXZ)+c)*“oic. 

82. o(6+c) 8 +6(c+o) 8 + c(o+6) 8 «3o&c. 

88. o(6-e) 8 + 6(o-a) 8 + c(a-&) 8 -0. 

84. X* + Y'+Z'-dXYZ, where X-a®+6y+cz, 

Y-bx+oy+az and Z—ox+ay+bm* 
86. (2o+6+o) 8 +(o+26+e) 8 +(o+6+2c) 8 

■> 8(2o+6+oXo+26+eX«+6+2e). 
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86. Prove that (8*+y + *) 8 +(a:+3i/+s) 8 +(ir+y+8s) 8 

- 3(3*+ v + zfx +3y+ z\x + y +3«)-20(a:*+v 8 +*• - Hxyz). 

87. If o + 6+o—1, prove that 

(a + bctb+o) -(6+ ca\c + a) - (c + ai>X<* + b) - (1 - aXl - 6Xl - e). 
Prove that: 

88. [x+y) a [v+z-xfz+x-y)+{x-y) s ‘{x+y+z'fx+y-z) 

- 4 xyz* + ( y * - « s Xv‘ + »*«* + «*)+(«* - **X#* + «*«*+* 4 ) 
+(®* - y “X* 4 + x*y % + y*). 

89. 2 x(y+e-x) + (z + x-yXx+y-z) 

—2 y{z + x-v) + (x + v-z)(v + z-x) 
m 2z[x+y-z)+(v + z-x)(z+x-y) 

m {y + z-x)[z + x-v)+(z + x-v)(.x+v-z) + [x + v-e'fv + g-B). 

40. e 8 +» 8 +* 8 “a 8 -8o6+3c, 

when x+v+z~a, yz+zx+xy—b, xyz—o. 

41. yz(y+z)+zx(z+x)+xy(x+y)+3xyz-‘Up*~PQ % ), 

when ® + y+*»*p and x* + y* + z t ~q*. 

42. x f +V 1 +z*-Iqr*, when x+y—-z, xyz~q, yz+zx+wy—r. 

48. x* + y t + z* m, iiq t , when &* + ?* + «*“</*, ®+V“13, *“* -13. 

44. (c + v + zXvz + zx + xy)-(y + zXz + xXx + y) -120, 

when ys-45, 64, w**5. 


OHAPTEB XXIII 

THE REMAINDER THEOREM AND DIVISIBILITY 
152. Important Theorems in Division. 

Theorem I. If px* + qx+r is divided by x- a until the remainder 
tloM not contain x, the remainder will be pa*+qa+r. 

By actual division, we have 

x-a\px* + qx+rfpx+(.ap + q) 

) px % -apx \ 

(ap+q)x + r 

[ ap + q)x-a[ap + g) the remainder 

a[ap+q)+r -a{ap+q)+r—pa t +qa+r. 

Not*. Observe that (he remainder 4a of the same form as the dividend xcith a 
in (Ha place of a. 
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Theorem II. If px* + qx* + rx+s is divided by x-a until the 
remainder does not involve x, the remainder will be pa a + qa a + ra+e. 

By actual division, 

x -a \ p® 8 + g®* + r x + s / p®* + (ap + g)® + (pa*+ga+r) 
l_px a - up®*_\ 

(ap + g)®* + rx + s , 

(ap + g)®* ~ afap + Q,x .'. the remainder required 

\pa* +ga + r)® + s =pa 8 + ga* hro+s. 

(pa* + q g + r)x- a(pa * + qa + r) 
pa a + qa a + ra+s 

Note. Here also, notice that the remainder is of the same form as the dividend 
with a in the place of z. 

Example 1. Find the remainder independent of x when £ 8 — 5x* 
+ 8* + 9 is divided by ®-2. 

■ By Theorem II, the remainder required 

—the value of x a — 5x a + Gx + 9, when ®=2 
= 2*-5.2*+ 6.2+9 = 8-20+ 12+9=9. 

Example 2. Find the remainder independent of x when x a — 216 
is divided by ®-6. 

The remainder required*the value of a: 8 —216, when ®”6 
= 6 8 -216 = 216-216=0. 

Not?. The student is recommended to verify these results by actual division. 

153. Rational and Integral Expressions. We shall now 
establish a more general theorem known as the Remainder Theorem 

by dividing an expression of the type px n + qx n ~ l + rx*~* +. + lx+it I 

by x — a, n being a positive inteyer and p, q, r, . I, m being constants. 

An algebraio expression of this kind in whioh every power of X is 
a positive integer is called a rational and integral expression in x. 

Thus, £*-3®+13, x a +px + r, etc. are each a rational and integral 
expression in x, ., 

154. The Remainder Theorem. If any rational and integral 
expression in x is divided by x-a, the remainder independent of x, is 
obtained by putting a for x in the given expression. 

Let px” + qx n ~ ' +rx n ~ a + . + lx+m be the rational and integral 

expression. Lot Q be the quotient and B, the remainder independent of 
x when the above expression is divided by a;-a. 

Then, since, ( Dividend )=( Divisor )* ( Quotient)+( Remainder ), 
we have 

p ®*+8®“"’ + r®"~*+-*—•+ lx + m =(« - a)Q+B (identically ), 
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Since, B does not oontain x, it remains the same whatever value 
be given to x. It a is put tor x in the above relation, we have 

pa n +qa n ~ 1 + ra n ~* + . + la + m~{a-a)Q' + B, 

( where Q' is the value of Q when a is put for x) 
-OxQ' + B-O + JS-S. 

.'. the remainder B “ pa n + qa n ~ x + ra n ~‘ +. + la + m. 

Thus, the remainder is of the same form as the dividend with a in 
the place of x. 

Hence, the theorem is established. 

Cor. If any rational and integral expression in x be divided by 
x+a, the remainder independent of x is obtained by puttinj -a for x in 
the given expression. 

Since, ar + o— x-(-a), the above corollary follows at once from 
the Remainder Theorem. 

Note. If any rational and integral expression in x is divided by oa + 6, the 
remainder independent of x is obtained by putting - ~ for x in the expression, 

Example 1. If a:*-5a:+ 9 be divided by a:+ 2, find the remainder 
independent of x. 

Prom the corollary, the remainder required — the value of the 
expression x a -bx + 9, when-2 is put for x 

“(-2) s -5(-2) + 9-4 +10 + 9—23. 

Examples. If 2se®-3a:* + 7a; + 5 be divided by 2a:+ 3, find the 
remainder independent of x. 

Prom the note above, the required remainder— the value of the 
expression 2a:®-3a;* + 7* + 5 when-? is put for x 

-a(-f)- s f + 7fjj ) +6 

— _27_27_?1q 

4 4 2 +5 19- 

Examples. Ifa:* + pa: + 0 he divided by a: + a, find the remainder 
independent of x. 

Prom the corollary above, the remainder required 

-the value of a:* + pa: + 9 , when x - -o 
-(-a)*+p(-a)+a“o*-pa + fl. 

Note. The student is advised to verify these results by actual division. 
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Example 4. Find, without actual substitution, the value of 
e* -19®* + 69®* -151®* + 229®* +166® + 26, when ® -15. 

By the Ramainder Theorem, the value of the expression, when 15 
is put for ®, “the remainder on division by ®-15. 

But the given expression 

-«• -15®* -(4®* -60®*) + (9® 4 -135®*) 

- (16®* - 240®*) - (11®* -165®) + (® -15) + 41 
- ®*{® -15) - 4®*(® -15) + 9®*(® -15) -16®*(® -15) 

-11®(® -15) + (® -15) + 41. 

Evidently, the remainder on division by ®-15**41. 

Hence, the valuo required = 41. 

155. Divisibility and Factor Theorem. If any rational and 
integral expression in ® vanishes identically when a is substituted for 
X, the expression is exactly divisible by x-a and contains x — a as a 
factor. 

Let the given expression be px n + g®* -1 + r® n_ * +.+ i® + m. 

The remainder on division by ®-o 

= the value of the dividend when a is put for x 

[ by the Remainder Theorem ] 
-po" + qa”~' + ro n '* +.+ la+m. 

The given expression is exactly divisible by ®-a if the remainder 
ia aero, i.e., if pa n + go* 1 +ro“ _ * +.+ la + w»=0. 

Also, V { Dividend )=( Divisor ) * ( Quotient) + ( Remainder ), we 
have the given expression 

-(®-o)x Q+(pa n + qa n ~ 1 +ra n- * +. + la + m ) 

[ Q being the quotient ] 

-{x-a)Q, if pa n + ga” -1 +.+ ia+m=0 ; 

®-a is a factor of px n + qx n ~ 1 + .+ Ix + n, 

if pa* + ga" _1 +.+ io + m=0, 

Thus, the theorem is established. 

Cor. x + a is a fpctor of p® B + g®" -1 + r®* - * +. + lx+m, if 

p{-aY l + q[-aY l ~ 1 + r(-a)”~* + "- + K-a) + ?»”0 

Since, ® + a = ®-(-a), the corollary follows at once. 

Note If any rational and integral expression in a vanishes when - — it 

- a 

substituted for ac, the expression 4s exactly divisible by ax+b and contains ax+b as 

a factor 
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Example 1. Show that 3x a — 2x* + x-18 is exactly divisible by 
« —2 and oontains sc-2 as a factor. 

The value of 3sr B - 2sc* + sc -18, when 2 is put for sc 
—3.2®-2.2 s + 2-18—24-8+2-18—0. 

Hence, by the above theorem, 3sc® -2sc s + a?-18 is exactly divisible 
by sc-2 and contains sc-2 as a factor, 

Example 2. Show that 3sc® - 2sc s y - 13scy s + lOy* is exactly divisible 
by sr~2y and contains sc-2y as a factor. 

Putting 2y for x in the given expression, we have 
3.(2y)® - 2.(2y) s .y - 13.{2y).y s + 10y® 

-24y*-8y®-26y’ , + 10y*-0. 

.'. by the above theorem, the given expression is exactly divisible 

by a; - 2y and contains x - 2y as a factor. 

♦ 

Example 3. Find the condition that the rational and integral 
expression ax n +bx n ~ x + cx n ~ a + +lx+ m may be divisible by x-1. 

The value of the given expression, when 1 is put for sc 

-o.r + b. I”- 1 + c.r~* +.+ U + m 

—0+6+C+. +J + TO 

[ since, 1”**1 * 1 x l***to n factors **1 
and similarly l n- ^—l* - *—'**“1] 
the given expression is exactly divisible by <c-l, 
if o + 5+c+. + l + r> i—0, 

i.e., if the algebraic sum of the coefficients of the expression be zero. 
Example 4. Prove that x + 3 is a factor of *® + 4a:* + 5x + 6. 

» + 3“!C-(-3). 

The value of a;® + 4jc® + 5a: + 6, when x — — 3 

-(-3)® + 4.{-3)* + 5.(-3)+6--27 + 36-15 + 6-0. 
Hence, by the corollary of the factor theorem the expression is 
exaotly divisible by a;+ 8 and contains a:+ 3 as a factor. 

Example5. If the-expression r*+ 3x 8 + 4a: + p contains a:+ 8 as 
a factor, find p. 

x + 6“X-(-G). 

The value of ®* + 3a: s + 4r + p for a:— —6 

-(-6)® + 3.(-6) s + 4.(-6)+p = -216 + 108 - 24+p—p-132. 

By the above theorem, (a:+ 6) is a factor, if p —132—0 ; 

,tbe required value of p — 132. 


1—18 
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Example 6. Find the condition that ®“ + (p + q)x + a is divisible 
by x+p+Q. [P. U. 18S6] 

The divisor^z + p + g. If ®+p + g”0, ®— -(p + g). 

Hence, if the expression {viz., dividend) vanishes, when -(p + g) is 
put for x, it is exactly divisible by x + p + g. 

Therefore, i - (p + g)l" + (p + gM — (p + g)f + a “=0, 

or, (p + g)*+(p + g) 8 *a ; or, (p + g)*(p+g+ l)-a. 
the required condition is (p + g) a (p + g + l)=a. 

Example 7. Find the condition that x a + 3x+p and ® a + 4z + g 
may have a common factor. 

Let x - a be the common factor. 

Putting a for x, the value of 

x a + 3x + p = a a + 3a + p=0. ••• ••• (i) 

[ since, x-a is a factor of x* + 3x+p ] 
Similarly, a a +4a+ g=0. ••• ••• (2) 

[ since, x-a is a factor of x a + 4z+g J 
From (1) and (2), by subtraction, we have 
(a a + 4o + g)-(a a + 3a+p)«0, 

or, a + g-p-0, or, a-p-g. [transposing] 
Substituting this value of a in (1), we have 

0»=a* + 3a + p-(p-g) a + 3(p-g) + p 
“P a -2pg + g* + 4p-3g; 

.'. the required condition is p a - 2pg + g a + 4p - 3g —0. 

156. Important Theorems on Divisibility. In Chapter X we 
have already considered the divisibility of expressions a" + b n and a"-ft" 
by a+b and a-6 in particular cases. We propose now to establish the 
propositions generally. 

Theorem 1. The expression a n -b n is always divisible by a-b, ij 
n is any positive integer, odd or even. ' ‘ ' 

Divide a n - b n by a-b until the remainder is independent of a 
Let Q be the quotient and R, the remainder. 

Sinoe, ( Dividend )-( Quotient )*( Divisor ) + ( Remainder ), 
we have a n -b"“ : Qx(a-b) + 2J ( identically ). 

Now, since R is independent of a, it remains the same whatevei 
value be given to a. 

Let a—b in the above relation. Then, we have 

b n -b n -Q *(b—b) + R, [ Q 1 being the value of ( 

when b is put tor a 

or, 0-Q'x0+B-0+B; fi-Q. 
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Henoe, the remainder being zero, o n - b n is exactly divisible by a - 6, 
Thus, if the division be actually performed, we have 

a" - 6" -(a - fcXa*" 1 + a'-'b+a'-'b*+ .+ ab n ~ t + b n ~ x ). 

Example. Eaoh of the expressions a* - b*, a 8 - 6 s , a 4 - 6 4 , a* - 6*. 
etc. is exactly divisible by a - b. 

Theorem II. The expression a*-b n is exactly divisible by a+b, 
when n is any even positive integer, but not if n is odd. 

Divide a n -b n by a + b till the remainder does not contain a. 
Then, if Q be the quotient and B, the remainder, we have 
a n ~b n “‘Q*(a+b)+B ( identically ). 

Since, B does not oontain a, it remains the same whatever value 
be given to a. Putting - b for a in the above identity, we have 

Q'*{-b+b) + B. [ Q' being the value of Q 
when -b is put for a ] 

— Q 1 xO+B^B; 
when n is even, ; 

when n is odd, (-b)*-b n ’--b H -b H ~-2b n ; 

B“0, when n is even ; 

but, Binoe JS — - 2b n , when n is odd, the remainder is not zero, when n is 
an odd integer. 

Henoe, a n -b n is exactly divisible by a+b, when » is even, but not, 
if n is odd. 

Thus, by actual division, we have 

a*-i n —(a + fcXa" -1 _ a n- *h+a n- 'i*-+ a&" _ * - b n ~ t ), when n is even. 

Example. Eaoh of the expressions a *-6*. o* -6 1 , a® -2>®, etc. Is 
exactly divisible by a+b\ but a 8 -fc®, a*-6*. a , -b i , etc. are not 
exaotly divisible by a + b. 

Theorem III. The expression a n +b n is exactly divisible by a+b, 
if n is odd, but not ifnbe even. 

Divide a n +b n by a+b till the remainder does not oontain a. Let 
Q be the quotient and B, the remainder. Then, 

0 »+j«»Qx(a + 6) + B ( identically ). 

Sinee, B does not oontain a, it remains the Bame whatever value 
be given to a. Let a“ — b in the above identity. Then, we have 
[-b) n +b n -Q'*{-b + b)+B-Q'*0+B-B, 
when ft is odd, [-bT+b nmm -b n +b Hmm 0. 
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But, when « is even, (- 2>) n +&"■*&"+ 6*-Si", which is, therefore, 
not zero. 

Henoe, B“0, ii n is odd, but not if n is even. 

a n +b n is exactly divisible by a+ 6 , when n is odd, but not 
when n is even. 

Thus, by actual division, we have 

a" + b n - (a+ 6 X 0*- 1 -a n ~ 8 i + a”~ 8 6 ‘- ab n ~ * + b n ~ l ), 

when n is odd. 

Example, a 8 + b h , o' + b l , a’ + b 7 are all exactly divisible by a + b, 
while a 8 + b a , a 4 + 6 4 , a 8 + b a are not so. 

Theorem IV. The expression a” + b” is never divisible by a —b, 
whether n is even nr odd. 

Divide a n + b n by 0-6 till the remainder does not contain a. 
Let Q be the quotient and B, the remainder. Then, 
a B + b B “Qx(a-6) + 2? ( identically ). 

_ Since, B does not contain a, it remains the same whatever valua 
be given to a. Put b tor a in the above identity aDd we have 

& B + & B -Q'x(&-b) + B-Q'xO + 2J-J3, or, B-2b H . 

Since, B does not vanish for any value of n, a n + b” is never 
divisible by a -b. 

Example. Thus, o* + b*, o 8 + 6 8 , a*+ 6 *, etc. are never divisible 
by a-b. 

Example 1. Show that 8* B -4 8B is divisible by 17, if n is any 
positive integer. 

The expression 3 8B -4 8 “-(3 8 ) B -(4 8 ^-(81) B -(64) B ; 

. by Theorem I, Art. 166, the given expression is divisible by 
81-64, *.e., 17. 

Example 2. Show that the last two digits of 2 8B -6**are O’i, 
n being any even positive integer. 

The given expression«(2 8 ) B -(6*) B «(64) B -(36) B . 

Since n is even, the given expression is exactly divisible by 64 + 38, 
by 100. [ Theorem II, Art. 166 ] 

Hence, 100 being a factor of the given expression, the last two 
digits must be 0 ’s. 

Example 3. Show that 

(a : 8 + Saa:* + 3a*a:+o 8 ) sm+1 + (a: 8 - 3ax* + 3a*x - a*) ,M +1 
contains 2 a: as a factor, m being a positive integer. 

The given expression *• -|(a;+a ) 8 (* m+l +1(® - a ) 8 ( ,TO+1 
-(a:+ol 8 (,w+ 1 i+(a: - a) 8 <"* +8 >. 
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8inoe, 3(2m +1) is an odd positive integer, the given expression ii 
exactly divisible by (x + a) + (x-a ), t.e., 2a. I Theorem Ill J 

Example 4. Show that (6 - c) an+1 + (c - a) a " +l + (a - 6) 4n+1 is divi¬ 
sible by (6-cXc-aXa-J), » being any positive integer. 

The given expression is a rational and integral expression in 
a, b and e. 

If we substitute c for b in the expression, we have the expression 

- (o - c) an+1 +(c - a) an+1 + {a-c) in+l 

«(0) a " +1 + (c - a) Sn+1 +) - (c - a)| BB+1 

-0 +{c-a)*" +l -(c-o) aR+1 . 

Since, i—(c — 

-i-lx(c-aX* B+1 

- {-lx(o-a)i x |-lx(c-o)[ X”* to(2n + l) faotors 

-(- 1 ) x (-1) x (-1).to (2n +1) factors 

x (c - o) x (o - a) x (o - a)- • • to (2n+l) faotors 

- -1 x (c - o)*" +1 - - (c - a) an+1 ; 
the expression“0 ; 

by Art. 166, the given expression is divisible by b-c. 

Similarly, putting a for c, in the given expression, it may be Bhown 
that the expression is divisible by o-a , and putting b for a, it may bo 
shown that the given expression is divisible by a-6. 

Hence, the given expression is divisible by the produot 
(6 - eXo - a)(a - b). 

Example 5. If n be any positive integer, show that 

(ali)’ 1 - (be)" + (cd) n - (da) n is di visible by ab-bc + cd-da. 

[ M. M. 1878 ] 

Evidently, ab - be+cd - da * b{a - c) + d[c - a) **(a - aid - b). 

Now, if we put a for c in the given expression, we have the 
expression — (a6)" - (6a)" + {ad) n - [daT 

-(ab) n -(abY l +(ad)*-{ad) n - 0; 

.'. by Art. 155, the given expression is exactly divisible by c-o. 

Similarly, putting b for d in the expression, it may be shown that 
the expression is divisible by d-b. 

.'. the expression is divisible by the produot of c-o and d-b, 
t.e., by (c- aid-b), t.e., by ab-bc+cd-da. 

Example 6. Show that ® n+1 -x n -x+l is exactly divisible by 
(»-l)*, when n is any positive integer. 

The given expression -«"-*+1 -(?*(* — l)—(as—1} 

-(*-lXaf-U. 
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Thus, x-1 is a factor of the given expression. 

Since, by Theorem I, Art. 156, x n -l is exaotly divisible by x-1, 
the given expression is divisible by [x- 1)x(a-1),(x-1)*. 

Example 7. Find the continued product of 

(x+aXx* + a*Xx 4 + a*Xx 8 + a 8 ). 

Let A denote the continued product required. 

Then A-(x+flXx*+a s Xx 4 + a*Xx 8 +a 8 ). 

Multiplying both the sides by x-a, we have 

(x - a)A - i(* - oXx+a)i(x 8 + a 8 Xx 4 + a 4 Xx 8 + a 8 ) 

“ )(x* - o*Xx*+a*)Kx 4 +a 4 Xx 8 +a 8 ) 

■ j(x 4 - a 4 Xx 4 +a 4 )i(x 8 +a 8 ) 

**(x 8 —a 8 Xx 8 +a 8 )* : x 18 —a 18 ; 

A-^ :i “-x 1, +a: 14 o + !r 18 a 8 -t.+xa 14 + a l ‘. 

x—a 

Example 8. If x+a be the H.C.F. of x*+px+g and x*+p’x+g\ 

show that o“ -— 

P~P 

Binoe, x+a is the H.C.F. of the two expressions x*+px + q and 
x*+j/x+g', these expressions must be exactly divisible by x + a, 

.’. by the Divisibility Theorem, we have 

{-a)*+p(-a)+g-0, a*-pa+g-0, 

and (-a^+p’f-oO+g'-O, ».«.i a*-p'a+g'->0. 

.’. by subtraction, {a , -p'a+g') _ (a*-pa+g)“0, 
or, a(p-p')+g'-g*0. 

Transposing, a(p-p') m a-q'; 

EXERCISE 82 

Find the remainder, without aotual division, when 

1. x 4 +2x*+«ta* + 4x+6 is divided by x-8. 

2. 8x* + 6x T +11 is divided by x +1. 

8. 3x* + 7x* + llx+2 is divided by 8x-l. 

4. 4x*+5x , +9x+7 is divided by 2x+8, 

5. «x , +6« , +<w+d is divided by ax+b. 
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In the following examples, show that the first expression is 
divisible by the second : 

6. 6a* + 13a 8 417a+ 6 by 2a 41. 

7. apsr* 4 ( r -t 4 a?); * + (2? + a v )x + 2r by ax + 2. 

8. ba 4 + IS* 8 !,' + lSa 8 !, 8 + 2hay‘ + 10y 4 by 3a + 2y. 

8. a 8, 46 s ’ by a + b. 10. 64a 8 -729y 8 bj 2a + 3y. 

11. a 8 ’ l -y 8n by x + y [n being s positive integer). 

12. a 18 y* - a 8 !/ 18 by a 8 y 8 (a - y). 

13. (3a + 26) 8,1+1 + fc 8n+1 by a + b (n being any positive integer). 

14. a 8B+1 - ax* n -a;a 8 ” + a 8,1+1 by (a-a) 8 . 

IB. 64 4 32a42a*4a* by a*44a44. 

16. Find the condition that (i) a 7 + 9a 4 - 7a" + Uoa+5a 8 may 
contain x+1 as a factor. 

(ii) ax" + {b + c)x + d may contain x+b + c as a factor. 

17. For what values of a will 3a 8 + 9a 4 -7a" -5a 8 - iax 4 3a* 
contain x -1 as a factor ? 

18. What must be the form of m in order that a m ~x m may have 
both a n + x n and a n -x n for divisors, n being any positive integer ? 

[ M. M. 1875 ] 

19. If n be any positive integer, show that 

(a 8 +7a + 6) B -(2 + a) 8n , is divisible by 3a+ 2. 

20. Show that the quotient of 3a* + a 8 -11a+ 7 when divided by 
e-1 is exactly divisible by a-1. 

Show that each of the following expressions is exactly divisible by 
(a - 6)(6 - cXc - a): 

21. a 8 f>*(a -b)+b'c a (b - c)+c*a 8 (c - a). 

22. a*6*(o - b) +6* c®(6 - c)+c*a"(c - a). 

23. a 8 (6 - c)* 4 b a (c - a) 8 + c 8 (a - 6)*. 24. (a-6) 0 + (6-c) 8 + (c-a) # . 

25. o T 6 T (o -&)*• + b'c'lb - c)* *+c V(c - o) 8 *. 

26. Show, by the principle of divisibility that (a+6+eXaZ> + 6o+oa) 
— abc contains the factors b+c, c+a and a + b. 

27. Shew that (aa4 by)(bx + cy\cx + ay) - (ay + bx'i.by + caXcv+ cue) 

contains the factors x-y, a-b, b-c and c - a. [ M. U. 1874 ] 

28. Shew that a n (b-c) + b*(c-a) + c n (a-b) contains each of the 

factors a-b, b-c and c-o. [P. U. 1916] 

29. Besolve a*(6 8 -c*)+6*(c 8 -o*)+e*(fl , -6*) into factors by the 
principle of divisibility. 
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30. Shew that a*(& a -c a )+fc*(c a -a a ) + c*(a a -6 a ) is divisible by 
(6 + c)(c + a)(a + fcXa - fcXi - c)(c - a). 

31. Shew that the last digit in (41) n -l, where n is any positive 
integer, is zero. 

32. Shew that 7 am -l, where m is any positive integer, is divisible 
by each of the factors 2, 3, 4, 6, 8, 12,16, 24 and 48. 

33. Shew that 17’ +13’ - 5 s + 2’ is divisible by 3. 

34. Shew that a; 9 - a; - G and x t -llx+li contain a oommon faotor 
of the form x-m. 

35. Shew that the expression (8l) m .(121) m -1, where m is any 
positive integer, is divisible by 100. 

36. Find the continued product of (1 + zXl + * a Xl + *‘Xl + » 8 Xl + ® 1# )» 

37. Shew that 13 n -12(13"‘ 1 + 13 n - a +.+ l)+l, n being any 

positive integer. 

38. Find the continued product of 11 * 101 x 10001. 

39. Shew that x*-nx + n~ 1 is exactly divisible by (a -1)*. 

40. Shew that a m [a -1) + b m {b -1) is not divisible by a+b, m being 
any positive integer. 

Write down the quotients in the following divisions : 

41. +y‘ by x + v. 42. byx + y. 43. x 1 -y’’by x-y. 

44. x” -y ta by x* + y*. 45. x 1 * — y l * by x — y. 

46. If be the H.C.F. of ax s +5x+ 2p and as 8 + 3a; + p+B, 
find p and a. 

47. If x-5 be the H.C.F. of bx a -px + 5 and bx a -2x-2p, prove 
that 5 and b = {. 

48. If a: -a be the H.C.F. of qx a + 2x+p and g* a + a; + r prove 
that a=r-p and q(r -p) a + 2r -p =0. 

49. Find, without actual substitution, the value of x 9 — 3x t + (W 
- 15x e + 13a: 8 - 39a:* + 7a; 8 - 21a; a + 17a; - 51, when x * 3. 

50. What is the value of 32a; 8 - 48x* + 40x a - 60a; a + 26a; — 38, when 
•-16 7 




CHAPTER XXIV 

HARDER H.C.F. AND L.C.M. 

157. In Chapters XIV and XV we have explained the methods 
of finding the H.C.F. and the L.C.M. of compound expressions, whose 
/actors can be determined easily. We shall now proceed to consider 
more difficult cases. 

I. Harder Highest Common Factors 

158. If the H.C.F. of two or more compound expressions be 
a compound expression, it cannot generally be found by inspection. In 
such cases the following methods should be adopted. 

159. The ordinary method of finding the H.C.F. of two multi* 
nomial expressions which have no monomial factors. 

Rule. Arrange the two expressions according to descending powere 
of some common letter ; divide the expression which is of higher degree, 
in that letter by the other, or if they be of the same degree, either of them 
by the other ; if there be any remainder, take it for a new divisor and 
the preceding divisor for the dividend, and continue the process till there 
is no remainder. The last divisor will be the H.G.F. required. Of any 
divisor and the corresponding dividend either may be multiplied or 
divided by any number which is no< a factor of the other. 

This method is similar to ‘Division Method' of finding H.C.F. In 
Arithmetic. 

It depends on the principles : 

(a) When an expression contains a particular factor, any multiple 
of the expression is exactly divisible by that factor ; and 

[b) if two expressions have a common factor, that common factor 
will exactly divide their sum and difference, and also the sum and 
difference of any multiple of the expressions. 

This rule may be proved as follows : 

Let A and B stand for two such expressions both arranged accord¬ 
ing to descending powers of some common letter* and let the index of 
the highest power of that letter in A be not less than the index of the 
highest power of that letter in B. 

Divide A by B, and let Q be the quotient and C, the remainder. 

Then, we must have C m A-BQ, ••• (1) 

or, A'-BQ + C. — (2) 


The letter le sailed the Utter of reference. 
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Prom (1), it is clear that every common lactor of A and B is 
a factor of C [ for if A=*pa and B=pb, we have C=p[a-bQ) ]. Henoa, 
if B denote the H.C.F. of A and B, E also is a factor of C, and is, 
therefore, a common factor of B and C. 

It is clear, therefore, that the H.C.F. of B and C is either E or 
an expression of higher dimensions than E. ••• (a) 

Now, from (2), it is evident that every common factor of B and C is 
a factor of A, and is, therefore, a common factor of B and A. Hence, 
the H.C.F. of B and C also is a common factor of B and A, and 
therefore, cannot be of higher dimensions than E. 

Hence, from (a), the H.C.F. of B and C is fl, 

Thus, the H.C.F. of B and C is the H.C.F. required. 

Similarly, if B be divided by C, and D be the new remainder, the 
H.C.F. of C and D is the same as the H.C.F. of B and C, and is, 
therefore, the H.C.F. required. 

Now, divide C by D, and let there be no remainder. Then D is 
the H.C.F. of C and D and is, therefore, the H.C.F. required. 

Cor. I. As the H.C.F. of any divisor and the corresponding 
dividend is the H.C.F. required, it iB clear that, for the sake of con¬ 
venience, either of them may be multiplied or divided by any mono¬ 
mial expression which is not a factor of the other. [ See Note 8, Art. 100] 

Cor. 2. In dividing A by B if we stop before the complete* 
quotient is obtained so that g is the partial quotient and C' the corres¬ 
ponding remainder, then the H.C.F. of B and C' just as the H.C.F. 
of B and C is the H.C.F. required. Hence, by Cor. 1, in dividing C' 
by B (or if convenient, B by C' when O' is not of higher degree than B) 
we can multiply or divide either of them, if necessary, by any monomial 
expression which is not a factor of the other. 

The following examples will illustrate the prooess : 

Example 1. Find the H.C.F. of 3a? 8 -7a;* -18®-8 and 2*®-3*® 
-17*-12. 

The H.C.F. required is evidently the H.C.F. of 3** -7** -18* 
- 8 and 3(2a? B - 3** -17* -12) [ Cor. 1 ]. Let us, therefore, multiply the 
2nd expression by 3 and divide the product by the 1st: 

2**-3**-17*-12 

3 __ 

8*®-7*®-18*-8 \6*®~ 9**-51*-36/ 2 
/6*® -14** - 36* -16\ 

5**-15*-20 

Hence, the H.C.F. required is the H.C.F. of 8** -7*®-18«—8 
and 5*®-15*-20* 5(**-3*-4), and is, therefore, the H.C.F. of 
3*® -7*®-18*-8 and *®-3*-4. [ Cor. 1 ]__ 

’ The quotient obtained Is said to be eomplete when the remainder la of lower 
ftigree in the letter of referenoe than the divisor, 
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We must proceed then as follows : 

5) 5 ®* - 15® - 20 

® 8 -3®-4\ 3 ® 8 -7 ® 8 -18®-8 / 3® + 2 
/ 3® 8 -9® 8 -12® \ 

2® 8 — 6®-8 
2 ®*- 6®-8 

Hence, the H.C.F. required = ® 8 —3®-4. 

The work of finding the H.C.F. in' compact form : 

3* f 3®*-7®*-18 ®-81 2® 8 -3® 8 -17®-12 

j_3®‘ - 9®* -12® 3 __ 

2 2a 8 - 6®-8 6® 8 - 9®*-51®-36 2 

___2® 8 - 6®-8 6® 8 -14® 8 -36®-16 

| 5 ) 5 ® 8 -15 ® — 20 
1 x a ~3x — 4 

The given expressions are arranged according to descending powers 
** t , coe ffi c ^ e ^^ s of the highest powerB of x are 3 and 2 and 

therefore, one is not exactly divisible by the other, 2® 8 is multiplied by 3, 
The prod trot is divided by 3 ® 8 - 7® 8 - 18® - 8 and the quotient 2 is written 
to tee right. Since 5 is a factor of the remainder and not of the firBt 
divisor, it is removed and a 8 -3 ®-4 is taken as the new divisor and 
T® ,, 8 18 divided by it. The quotients are written to the left. 

AB there is no remainder, ® 8 -3®-4 is the required H.C.F. 

With detached coefficients the work would stand as follows : 

8 I 2-3-17-121 

i 8-9- 12_ 3 _J 

2 j 2-6-8 6 - 9-51-36 ! 2 

2-6-8 _6 -14-36-16 j 

5) 5-15-20'! 

1- 3- 4i 


Bumble 2. Find the H.C.F. of 

22®* - 78®* -16® 8 and 2®* - 78®* - 44®. 

The let expression •*2 b*(11® 4 -39® 8 -8). 

The 2nd expression ” 2®{®‘ - 39® - 22). 

Henoe, by Note 7, Art. 100, H.C.F. required 

“(the H.C.F. of 2®* and 2® )x( the H.C.F. of 
ll®‘-39®*-8 and ®*-39®-22) 

—2® x X, patting X for the H.O.F. of the multinomials. 
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Now, let us find X. as in the last example : 

x*-39x-22 \llx*- 3905”- 8/11 
/11a;* -429* -242\ 

-3 ) - 39x 8 + 429x + 234 
13) 13x 8 - 143x - 78 
x 8 - llx- 6 

x 8 -llx-6 lx*-39x -22 / x 
/x*-llx*- fe\_ 

11) llx 8 - 3~3x - 22 
x*- 3x- 2 

x*-3x-2 \x 8 ~llx -6 /x+3 
/x»- 3x»-2x\ 
3x*-9x-6 
3x» -9x-6 


Thus, X“x*-3x-2. 

Hence, the H.C.F. required =2x(x 8 -3x-2). 

Example 3. Find the H.C.F. of 12x*a* + 54x 8 a* + 6x*o*-72(ra* 
«nd 8x 8 a+60x*a* + 160x*a 8 + 180x 8 a* + 72x , a 8 . 

The 1st expression “ 6xa*(2x 8 +9x*a + xa*-12a 8 ). 

The 2nd expression “ 4x 8 a(2x* + 15x 8 a + 40x*a* + 46;ca 8 + 18a*), 

Hence, if X denote the H.C.F. of the multinomial factors of she 
given expressions, we must have the required H.C.F.“(the H.O.F, 
of 6xa* and 4x*a) x X“2xa x X. 

Now, to find X. 

2x* + 9x*a + xa* - 12a 8 \ 2x* + 15x 8 a + 40x 8 a“ + 45xa 8 + 18a* lx 

I 2x*+ 9x*a + x 8 a 8 - 1 2xa 8 _\ 

3a ) 6x"a + 39x*a* + 57x a 8 + 18a * 

2x 8 + 13x*a +19xa* + 6a 8 

Hence, X is the H.C.F. of 2x 8 +9x 8 a+xa*-12a 8 and 2x* + 13x*a 
+ 18xa* + 6a 8 , and as they are both of the same degree we oan divide: 
either of them by the other. 

2x*+9x*a+xa*-12a 8 \ 2x 8 + 13x*a + 19xa*+ 6a* / 1 
/ 2x* + 9x*a + xa* - 12a* \ 

2a ) 4x*a + 18xa* + 18a* 

2x* + 9xa + Ba* 
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2as*+9®a + 9a* \2®*+9®*a + ®a*-12a*/ x 

/2®* + 9®*a + 9®a*_\ 

- 4a 8 )-8 ®a*~ 12a* 

2a: + 3a 

2® + 3a \2®* + 9®a+9a*/ ® + 3a 
/2a^ + 3®a _\ 

6®a+9a* 

6a:a+9a^ 

Thus,X“2® + 3a 

Hence, tbe H.C.F. required = 2 m(2x + 3a), 

Example 4. Find the H.C.F. of 

4a:* + 11a: 8 + 27a;* + 17a: + 5 and 6® 4 +14®* + 36a;* +14* +10. 

The second expression=2(3® 4 + 7a: 8 + 18®* + lx + 5), but Sis not 
• factor of the 1st expression. Hence, the H.C.F. required is the H.C.F. 
of the 1st expression and 3® 4 +7®* + 18® s + 7® + 5. 

4a; 4 + 11a;* + 27a;* + 17a:+5 

3____ 

3a 4 + 7a;* + 18a:* + 7a: + 5\ 12a: 4 + 33a:* + 81a;* + 51® +15/4 
/12 a: 4 + 28a :* + 72®* + 28® +20\ 

5®* + 9®*+ 23®- 6 
3a: 4 + 7a:® + 18a:* + 7a:+ 5 

1 ____ 

5a;* + 9a:* + 23a:-5 \15® 4 + 35®*+90®* + 35®+25/ 3® 

/1 5a: 4 + 27z* + 69®*- 15®_ \ 

8®*+ 21®*+ 50®+ 25 

6 _ _ 

40a:* + 105a:* + 250®+125/8 
40®*+ 72®* +1 8 4® - 40\ 

33 )33®* + 66® + 165 
®* + 2 ® + 5 

®* + 2® + 5 \5®* + 9®*+ 23®-5/ 5*-l 
/5®» +10®* + 25® \ 

-®*- 2®-5 
-®*~ 2®-5 

Thus, the required H.C.F."*®*+ 2®+ 5. 

Example 5. Find the H.C.F. of 

4® 4 —16®* +108 and 6®* -14®* - 40®* K 36 
The first expression » 4(® 4 - 4®* + 27). 

Tbe second expression - 2(3®* - 7®* - 20®* +18), 
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Hanoe, if X denote the HC.F. of the multinonial (actors of the 
given expressions, the H.O.F. required =*2X 

Let ns then find X. 

a 4 -4a* + 27 \3a*- 7a“-20a* + 18/ 3*+12 

/3a* -12a 4 + 81s \ _ 

12a 4 - 7a; 8 -20a;*-81a; + 18 

12a; 4 -48a_*_+324 

41a;*-20a*-81a:-306 
a 4 -4a* + 27 
41 

41a* - 20a;* - 81a; - 306 \4Lc 4 - 164a* +1107 / a 

/41a 4 - 20s* -81s*- 306a\ 

- 9) - 144a^_-t- 81s* + 306a + 1107 
16a*- 9a*- 34a- 123 
41 

656a* - 369a* - 1394a - 5043/16 
656a* - 320a* -1296s-48961 
-49) - 49a *- 98a- 147 
a* + 2a+ 3 

a* + 2a + 3 \41a* - 20a* - 81a-306/ 41a-102 

/ 41a* + 82a * + 123a_\ 

-102a*-204a-300 
-102e»-204a-306 

Hence, the H.C F. required *2(a* + 2a + 3), 

EXERCISE 83 

Find the H.C.F. of; 

1. 2a*+5a-3 and 2a* + 3a*-32a+15. 

2. 3a* + 16a -12 and 3a* + 4a*-28a+16. 

3. 2a* - 3as - 20a* and 2a* + 3as* - 45a*s - 100a*. 

4. 3a 4 + 7a* -14a* -24a and 6a 4 -10a* -24a*. 

5. 6a* - 11a* - 3a+2 and 3a*+20a*+23a-10. 

6. 6a* - 25a*6+32a&* -126* and 4a* + 12a*6 - 7 ab a - 306*. 

7. 3s* + 5s* + 5s + 2 and 2s* + 5s* + 5s + 3. 

8. 4a* - 7a*v+7ay* - 3y“ and 3a* - 7a*y+7ay* - 4y*. 

9. 6a 4 + 7a*+5a*+2a and 4a* - 18a 4 - 8a* - 10a*. 

10. 3a 4 + 10a* + 7a* + 4a+l and 2a* + 3a*-7a-S. 

11. 4a*+ 13a* - 8a - 3 and 3a 4 + 13a*+9a*+9a+2. 
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12. 12a* + lla*a+6a®* + ®* and 21a* + 17a*a + 9a®* + *®. 

13. 35a* + 31a*x+13as.* + 2a® and 65a* + 54a*® + 22aa* + 3®*. 

14. 70®* - 9a®* + 11a*® + 6a* and 91a® - 25aa* + 20a*a + 4a*. 

16. 75®* - 35®* + 24® + 4 and 85®* - 3G®* + 25®+6. 

16. 35®* - 34®* + 3® +• 2 and 49®* - 49®* + 5® + 3. 

17. 4®* +2a® 5 + 14a*®* + 10a*®* + 24a 4 ®* and 

6®' + 21a®* + 30a*®* + 24a*®*. 

18. 4a* + 32a® + 72a* + 44a + 8 and 6a* + 54a® + 138a“ + 78a +12. 

19. 2®* -19®* + 21® - 6 and 6®* + 21®* + 3® - 6. 

20. 12®* - 30®* +126® + 90 aud 15®* - 25a® +145* - 75. 

21. 18®* +117®* +162®* + 72® + 9 and 12®* + 68®* + 72®* +108® + 20, 

22. ®*-5®“ + 6® + 12 and x*-8®*-24*-32. 

23. ®* + 5*® + 3*» -14® - 40 and ®* - 4*® + 45® + 75. 

24. 4®* - 8®*a* + 28®“a* - 24xa* + 24a* and 

6®* + 24x*a - 12®*a* - 24xa* + 96a*. 

25. 9®* - 18*®y -13* V - 38®v* ~ 12y* and 

6x* + 4x*v + 5®*i/* + 4a*y® + 8y*. 

26. 2*‘ -11®* - 9 and 4®* + 11a* + 81. 

27. 32a* + 104a® - 20a* - 122a + 30 and 60a* + 10a* - 45a* + 45a* - 50a. 

28. ®*+2®*-5®*-7® + 3and 3®*-3a*-18®* + ®* + 2®+3. 

160. In some cases the H.C.F. may be found more easily by 
the application of the following principles : 

If A and B denote two expressions having no monomial factors, and 
if m, n, p, q be any four numerical quantities such that mq-np is 
not equal to zero, then the H.C.F. of A and B is the same as the H.C.F, 
of mA + nB and pA + qB, numerical common factors, if any, being left 
out. This may be proved as follows : 

Let H denote the H.C.F. of A and B, and H the H.C.F. of 
mA + nB and pA + qB, after removal from them of any numerical 
common factors that may occur. 

Now, since every common factor of A and 2? is a factor of mA + nB 
and also of pA + qB, therefore, H is a common factor of mA + nB and 
pA + qB. Hence, H is either equal to H or is an expression of higher 
dimensions than H. ••• *** (*») 

Again, since q(mA + nB) - nip A + qB)=*(mq - np)A, 
and m(pA+qB)-p(mA + nB)’ m (mq~np)B, 
it is dear that every common factor of mA + nB and pA + qB is a faotor 
of [mq-np)A, and also of [mq-np)B. Hence, as mq-np is only 
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a numerical quantity, every common factor of those expressions other 
than numerical must be a factor of A as well as of B. Hence, S is 
a oommon factor of A and B, and therefore, cannot be of higher 
dimensions than 27. 

Hence, by (a), 27* = 27, which proves the proposition. 

Cor. 1. The H.C.F. of A and B is the Bame as the H.C.F. of 
A+B and A-B. Here m=l, n = 1, p = 1 and g — — 1. 

Cor. 2. The H.C.F. of A and B is the same as the H.C.F. of 
A±B and B ; here »» = 1, »-±l, p=0 and g = l. Similarly, it is the 
same as the H.C.F. of A ± B and A. 

Example 1. Find the H.C.F. of 

x‘ + : r t> -5x a -3x + 2 and ir 4 -3a; B + i 1 ‘ + 3a:-2. 

Let A=x i + x*-5x a -3x + 2, 

and B=x*~ 3a: 8 + x s + 3a: - 2. 

Then, A + B—Sx* - Ax*-2x%x a -x-2), 
and A-B^&x* -Gx a -6x + i.=2{2x a -3x a -3x + 2). 

Hence, by Cor. 1, the required H.C.F. is the H.C.F. of 
®*(a:* - a: — 2) and 2x*-3x f — 3a:+2, and therefore, of <r*—a:—2 an! 
Ssc 8 -3a;* -3x + 2. 

Let A'**x a -x-2, and B'** 2a:*-3a;* ~3x + 2. 

Then, A' + B'= r 2x*-2x a -4x=*2aix a -x-2). 

Hence, the required H.C.F. 

- the H.C.F. of A' and A' + B' [ Cor. 2 ] 

«a:*-a;-2. 

Example 2. Find the H.C.F. of 

4a; 4 + 11a; 8 + 27x a + 17x+5 and 3a: 4 + 7a: 8 + 18a:* + 7a: + 5. 

Let A = 4a: 4 + 11a: 8 + 27a:* + 17a: + 5, 
and B = 3x* + 7x a + 18a;* + 7x + 5. 

Then, A -B**x* + 4a: 8 +9a;* + lCte^a&r 8 + 4a:* +9a: +10), 

and 3.4-422 = 5a: 8 + 9a;* + 23a:-5. 

Hence, the H.C.F. of a; 8 + 4a:* + 9a: +10 and 

5x 8 +9a:* + 23z-5 is the H.C.F. required. 

Let ^' = x 8 + 4x* + 9x + 10, and B'** 5x a +9x a + 23x~B. 

Then, A' + 2B '= llx 8 + 22a:* + 55x = 1 lx(x a + 2a: + 5), 

and 54 ' - B’ = llx* + 22x + 55 = ll(x* + 2x + 5). 

» , Hence, the H.C.F. required is the H.C.F. of x(x* + 2x + 6) and 
e*.+24: + 5, and is, therefore sm x a + 2x + 5. 
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Example 8. Find the H.C.F. of 

2s*-lls*-9and 4a" + 11a:*+81. [0.0.1866] 

Let 4-4s* + ll® 4 + 81, 

And £*“2®*-11s*-9. 

Then, 4+ 22®"+ 99—ll(a:* + + 9), 

and 4+9.B-22s‘ + ll» 4 ~99s*“ll®*(2s* + s*-9). 

Hence, the required H.C.F. is the same as the H.C.F, of 
®* + 2a* + 9 and s*(2a* + s*-9), and, therefore, of a*+ 2®*+ 9 and 
2®* + a*-9. 

Let ^1'—®* + 2®"+9 and jB'“2r*+s*-9, 

Then, A' + B' wm x i ‘ + 2® a + 3®*—®*(®“+2®+3). 

Henoe, the H.C.F. of 

2 ®’ + ®*- 9 (“£') 1 . 

and a* + 2r + 3 (= C say) ) 18 the H - C ' P - 

Now, since J3'+3C' = 2a® + 4®*+6® 

“2®(®* + 2®+3)'; 

. the H.C.F. reqd. - the H.C.F. of C and B' + 3C' 

«s* + 2s+3. 

EXERCISE 84 


Find the H.C.F. of: 

1. ®*-3a; s -4a +12and a*-7®* + 16*-12. 

2. 2®*~17®+12and4s 4 -2a*-34a*+ 41®-12. 

3. 4®" + 18** + 19®+4 and 2®* + 6** + 6®-4. 

4. 3a*-5s*+ 7 and 6s 4 -7a*-5a*+ 14®+ 7. 

5. 6a* -11®* + 16a:* - 22®+8 and 6s 4 -11a*-8a*+ 22®-8. 

«. 2® 4 +19®* + 20®* - 31® + 8 and 2®*+7®*-64®*+62®-16. 

7. 3® 4 -7®*-27a*-6®+2 and 3® 4 -13®*-40®*-9®+3. 

8. 5® 4 -18s*-7a*+ 12®+ 3 and 5a 4 -23a*-9a*+ 16®+4. 

9. Skr*—5s’-17s*-2a+2and 6®* + 23a 4 + 34a* + 21a*-2a-2. 

10. 6® 4 + 9® 4 -13®* - 4®* + 9® - 3 and 9a* +12® 4 - 18e* - 6a* +12® - 4. 

11. ®‘— a*+8 and a*-a?+ 4. 

12. 8®* + 139a* - 44 and 39a* + 139a 1 -16. 


1-19 
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161. The H.C.F. of three or more expressions whose factors 
cannot be easily found. 

Let 4, B, 0 stand lor any three expreisions of whioh the H.O.F. 
is to he found. 

Let 0 denote the H.C.F. of A and B, and H that of 0 and C. 

Then 0 being the product of all the elementary common factors of 
A and B, every factor of G is a common factor of A and B, and therefore, 
every common factor of G and C is a common faotor of A, B and C. 

Hence, E also is a common factor of A, B and G. Therefore, the 
H.O.F. required is either H or an expression of higher dimensions 
than H. ••• ••• ••• ••• ••• (0) 

But, Binoe every oommon factor of A and B is a faotor of O, every 
oommon faotor of A, B and G is a oommon factor cf G and C. Hence, 
the H.O.F. required iB a oommon faotor of G and G, and therefore, 
cannot be of higher dimensions than E. 

Henoe, by (0), the H.O.F. required “H. 

By a similar reasoning it follows that if D be a fourth expression, 
then the H.O.F. of H and D is the H.G.F. of A, B, 0 and D. 

Thus, we have the following rule: 

To find, the E.C.F. of any number of expreesione A, B, C, D, do., 
firet find the H.G.F. of A and B, then the H.O.F. of thit reeult and 0, 
and to on ; the remit obtained last of all it the H.O.F. required. 

Bxnrnple 1. Find the H.O.F. of 2a* - lx* -17** + 58® - 24, 

3®*+ 14®*-11®*-70®+24 and 5®*+9®* - 47®* - 81®+18. 

Let us first find the H.O.F. of the first two expressions. 

Put A - 2* 4 - 7®* -17®*+68® - 24, 

and 25-3®*+14®*-11®*-70®+24. 

Then, 4+JJ-5® 1 + 7e*-28®*-12® 

-®(6®* + 7»* - 28e-12), 
and -34+ 225—49®* +29®*-314®+120. 

Henee, the H.O.F. of A and B is the H.O.F of 6®*+7®*-28®-12 
and 43®’+29®*-314®+120. 

Let 4'-6®*+ 7®*-28*-12, 

and E - 49®* + 29®* - 314®+120. 

Then, 104'+S'-99®*+99®*-594* 

*-99®(«*+®-6). 

Hence, the H.C.F. of 4 and B is the same as the H.O.F. of 
5®*+7®*-28*-12 (-4') 1 

and ®*+*-6(-C\ say). J 
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Now, 4'-2O , -5* , +5a 1 -80a i “5a(a , +a-6}; 

the H.C.F. ol A and B-the H.C.F. of O' and A '- 2 C' 
-B* + !e-6. 


Hence, the H.C.F. required is the H.C.F. of a*+a-8 and 
6** + 9** - 47a* - Rl® + 18, which can be found as follows : 


*• + *-6 \5:c* + 9a* - 47s* + 81a +18/ 5® a + ix 

jSx^+dx'-Wx* _\ 

4a;* -17®* - 81® +18 


4a* + 4®* —24® 

-3 )-21® , - 57®+1 8 
7a*+ 19®- 6/7 
7a* + 7® - 4 21 
~12 ll2® + 36 
®+ 3 


®+3\®*+ ®-6/*-2 
l a*+ 8® \ 

- 2®-6 
-2a-8 


Thus, the required H.C.F. «®+3. 

Example \ If (®+ n) is the H.O.F. of x*+ax+b and ®* - *,.«+ bt, 
prove that 

(a+w) is the H.C.F. of the given expressions ; 

.'. (® + m) is a factor of each of the expressions. 

.*. by Remainder Theorem, 

«“(-!») makes each of the expressions"0. 
f»*-a»»+5-0, and m*+Oim+li»i“0. 

By subtracting, 

(flx+a) m+(6i-6)“ 0, 

or, {ai+o)m-6-6i; 


EXERCISE 85 


Find the H. 0. F. of: 

1. 2®* + 7a*-5a-4, e* + 8® , + ll®-20 and 2®' + 19®* + 49a+20. 

3. Ske*+3®*+8» , + 15®-10, 2a*-5®*+12®*-25®+10 

and 2®* - 5a* + 10a*-20*+8. 

8. 2a* + 7a* -19®*-14®+30, 2a*+5a*-16a*-10®+24 

and 2a* + 5a* - 10a 1 +6* -12. 

4. 2a*-4a*-60a 1 -2®-35,2a*-6a*-55a*-3a-28 

and 2e*+18a*+41® 1 +9*+20. 
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6. So* + 28a*6+62a6*-486*, So* + 4a*6-28o6*+166* 

and 3a 8 + 10a*6-44o6* + 246*. 

6. 6o* + 6o*6 - 34o6* +156*, 6o“ - 37o*6+57a6* - 906* 

and 8o*-8o*6-31o6*+606*. 

7. 3a:* + 11®*-32®*-44a:+80, 3a;* - a:*-52a:* + 124a; *-80, 

3a;* + 2» 8 -20a: 8 -8a: + 32 and 3a:* + 2a: 8 -83a:*-50a:+200. 

8 . 60 :' + 14a:* - 53a:* - 37a;* + 66a:+24, 6a; 8 - 28a;* + 17a: 8 + 54a;* 

- 89a: -18, 6aj 8 + 8a:* - 79a: 8 - 36a;* + 105a;+36 

and 2a:'- 2a:* - 31a:* + 51a:*+ 42®-72. 

9. If the H.C.F. of a*+p®+g and ®* + p'®+g' is ® + o, show 

that (p-p') a m q-q'. [C.U.1941] 


II. Harder L.C.M. 

162. L.C.M. of two expressions whose factors are not 
obvious by inspection. 

Let A and B stand for two such expressions, and suppose their 
H.C.F. is found to be E. 

Divide A and B by E and let the respective quotients be o and 6 
Then, we have 

A-aH\ 

B~bE i 

Hence, Bince o ond 6 have no common factors, every common 
multiple of A and B must necessarily contain a x H* b as a factor. 

Hence, the L.C.M. required -aJ36. 

But, aEb-aiEb)~^B 

or, ■*(aJI)6" ! 4 x ^ 

A R 

Hence, the required L.C.M. “ g * B, or - A * -g 

Thus, to find , he L.C.M. of any two expressions we have to divide 
one of them by their H.C.F. and multiply the quotient by the other. 

Cor. If L denote the L.C.M. of A and B, we have L^H^A *B ; 
that is, the product of the L.C.M. and H.C.F. of any two expressions 
is equal to the product of these expressions. 

Nota. If any two expression! have no oomtnon footer, their L.O.M. it evidently 
equal to their product. 
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Example. Find the L.C.M. of 

6®*+ 25®* +16a:+7 and 6®*-11®*-8®-5. 

6e*-ll®*-8®-5 \ 6®* + 25®* + 16®+ 7/1 
I 6®*-1 1®*- 8 ®- 5 \ 

12) 36®*+ 24®+12 
3®*+ 2®+ 1 

3®*+2®+l \ 6®*-ll®*- 8®-6/2*-6 
I 6®*+ 4®*+ 2® \ 

-15®*-10®-6 
-15®*-10®-6 


Thus the H.C.F. of the given expreesions“3®* + 2® + l 
Hence, the L.C.M. required 


_6®*-ll®*-8®-5/„ 

-3®* + 2® + l i6x +25®*+ 16®+ 7) 


- (2® - 5X6®* + 25®* +16®+7) 


«12® 4 + 20®*-93®*-66®-35 


EXERCISE 86 

Find the L.C.M. of: 

1. 3®*+ 2®*-11®+ 4 and 3®*+ 14®*+ 13®-8 

2. 6®* + 17®*+9®-4 and 6®*-7®*-27®+ 8. 

3. 12®*-4®*-25®+12 and 12®*-28®*+ 7®+12. 

4. 9®*-12®*-15*+20 and 15®*+ 12®*-25®-20. 

5. 4®*-10®*-18®+ 45 and 6®» + 8®*-27®-36. 

6 . 4» 4 + 4** + 7*® + ll* + 4 and 6* 4 +7*“ + 4®* + 5® + 2. 

7. 8® 4 -6®*-8®* +9®-6 and 16® 4 -12®*+ 20®*-9®+6. 

8. 4® 4 + 8®*+21®* + 18®+27 and 3® 4 + 6®* + 17®* + 16® + 24, 

9. The H.C.F. and the L.C.M. of two expressions are ®-7 and 

®*-10®* +11® + 70 respectively; if one of them is ®*-5®-14, what 
is the other ? [ B. U. 1925 ] 

10. The H.C.F. and the L.C.M. of two expressions of second degree 
are x -1 and ®* - 7*+6 respectively. Find the expressions. 

[D. B. 1927] 

11. If it be the Highest Common Divisor and I, the Lowest 

Common Multiple of two quantities * and y, and if h+ i“*+V, prove 
that ** + l*-®* + y». [P.C.1891] 

168. L.C.M. of three or more expressions whose factors are 
not obvious by inspection. 

Let A, B, 0 stand for three suoh expressions ; to find their L.O.M. 

Let L denote the L.O.M. of A and JB, and U that of L and 0. 
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Then evidently every common multiple oi L and C is a oommon 
multiple of A, B, C ; ••• ••• ••• ••• (i) 

also every common multiple of A, B, C is a multiple of If. ••• (2) 

From (1), M is a oommon multiple of A, B, C. Fence, either M 
or an expression oi a lower degree than M is the L.C.M. of A, B, C. 

But an expression of a lower degree than M cannot be the L.C.M. 
of A, B, C ; because from (2), the L.C.M. of A, B, C is a oommon 
multiple of L and C. 

Hence, the required L.C.M. “fif. 

Thus, to find the L.C.M. of any number of expressions A, B, C, D, 
Ac., we have first to find the L.C.M. of A and B, then the L.C.M. oj 
the result and C, and so on; the last result thus obtained is the 
L.C.M. required. 


Example 1. Find the L.C.M. of a;®-2®*-a:+2, See* - 7** + 4 and 
2® B -8®* + l. 


x 

\ 

1 


fr»-2®*-® +2 
® B -3®*+2® 
®*-3®+2 ! 
®*- 8 ® + 2 ! 


3® B -7®* +4 | 3 

3® B -6®*-3®+6 i 
-1 | -®* + 3®-2 
®*-3® + 2 


Thus, the H.C.F. of the expressions considered ■■®*-8® + 2. 


Hence, the L.C.M. of the first two expressions 


g*-2®*-® + 2 

®*-3®+2 


x3®*-7®* + 4 


-(® + lX3® B -7®* + 4)-3® B -4® B -7®* + 4®+4. 


Now, to find the L.C.M. of the result and 2® B -3® , + l. 



2® B -3®* + 1 

5 

8®*-4® B - 7®* +4* +4 

2 

2® 

10® B — 16® B + 5 

6®*-8®*-14®*+8® +8 3® 


10® B - 4®*- 6® 

6®*-9®* +8® 


-11®*+ 6*+ 5 

®*-14®*+6® +8 


- 5 

2 

11 

fi6®*-80®-25 

2® B -28®*+10®+16 1 


65a 1 -22®-33 

2 ® B - a®* +i 


-81 - 8®+8 

-6! -26®*+10®+15 


®-l 

6® a - 2®-8 fie 



6®*- fie 



8®-8 3 



8®-8 
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Thus, the H.C.F. of the expressions oons'dered —x - 1. 

Hence, thoir I.C.M.- + 1 ) * (3s* - 4a 8 -7s» + 4r + 4) 

*-(2ir # - t - lX3x* - &x* - 7u;* + 4x + 4) 

* to 6 - l_;-‘ - 13x* 4 19,-r 8 + 11®* -8s ~ 4. 

EXERCISE 87 

Find the L.C.M. cf: 

1. 6k 8 + liar* + 6s + 1, 4k 8 -7.— 3 and 6 k 8 - x* - 10s - 8. 

2. 6x 8 + 25x s + 13x + 7, 6 k 8 -1^5 “-83,-5 and 2 k 8 + 5s* —6s+ 7. 

3. s 8 -2x*~19s + 23, s 8 + 2x*-2Ss-63 

and x* + 7x 8 - 4x* - 52s + 48. [ B. U. 18911 

4. 2x‘+4s 8 + s* + 6s-3, 4s 8 + 8s 8 -7c.*-6s+ 3 

aad 8s* + 4x 8 -2s*-3s-3. 


CHAPTER XXV 
HARDER FRACTIONS 


164. In this Chapter we shall consider fractions of a harder 
type than those treated of in Chapter XVI. 


I. Reduction of Fractions 


166. A fraction is said to be reduced to its lowest terms, when 
its numerator and denominator have no common factor. In all oases 
where the numerator and the denominator oan be faotorised by inspec¬ 
tion, the reduction is effected by simply removing the common factors. 
Otherwise, divide both the numerator and the denominator by their 
highest common faotor. 

Example 1. Reduce tc its lowest terms 

_ a 8 + b* + c 8 - 3afrc _ 

a*(fc+c)+ fc*(c+a)+c*(a+6)+3a6e 


The fraction 


z [g+b+cYa*+b* + c*-be-ca-db) 
(a + b+c)[bc+ca + ab) ~ 
<M a* + h* + c*-hc-ca-ab . 
bc+ca+ab 


Example 2. 


Simplify 


8(s+y+a) 8 - (;>+«)*-(g+s)*-(s+y) 8 

8(2s+v+*AS+2i/+iX*+v+2s) 
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Example 3. Reduce to its lowest terms 
3»*-27ag* + 78a S a-72a', 
2g* + 10ag*-4a*g-48a* 


The numerator =* 3(g* - 9og* + 26a*g - 24a*). 
The denominator - 2(g* +5ag* -2a *g - 24a*). 
Now, to find their H.C.F. 

g*+5ag 9 - 2a*g-24a* 
g* - 9ag*+26a*g - 24a* 
14ag) 14gg*- 28o*g 
x- 2a 


x - 2a\g* - 9ag* + 26a®g - 24a' lx*- 7ax + 12a* 

/g*-2ag* __\ 

-7ag* + 26a*g-24a* 

-7a** + 14a*f_ 

12a?g-24a* 

12g*g- 24a* 


l Ex. 1, Art. 132] 


[ 0. D. 1889) 


Thus, the H.C.F. required “g-2a. 

Henoe, the required result 

3(g*-9ag t + 26a*g - 24a*)-»-(g - 2a) _ 3(g*-7ag+ 12a*i 
” 2(g‘ + 6ag*-2a*g-24a*) + (g-2aT 2(g* f 7ag+12a*) 


Example 4. Reduce * iis low6St fcerm8 ' 

[ 0. U. 1870 ] 

The H.C.F. of the numerator aud the denominator of the given 
fraction oan be fouud as Mows i 

2a;*- a*- 9g* + 13g-5 [ Sob Cor. 2, Art. 160) 

_7g*-l c )g* + 1 7r-5 

3g) 2g 4 -8g* + iC g* - ix 

g*- 4g* + 5g-2 


2g*-g*-9g * + 13z- 5 . 
7g* - 19g* + 17g - 5 


e*-4g*+6g-2\7g*-19g* + 17g- 5/7 
)7g*-28g* + S5g r H\ 

9 )9g*-lPz + 9 

g*- 2g+ 1 


g*-2g + l \g* — 4g*+ 5g—2/ x —2 
) g»-Sa«+ x \ 
-2g*+4«-2 
-2g*4-4a-9 
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ThuB, the H.O.J. required «*“-2a +1. 

Hence, the required result 

_(2a*-**- 9q* + 13g-5)-«-( g t -3a-l- 1 .)_2a;*+3a!- 5 
(7a* -19** +17a-5)-+(a*-2a+l) "" 7a-6 


EXERCISE 88 


Reduoe to the lowest terms : 

1 g* + 4g* + *-6 
a*+a-2 

» a» + 2a»fc-2fl5»4-.^» 
a* - 5a*b + 5ao* -io a ' 
r 3 a* + 4 a*y - 7a y* + 2y* 

2a®+9**^+8ay*-5y*’ 

7 _a* -a*-g+ i 

a*-2a*-a*-2a +T 
o 2a* + 3 aa* + f g*a - 21a* 

4a* - L\*a* + 10a*a - l5a* 

ii 9a* -7 t*t- 2a* 

9a® + 6aa* - 5a*x - 2a* ’ 

„ 9a* + ICaM- 12a*-6a -45 

8a* + 28a* + 16a*-4a-48' 


, a* - 7* + 6 

a® + 2a* - 12a +10 ’ 

, a* + (2S>* - a*)g* + b* 
a* + 2aa* + a*a* - 6* * 

. l + 3x-q * -3 a* t 
i-a + 2a* + a® + 3a* ’ 
o a*+ ** +25 
a* - 9a* + 30a-25* 

in 2a* + a* -3a*+2a4 3 
3a* + a*-4a* + 3a+4 
,, 2a® - 16a*5+44a6* - 42i* 

3a" + 6a*6- 24aft* - 6Sd* 


,, 6a e -SVfc+a*6* + 3a*&*-a*i* 

‘ 4a*-6a*&+'3aV-a&* 

l R 24a* + 16a*y — 28a*y * — 24a*y * — 12a^* 
45a*v^30aV-15aV-20ay*-10v*‘ 

m (6+e) *(5- c)+(e+a)®(c - a) + (a+5)® (a - b) 
\b +c)*(6 - c)+ (e + a)*(c - a) + (a + &)* (a—b) 

17 (1 ~ g*Xl - y^Xl - **) - fa*+aXza + vXxv + z) 
l-a*-y*-z“-2*y* 

i» (q+y-2s)* + (y+s-2 a)* + (z +q-2y)* 

12(a+y - 2zXv"+ ziv + z- 2a) 

la ._ (y-c)* + (g-a)*+ (q-y)*_ 

(a - vX* ~ *)+[v ~ *Xv -*)+(*- a)(z - y) 

M 7a* - 2a*y - 6 3ay* + 18y* 

5a* - 3a*v - 43a*y* + 27*v® - 18y* 


(a* - fc»)* + (5* - o»)* + (e* - a*) 
a*(6 - c)» + J‘(c - a)®+c*(a-6)* 


[ P. D. 19121 
[ B. D. 1895 J 
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II. Addition and Subtraction of Frictions 


136. We know ^ ® + - +.——> so that the sum 

a a .a a 

of any number of fractions which have a common denominator is 
g fraction whose denominator is the same a_id whose numerator if tne 
sum of the numerators of the given fractions. 


Hence, tc obtain the sum of any number of fractions which have 
not the Same denominator we must first of ali reduce them tc equivalent 
fractions hiving a oommon denominator by the method of Art. 138, and 
then proceed as above. 

Swmplel. Simplify ( ^ , ar + & -_^ 1 + (K _ 1 a p,. [M.hi. 1865] 


The expression 


a 8 , 2a(*-a) , [x -a) 8 a* + 2a(* - ql+ (r - a) 8 
w ‘(x-a) n [x-af l {x-aT~ {x - a) n 
— |a + (*~ ojf 1 ^ x* 

~ (x-aF ”( x-af 


Swunple 2. Simplify ~xA\ + t^+Te 

To simplify examples like this, we combine two suitable terms; 
then the result thus obtained with a third, and so on. 

,11 (s+2)-(*-2) 4 . 

Thus, we have ~2"*+2“ " %‘-4 1 


4_4 _ 4feM-4)-4(* s - 4) _ 32, 

**-4 ® 8 + 4” x‘-16 ”*‘-16 


Lastly, 


32 


32 32(**J-16) + 32(*‘ r 16) 


*‘-16 *‘ + 16 * 8 -256 

64*‘ 

”**-256’ ’ B rewired result. 


Example 3. Simplify^-J+Vi+Vs+tt' 

Instead of simplifying all the termB together, it is oonvenient 
to combine them by groups. 

Thus, the given expression 

vj | 1 1 (a+26)-(o+6 ) 6 « 

Now, we have 0+6 0+2i ( a +^ a \%) (a+6Xa+26) 

, _J_1 (o+46)-(o+36) b 

o + 36 o+46 (o+36Xa+46) (o + 3dXo+46) 




BABBLE FRACTIONS 


238 




L * Btly ‘ (.. + 5X« + 25) ~ (u + Sofia -f 45) 

_ 5 v c 4- S X a 4 45) - 5(a 4 5X a 4 25), 

(a, 4 b\a + 2I>Xft + 3cXa+45) 

of whiah the nntaen tor *= Ha* + 7ol 4125*) - 5(a* + 3o-b 425*) 
- 5(4a54105*) ~ 2o*(2a 4 55). 

Hence, fee reqd. 


Kuinplt 4. 


Simplify 


_®43 , ®42 , _ x + 1 _ < 

®*-3®42 ®*-4®4 3 ®*-5®46 


[ P. D. 1104 ] 

The first denominator «=**-3s+ 2“ (a:-lXa:-2). 

The seeood denominator “a*-4®4 3=*=(a-SX® -1). 

The third denominator “ ®* - 6®+£* (a-2X® - 3). 

. the L.C.M. o' the denominators “(a-lX® - 2X® _ 3). 

Henoe. fee given expression 


a. ®~^3 , _ ® + 2 . z+1 

(® - IX® - 2) (* -3X®-1) (®-2X®-3) 

_ (® 4 SX® -3) 4 (a 4 2X ® i2) + (® + lX® ~ l) 

(® - lX® - 2X® - 8) 

_®* -94®*-4 4g» -1 3®* -14 , 

(®-lX®~2X®-3) “ (® - lX® - 2X®-3)' 


Sxuepie 5. Simplify 



( A. U. 1915 ] 


The L.C.M. of the denominators ■« (a + ®Xo + pX<* + *). 
the given expression 

m {a+eXx-y)+[a+t)(vt)+(a+ v)(g-x) i 

(a+®Xa+l/X<* + *) 

The numerator “ o|(® - y)+[y -*)+(*- ®)l 

+ g(x-v)+x{v-t)+y[»-x) 
“0. [ simplifying ] 

■ the given expression 

„ . 0 _. n 

(o+gXo+vXa+s 1 ’ 
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Otherwise : Since, 

1_1 _ la+x}-(a±v) m x-y . 

a+y~a+x“ (a+xXa+y) "(a+iXo+y)' 

1_1 ^(a+y Ma+ri y-i , 

o+s a+tf (a+yXa+sF (a+yXo+s) 

1_1 _ z~x_ . 

a+* o + *" (o + «Xa+®) (o+iXo+x) 


end 


We have the given expression 

o+y o+x a + * a+y a+x a + * 

„ a 2a® , 4a*6* 

Bsample #. Simplify a+b + a^+b^^-b 1 ' 

Such expressions are easily simplified by adding and subtracting 

a suitable fraction. Thus, adding and subtracting ~the given 


expression 

a . a . 2a *_ , 4a* 6* _ a . 

*o-6 a+6 a* + 6* a*-6* a-6 

rosy, 

a . o . o(a+6)+(a-6)a_ 2a* . 
a-6 o+6 a*-6* a*-6® 

Again, 

2a* . 2o* 2o*(a* + 6*)+2a®(a* - 6‘) „ _4**_ . 

a*-6® a* + 6* a*-6* a*-6‘ 

and 

4a* . 4a*6® 4a* + 4a®6* 4a*(a“ + 6®) ^ 4fl* . 

a* - 6* + a* - 6* a*-6‘ o*-6‘ o*-6® 

. . the given expression 


m 4a* _ a -i 4a*- o(a + &) — 3a*-a6, rr n(3o-6). 


a*-6* a-6 






a* - 6* 


EXERCISE 89 

Simplify: 

. _1__1_, 12as , 

11 2x®-6ax+9a* - 2x® + 6ox+9o* 4x*-81a* 

, 1_._ + 1_ ... 1 

(x+oXx+2o) (x+2a)(x + 3o) (x+3a)(x+4a) 

• a-6 ._ b-o . o-d 

‘ (x + aXx + b) (x + 6Xx + c) (x+cXx+d) 

4 _ 1 + < _+_3_ 

*• o*-3a + 2 o®-6a + 6 a*-4a + 3 
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8. 

1 1.22 
(® + D a (* + 2)* (x + l)* x + l""x + 2’ 

t A. U. 1912 ] 

ft 

2(x-3) x-1 -r-2 

t A. U. 1911 ] 


(* - 4X* - 5) " (a; - 35(x - 4) (x - 5Xx - 3)' 


o* + oe o-c 2c 

[ C. U. 1869 ] 

l« 

o*c-c* ' o(a + c) a* — c* 

». 

-L. + .4,8 16 

l + o l + a" Ho 4 l+a 9 'i- a “ 


i. 


[B.D.1876] 

10. 

[a-b)[a-c) + (b-a)(b-c) + [c-atc-b) 


n. 

A _ 2 1 , 

x*-5x + 6 x®--4x + 3 x*-3x + 2 


12. 

1 + _o_ + _. to , ex* 

x-o (x-aXx-6) (x-aXx-6X*-c) 



. dx* 

(x - aXx - b\x - c\x - d) 


IS. 

o* - (&•- c)* 5* - (e - a)* c* - (a -b)» 

(a + cj* - 6* (a + 6)* - c* + (6+ c)» - a* ' 

f C. D. 1937 } 

14. 

a*+ o + l - i>* + 6+1 . c* + c + l 
(o - bfa-c) (b- cXi - a) + (c - flXc - 6)' 

[ A. U. 1892 ] 

16. 

1. 1 x-5 , 1 x-6 

9 x-1 x*-7x + 10 2 x*-9x + 18 

[ 0. D. 1864 ] 

16. 

o+x . o-x . 2x* 

o* + ax+x* a*-ax+x® a 4 + a*x* + x 4 ' 

[ B, D. 1892 ] 


111. Complex and Continued Fractions 

187. Complex Fractions. A fraction which contains a fraotioc 
in Its numerator or in its denominator or in both, is called a complex 
fraction. 

x x 

Then, y' % ftre complex fractions, which are, therefore, 

* b 

merely divisions of fractions. 
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[ohaj. 


We have already considered simplifications oi such fct otionS in 
Art. 111. 


168. Continued Fractions. 
Fractions of the type 


w + - 


b + 


are called continued fractions. 


d+. 


f+e tc. 

To simplify suoh fractions, begin from the bottom ami proceed 
upwards sUp ty step as in Arithmetic. 


Exam^e t. Simplify -1+ 


2{o+6)— 


1- 


a+b 


Binoe, 1 - ^ jr we have, by simplifying 'rom the 

bottom, the given expression 


--1 + 


a+b 


2a l, +2o , -ifl , 4-9afe^6 1 l 


.. a* -o , +5 , +o* 6* 

~ 1 *a*-b t a*-6* 

9 

Example 2. Simplify 


1 +- 


[A.U. 1919] 


1 + 


1+i 

9 


Proceeding from the bottom, the given expression 
1_1_1 


1 + -^ 

1 + 1 ± 
x 

1 


1 +- 


1 + 


1 + 


1+as. 


1+9+9 

1+9 


J _ 1 + 39 

.1±9 1 + 39+1 + 9 S-t-SflC 

1 i+h 1+9® 
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SOI 


Example 8. Solve 



3 

4 


By example 2 above, we have 

the left-hand side ™ ^ =■ |! 

or, 8(2+3») **4(1 + 2®), i.e., 6+9g=*4+8«, 

or, 9* - &r - 4 - 6, [ transposing ] 

or, g=* -2. 


EXERCISE «0 


1. 


Simplify: 

i*—m®_lily—®1. 

$ ~ **)(** ~£ a )(i~v*) 

_o_ + _6_ + c 
q-fc fe-c e-a „ 


o±| + |+e + c±q + 3 

fl-fc 0“C C-fl 


[ B. U. 1996 ] 

aL + *- + J^ 

x-a x-b x-e 

~ + + — -(o+6+o) 

*-o *-6 x-e 


k + J^ 

4. tt_l+e x ( 1 + 6L!^a!}. [C. U. 1921] 


s. 


6+e 

1 


1 + 


l + q + 


2q* 

l-o 


1 + 


a+x 


i_ 1 _ i ^_ 1 — 

1 q+* 1 0*+** 


a—x b-x c-x 

5 _ J_1_1 

t x-a x-b x-c 


1 


[ C. D. 1870 ] 

1 _ 1 
b a 

7a b\/a.b 

\b~a1\b a -1 / a* b u ab 


a* 

b* 


/I® 


9. 




{«-9X*-il + (*-ii*-3) + (*-2X*-8) 
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g+y . x* + v* 

to. «-y - x l~C 

x-y_x -y 
g + y x* + y 8 


IS. »• + - 


_ 

t 1 8 + 6 8 


m 

w“ — 1 
„ . 1 


g* - 2gy + y* 
_ x + y _ 


g+y- 


+a+6+o 


g-fl T g-6 T g-c Ta ' r| 

a + 6 ,+ c 
g-a g-6 g-c 


4g+8 + 


2g 4 -32 _' 

!C +2+fe _ 2fe-2j 


[ C. U. 1926 ] 


HR) M)(‘-1) P 

HKIHLlMIiil 

•(H)-(HHM) 

- K [ C. U. 1946 ] 


HIR] 


[B. D. 1897] 


[C. U. 1880] 


Solve: 


SS. 1 + 


_a__ 2 , 


0+-^, 3 

a + — 

g 


169. Fractions involving Cyclic Order. Certain fractions are 
easily simplified when the oyolie order of letters is maintained. 
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BwnipU. simplily (a _f)( a - c) + [b _ c %_ a) + (c-afcfa)' 

Considering the denominator, we see that the factor a-c is not 
in cyclic order. 

Binoe, a-c--(c-a), (a-bXa-c)*' -(a-bXc-a). 

be 

Henoe, the firet fraction ” - y 

ca 


Similarly, the second fraction - - 


and the third fraction “ -, 


ab 


[c-aXb-c) 

The L.C.M. of the denominators “ (6 - c)(c - a)(a - b). 

.'. the given expression 

[ be _. ca , ab 1 

(a — &)(c—a) (a - b){b - c) (c-aX&-c)J 

_ & c(6 ~ c) + ca(c - a) + aUa - b) (b-c)(c-aXa -b) 

(b-cXc-aXa-bH (b-cXc-aXa-b]“ 

170. Important Results In Cyclic Order. The following resnlts 
can be easily verified and are very useful in simplifying many harder 
- samples in fractions involving cyclic order. 

If (a-iXa- C )’ Z| (b-cXb-ar 7, ftnd (c-aXc^b)" 2 ' 
then (i) X+ Y+Z^Q ; (ii) aX+bT+cZ^O ; 

iii} a a X+b a Y+c a Z- 1; (iv) bcX+caY+abZ-1 ; 

(v) a a X+b B Y+ c B Z“a+b+c ; 

(vi) a*X+ b*Y+c*Z “a* + 6* + c® + fec+ca+a6. 

RxampUi 1. Simplify (a ^-c]+ ( t"fr-a) + (c~-‘aX b) 

The given expression “(a*-f»c)X+(ii*-ca)F+(c*— ab)Z 

[ adopting above notations ] 
~a a X+ b*Y+ c a Z-(bcX+ caY+ abZ) 

“1-1 [ Results (iii) and (iv) ] 

“ 0 . 

Example 2. Simplify 

tm B + oa a bc + ra . vb B + oab*c + rb , pc B + qabc a + rc 
{a-bXa-c) + [b-cXb-a ) + (c-oXc-t) ‘ 

The given expression 

“ [pa* + qa a bc + ra)X + [pb B + qab a c + rb)Y +(pc* + qdbc* + re)Z 

[ adopting above notations } 

m jXfl a X +b a Y+c a Z)+qabtXaX + bY + eZ) + r{aX +bY+eZ) 
“p(a+ b +o)+ qabc.O+r,0 “j>(a+ b + e). 
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Example S. Show that 

_1_ + 1 ■ 1 

U-mKJ -n)(x+l) (m-nXm-lXx+m) (n-iXn-mXe+n) 

" (a: + iX* + mX*+») 


Putting a lor x + l, b for x + m and c for »+«, we have 
a-b—l-m, a-c—l-n, b-c—m-n, eto. 

The given expression 

_ _ 1 __. 1 , 1 
iAfl-bXa-e) $b-a)(b-c) c(c - a\e- b) 

1 r be , eg , ab 1 

aicL(a - bX« “ c) (b-aXb-c ) + (c - aXc - i>)J 

"ok ca ^ + 

■ V •r .".T7—r— \7 —:—»• f r«Rf.nrin0 valnna 


ale “ f*+TX*+mXx+n)' [ ^storing values of a, b, el 


171. Fractional Identities : Miscellaneous Examples. 


Example 1. Show that 

_ x _ 1 _ o* , a* o* , a* 

** + 0* * "z'WaV+a 11 ]' 

Let us divide x by ®*+o* : 

e , + o*\e /1 _ o^ , o^ a* 

l x + a ~’* *“ 

_ X 

_a‘ 

x 

_a*_a‘ 

JB _ x‘ 

a* 

*• 

a^.a® 

ar tr* 

~x‘ 

_ a® _ a® 
z* g* 

a* 

? 
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Henoe, proceeding no further with the division, we have 

*•1 


/o*i 

x 1 0*4.0^ a* . IsV 

6* + fl* x~x a x a ~x' x a + a a 


X UT , U _ (M_ , 


x x° x" x' x'{x a +a a ) 


4 ab 

1--■ 

a+b 


ib 


Example 2 . Find the value of 

* + 2a. *+26 . 

x=^a + x-W when * 

The given expression 

• (* t?a _ + (x+ 2 b _ + „ _ _M_ + 

W-2a l )*\x-% l ) A <s-2a *-26 

"(k - 2aX® - 26)^® ~ 2i)+U® ~ 2a)| + 2 

-0+2 [(a+6)e>“4a6] 

-2. 

1 


[0.U.1EB6] 


+ 2 


Example 3 . If 


1 show that 


1 + 1 + 1 . 
a b 0 a+b+o 

JL + JL + „__ 

a' + b' o'~{a+b+c)'~ a'+ b' + o*' 


1 _ 1 __ 


Binoe, —4_ - i + 1 + i ! 

a+b+o a b 0 dbo 

[a+b+oXbo+oa+ab^dbo, 

or [a+b+o\bo+ca+db)-abc— 0 , 

or, (6+cXe+aXo+6)“0; 

any one of these factors, say, £>+c-0. 

Henoe, b“ -c.6 T ~(-c) T ” -e T , or, 6 T + o T ”0, 

Also, sinoe, 4 --a, 

Henoe. J, + £ + "£+ £" %+ &TcT [V 6+e “ 0] 


A+A-A- 


Similarly, -n, + 

Henoe, the Identity is established. 


IV i' + c'-OJ 
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Example 4 . Reduce to its simplest form 


g*-(y-g) a , y a -(x-z) a 
(g + g)*-y‘ (g+y) a -g s 


+ g > -(z-y)» , 
(y + g) a -g* 


[C. U. 1866] 


We have, the 1st fraction 


\x+{y - z)\\x- [ y - 1 )\ 
i(g + g)+yH(g+g)-yf 


_ {x+v-ztx-v+ z) _ x+y -Z' 
(g+g + yXg+g-y) x + y + z' 


Similarly, the 2nd fraction"!— 

(x+y + zXx + y-z) g+y + j 


and the 3rd fraction 


(z + g-yXz - g + y ) m z + x -y , 
(y+g+gXy+g-g) g+y + z‘ 


Hence, the given exp. “ +. g) + (z + g —y ) _ a: + y + « 

®+y + s x+y + z 


Example 5. If g+y+g - xyz, prove that 

V±p_ + g +g + g+ y _ y+g g+g x+y 
l~yg l~gg 1 —gy 1—yzi — zxl — xy 


Binoe, g+y+g-gyg ; we have y+i"gyg—g"g(yg — l). 


Hence, 


y+g ,g(ys-l), 
1 -yg 1 -yg 


-g. 


Similarly, 


g + g _ 
1 -gg 


-y and 


g+y _ 
1 -gy 


g. 


the left side 


. v+g + ®±g . g+y 
1 -yg 1 -gg 1 -gy 

-g-y-g- -(g+y+g)- 

(-g).(-v).(-g) 


-gyg 


„ y+g g+g g+y 
1 -yg 1 -gg 1 -gy 


Example 6. 

0 


Show that 


[ 0. D. 1867] 


fp + b 

,fc 


)• 
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We have 

-**£(fr + S) + MS + 0 

. ■. the given expression 

-‘♦(MK(S*5Hl ♦S» 
-‘♦(MXs*:X H)' 

Example 7 . If 2 s=-a+ 6 +o, show that 

1 ,1,1 1 „ fflfeo _ 

s-a s-b i-c i sU-ajis-bts-c) 

, 1 , 1_2 s-g - b _ o 

We ave 8 _ 0 s _ j (g- a)(s-b) (g-g)(s-&) 

. _i_ _ 1 «ri» - ?) e . 

ftn “ s-c g g{s-c), «{s-o) 

Henoe, the given expression 

o , e g(g-e) + ( »-gX»- b) 

” {i-aXs-b ) g(g-c) C- s(s~aYi-bKs-cT 
_ 2 s*-s(a + b+c) + ab 

m c—.f. — t - 


c '"g(g~-^r 4 “-^ c r 

t.-3.*-^»+4+0)-2.--SU—0.1 

Example 8. Show that 

^~ fc (a* + 6*-o») + +'o* - a*} + +a* - 6*1-2(o+6+o). 
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Patting 2s* tor a* + 6* + c*, we have 

a* + 6* - o* «(a* + 6 s + c*) - 2c* ->2(»* - c*), 

6* + c* - o* - (a* + 6* + c*) - 2a* - 2(s* - «*), 
o* + a* - 6* »(a* + 6* + c*) - 26*« 2 («* - 6*). 

Henoe, the given expression 

" 2 (! + a)( s> - cS ) + 2 (c + 6 )(** ~ a ") + 2 (a + })('•-*■) 
-2{i(2 S *-6*- C *) + ^2s*-c*-a*) + * |2i*-a*-6*)J 

-2{- 'a*+ *-6*+-c*] 
la 6 c I 

-2(a + 6+c), 




Example 9. Show that 

—a i.gLi » 4 ._i/a + l a 8 + l\ 
a*-l o 4 -l o 8 —1 2 \a~i a 8 -l/ 

°-_1._2b 1 . (a + l)* -(q« + i) 

1 2 a*-l 2 fl *-i " 

_ 1 /a +1 q 8 + l\ 

2 \a-i~a*-l/ 1 
_ 1. 2a* _ 1 (a* + l)*-(a. 4 + l) 
2 a‘-l 2 0 4 -l 

_ 1 ,/a* + l a 4 + l\. 
2 \a*-l ~a 4 -l/ 1 
- ? 2a 4 m 1 .(a 4 ±l)* - (a* + 1 ) 

I n _ ft i n * ■ —- ' 


a 4 -l 


,8 _ 


2 a 8 -l 2' 

.1,/aM-l a*+J\ 

2 la 4 -1 ~ a 8 -1/ 

Henoe, the given expression 

- i ./(“'Ll _o*±l\ + la* + 1 _a^+1\ / a 4 + l _ q 8 + m 

2 l\a-l a -1/ \o*-l a 4 -l/ + \a 4 -l a 8 -l/j 
-!./“ + !_ ““±11 
2 la-1 o 8 -l/ 

Example 10. Show that 
Sinoe, 6-a- -(a-6), 

and (c-aXc-6)-[-(a-o)] x[-(6-o)]-(n-cX6-e}; 
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• the given expression 

, a + d , ~[b + d) , , e + d 

" 48 (a-bXa-d + a %- bjb-c) + ab \a-cW-c) 

_ bc(a + dXb -c)-ac(b+ 1 iXa - c) + a b(c + dXa - b), 

” (a-bXa-cXb-c) 

Now, the numerator — abc\[b - c) - (a - c) + (a - i)( 

+ d\bc(b - c) - ac{a - c) + ab(a - 6)i 

— d\bc{b - c) - ac(a - c) + ab(a - fc)| 

— d\a a (b - c) + b*(c - a) + c*(o - b)\ 

— d(a - bXa -c){b- c). 

Henoe, the given expression “d. 


Example 11. Simplify 
a" 


b* 


fa - fc)(a - c)(x + a) + [b-aXb-c){x + 6) + [c-aXc-b) (a + c)' 


The given expression 


-b* 


“ (a -bXa - c)[x +o) + (a- bXb - cXx + b) + [a-cXb-eXx + c) 

_ g*(fr~cX x + bX x + c) - b*(a - cXx + cXx + a) + c*(a - b)(x + aXx + b) . 
(a-bXa-cXb - cXx + aXx + bXx + c) 

Now, the numerator 

- a*(i - c)isr* + x[b + c) + bo\ + b*[c - a))®* + &(c + a) + col 

+ c*(o - b){®* + ®{o + 6) + aM 

— x a \a a {b - c) + i>*(c - a) +c*(a - i)l 

+ - c»)+i*(o* - a*)+c^a* - fc*)| 

+ abc\a{b - c) + b(e - o) + o(o - fc)| 

- ®*ia* (b c) +i*{c - o)+c*(a - h)[ - x*[a - bXa -cXb- c). 

Henoe, the given expression - 
Example 12. Simplify 

(o - bXa - c) + ( b-cjb- a) + (c - a)(c - b) ^ 

The given expression 

0* , -b 3 _ _ c 3 _ 

(a-bXa-c) [b-cja-b) (a-cXb-c) 
a B (b-o)~ b s (a — c)+c s (o— b ) 

(a - SXa -cXb - c) 
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[ OEAI 


Now, the numerator -a a (6 - c)+6 a (c - a)+ c‘{a - 6) 

- (a - 6Xo - cX6 - cX<t + 6+ c), 

Hence, the given expression ”a +6+c. 

♦ Alternative Method : 

c . _1__i_1_, 

noe ' (a - b)(a - c) ( a-bXb-c) {a-cXb-c) 

• . the given expression 

_f _al_ a" } , -b* ,_ci_„_ 

\\a-bXb-c) (a-c)(b-c)J (a-bXb-c) (a-cXb-o) 

« a *zQ— _ a’-c* ij o* + a6+& t a 8 + ac+ c* 

”( a-bXb-c ) (a-cX6-c)’" 6-c 6~e 

.#rc)+(i>*-_c s ) =a+6+Ci 

0 “C 

Example 13. Ji + prove that a-fc-o, 

J + J + 1- I _ 

a* b * c* 6c ca ab ' 

[ Formula XXIY, Art, 13S ) 

Now, as none of the terms of the left-hand expression is negative, 
this equation oaunot hold unless each of those terms is zero. 


Hence, 


i-i— 


a b 
0 - 6 -c, 


Prove that: 


EXERCISE 91 


1. t + -jr-—i + —~i - 3 - i -rz-r~ [ B. U. 1920 

ax+x* bx+x* cx+x * x a+x b+x c+x 

a 1+ar* . 1+v* . 1+z* . ,, , , , 

1 (x+ifc+i) + (vTJxWx) + iz+xX^v )" 3 ‘ 


[B. D. 1920] 


t This method Is doe to my friend and pupil Baba Blznala Oharan Shorn*, 
Head Assistant, Forest Burveys, Dehra Dur, 
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8. 

4. 

5. 

6. 

7. 

8 . 
9. 

10 . 

11 . 

12 . 

18. 

14. 

15. 

16. 

17. 

18. 


19. 


20 . 

21 . 


(a+6+cm + \ + ")“l + {6 + cKc+aKa+fc), if abc -1 

a x - bc + b a -ca + c a -ab^ 0 ' if bc + ca + ab=0. 


_jc + yz 


y+zx 


ifx+y+*-i. 


(v+*X*"+®) (v + z){y + x) {z + x)(z + y) 

__®_ y z _ ixyz 

l-x* + l-v> + l-z a (l-z^WXl-^ i* *+v+«-xv». 

M + + *- + - L +- 1 -)-9. if x + v + 8 — 0. 

\ x v z !\y-z z-x x-yl ' v 


1 - + 1+ 1 - 
1 ' 7 R ■ ■ 


if l + f + l. 


a" i 8 c 8 a 8 + 6 8 + c 8 ”(a + 6+c) 8 ’ 11 a 6 + c'"o + fc+e 
(ft-c) 8 , (c-a) 8 . „(g.-iL # _. q 

(c-oXa-6) (a-iXi-c) (6 - c)(c - a) “ 3- 
(b a ~ c 8 ) 8 + (c 8 - a 8 ) 8 + (a 8 - b a ) a (b±c)(c + a)(a + b) 
a 8 (6-c) 8 + & 8 (c-a) 8 + c 8 (a-&) 8 " a&c 

B*+V 8 _ * V + » 4 “ jj+yZ 

^_>“^ + *V + ^+ £E /_ 8 1/S - 

x 8 yg + x t/ B g+®i/g 8 ^ 1 , 1 1 

x a y a z a yz zx xy 

xy a z a + yz a x a + zx a y a 1.1.1, 
x a y a z a " x y z' 

_3 a-6 _1_, _1_ 1 

(a - lXa - 2)(a - 3) (a - 2)(a - 3) (a - 3)(a -1) {a-l)(o-2)’ 

_3 x 8 -14 x-1 . x - 2_, x- 3 

(x+lXx + 2Xx+3) (x + 2)(x + 3) (x + 3)(x + l) (x+l)(x+2) 

_ a a . a 8 , a* . a’__ 

x 8 -a 8 x 8 x* x 8 x 8 (x 8 -a 8 )' 

a 8 a 8 a 8 a 8 a 18 . x 8 x! x 9 , a 18 

x 8 + a 8 “ ® 8 ~ * 8 x 9 ~ x B (x 8 + a 8 ) “ 1 “ a 8 a 8 “ a 9 a 9 (x 9 + a 8 )' 

PM the v.tae of + ,.^L. 
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Show that f±* + ^$ + 5±- c - 3 
x-a x-b x-c 

_ . Gabc _„_2( a6+6c+ ca) 

C x-a)(x-bix-c ) 1 * a + b+c 

n ab+ bc + ca , .. , 

If K — a + h+c ' show that 

a + 2x { 6+2a ; ,. c + 2a : . _ : Babe 

a~ 2x b-2x c-2x = (a-2xXb -2 x)(c - 2z)' 

Find the value of 

ck , x*-[c+a)x , x*-(a + b)x , 3afcc 

Iz-bXx-c) (x-c)(x-a) + (x~aXx~b)' when x “ ab+bc+ca 
Find the value of 

V s -* 4 v' when * = ^4 and v= 5 a-i' [ C - D - 18 

[ Tho given expression - So. J 


[ C. D. 1883 ] 


Find the value of 

x* + 7abx* + 10o 8 6 8 a 8 —2 ab+b* 

when x* “a* + 6*. 

Find the value of * V + 3(^»- V »)afc- i8a>6» x a» -fe a , 

V + 9aby a + 18a 8 fc 8 a 8 + 6* 

wh«m or—'a + 6 and v m a — b. 

Find the value of £, + ~^ h% „ _ q*±ab+ i*. 

*V + (® 8 + 2y 8 )ai+2a 8 i 8 a 8 -a&+6 8 

when x — a + b and y m a — b. 

Simplify f- . + f - + --- X — 

* B + 1 x e -l *“+1 a; 8 — 1 

Simplify + b *- 

(:r+S) s -a 8 (ir + a)*-6* (u+fc) 8 -* 8 

Simplify f a -±^—** + (2a + »)« - ft 8 

(a+d) 8 -46 8 (a-2fc) 8 -6 8 + (2a + 67^96» 

Simplify r *Jr^l)* + «£-.k 8 - 1J 8 + g 8 (a;-l) 8 -1. 

(s 8 +1) 8 - a: 8 ^S(i + i5 a -l + m 8 -(a;+l)» 

If 2s- , a + 6+c, show that 

l _a , + 6 t -c' _ 2( s-aXs-6) 

2 06 

Simplify a »\i c)i + + c T^4h) 8 ' 
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#■ Simplify ( a+ b-c) + ~£[b+ c-a) + ^£{c+a-b). 

M. Simplify ^ (*■ + V s -e-) + (v* + *“ - 1 ") + + «* -V 1 ) 

87. Simplify (a 8 + 6' - 0 *)+ (fc 8 + c 8 - a 8 ) + (c 8 + a 8 - 6 s ). 

**• 11 * .2 be 2ca ftn ^ *” 2 a fc 'findimta 

simplest lorm, the value of (i+c)a: + (c+a)y + (a + 6)*. 

8 #. If p = a r“~?'find the value of p + g + r + per. 

40 . 8bow that ( 6 ~ c + c * a + a r 6 ) “ ( b 1 c )> + ( c ~^)» + 

« .1 . 2s , 4ar 8 , 8a?* 1 16a? 18 

41 . Show that 1 ^ a , + 1 + a .,+ 1 + (r4 + 1 + a . a 1 _ x 


Bimplify : 

4, _2___ +_1_+_2__. 

[a-bta-c) ( b-aXb-c) (c-aXc-6) 

a* b a c* 

(a - b)(a -c) + (b- a)(b - c ) + (c - a)(c ~ b) 

u. _ .*? + V Z + V* + *® . ** + ®V _ , 

’ (* - vX* - «) (v-zXv-x) (z-x){z~y) 

_2a* -be , %lr ca , 2e a ~afc^ 
{a-bXa-c) (b-cXb- a) (c-aXc-6) 

.. x*-yz , y a + zx . z a + xv 
[x - vX* ~ *) (v + eXv-x) (e-xXe + y) 

„ _1__. l , _l _. 

x(x-vXx-s) y(y-xXv-t) z(z -xjz-y) 


[ A. D. 1926 ] 

[ C. U. 1866 ] 
[C. D. 1872) 


40 ____1_ ._ 1 _ , 1 _ 

(a - bXa - cXx - a) (b-aXb-cXx- b) [c-aXc-bXx-o) 
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51. 


52. 


53. 

54. 


55. 


a * + ha+k . b a +hb+k , o» + hc+k _ 

(a-bXa~c)(x-a) (b-a)(b-c%x-b) [o-a)[a-b){x-c) 

, o s (5*-c*)+6 8 (c*-a > )+c , (a*-6*) , . , . 

Show that - aj+i*lT-W~ a6 + ** +64 

a . „„ ... a(a+bia + c) . bib+a)[b+o) . c(c+a)( c + 6) . 

Show that ( - bia - c) + {b Z- tb - c) + (c - a )( 0 -'i) " a + fe+e - 


Prove that 


ic 


ae 


a(a s - 6“Xa 8 - c 8 ) T b{b a - a a ){b a - c") 


_ ab 

c(c a - b a Xc a - a a ) 


Simplify 


bc[x-a) a . calx - 6) a , ahta-c)’ 

(a-6Xa-c) (5-cJ(6-a) (c-a}(c-6) 


she 


M1SCELLANEODS EXERCISES V 

I 

1. Express the following as the difference of two squares: 

(i) (a: + 7Xa:+9X®+llXa + 13); 

(ii) (x + l)(x + 2)(x + 3)(z + 4) -15. 

2. Factorise: (i) 7(z + x)*-{x-y)*-(y + z)*. 

(ii) 14a*-46 s + 9a # fe. 

8. Simplify (a-6)*(a+6-2c)* + (&-c)*(6+c-2a)* 

+ (e-a)*(c+a-2i>) , 1 when a + 6+c—O. 

4. If x + y + z s ‘ixyz, show that 

* + V . __ lGx vz _ , 

1 - 4®* 1 - ly a 1 - 4s* (1 - 4®*Xl -4v"Xi - 4**) 

5. If 2s**o + 6+c, show that 

, lb a + c*-a i \*_4s{s-aXs - &X«-e) 

1 \ %c I “ b a e a 

6. Show that + 

2 be 2ca 

4 . ( at Ma*J-b a . -c a ) ^ a + b+0 _ 
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7. Find the value ol X a-lia~-r )+ ' {a - P U- g ) 




JP<L 


wh6D a “Up 


+ 1 + 


:) 


3. Show that [x 3 - v s ) s + (l/ ! - z 8 ) 8 + ( 2 * - a:’) 8 is divisible by each 
o( the expressions x 3 -y 3 , y 3 -z 3 and z*-x *. 


II 

1. If a;+tf+z = 15, xy + yz + ex-75, find the value of «* + y* + ** 
-3atye. 

2. Show that (a+6-2c)' + (6+c-2a) B -t (c+a-2i>) 8 

= 3(a + b — 2cX& + c — 2aXc+a — 2b). 

3. Show that (6 —c)(&+c —2a)* + (c —aXc+a —2i) 8 

+ (a - &Xa+& - 2c)* “ 9(fl - &X& - cXa - e), 

1 Simplify ^_ a ^ c _ 0 ) + ca ( c _ j)( a - fc) + aJ(a- c)(b - e) 

5. Find the value of * + ~ + j* when j and 

6. Find the H.C.F. of a& + 2a 8 -3fc*-4&c-ac-c 8 and 9oc+2a“ 
-6a6+4c 8 + 86c-12& 8 . 

7. Find the L.C.M. of &r B - 11a* + 5x - 3 and 9sc 8 - 9x 3 + 5x - 2. 

3. Eesolve into factors : (i) sr 8 + (as — l) 8 + (l-2a;) 8 , 

(ii) (o — bXb + cXc + a) + (6 — cXc+ oXo + i)+(c — oX<* + bXb+ c). 


III 

1. Expand |a; + | J in a series of descending powers of a. 

2. Show that (a+fe+c)'-a"-i'-c”“3(a + iX£ + cXc+a). 

Hence, prove that 

(a: + y + s) 8 - (y + z - a:) 8 -(* + *- tf) 8 - (x+ y -*) B< “ 24®ys. 
t. Find the value of a 8 6 8 + c 8 + Zabc, when a “‘4278, 6—12846 
and e**‘8067. 

4. Show that {x-a) 3 [b-c) + {x-b) 3 [c-a)+{x-c) 3 (a- b) 

•‘(a-bXa-cXb-o). 


i 

7. 


Find the H.C.F. and L.C.M. of 

6a; 8 -26a: 8 + 23a:-6, 2a: 8 -7a:+8 and 6a:*-7a:+2. 

Find the H.C.F. of a: 8 + 11a:-12 and x‘ + 11a; 8 + 64. 

a- 1 •« a* (fc +c) . fc 8 (c + o) , c*(q 4- b ) _ 

Sunpli y ( a -bXc - b) (a-cX&-c) 


S. Show that a 8 (£> 8 - c 8 ) + b 3 (o 3 - a*)+ e 8 (a 8 - b 3 ) is exactly divi¬ 
sible by each of b-e, e-a and a—b. 
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rv 

1. If 0 + 6 “2, a 6 -7, find the value of a*+ 5*1 

2. Besolve 2(a® + 6 ®) - a 6 (u s + b a Y.2ab - So* + 36*) into five faotori. 

3. Find the value of o® + 6 * + c® - 8 a 6 c, when a "2658, 6 -2664 
and c—2678. 

4. If x-b+c-a, y-c + a-b and *-a+ 6 -o, prove that B*+y* 
+ *® - Says - 4(a 3 + 6 ® + c® - 3a6c). 

5. Find the value of X^+St-S*' wheD *“^6 ftnd V ~ A 

6. Show that 8 {u+ b +c)® - (a + 6 )® - (6 +c)* - (c+a)* 

-3(2a+6+eXa+26+oXa +b+ 2c). 

7. Find the L.C.M. of B*-3:ry-10y* t B® + 2By-85y* and B*- 8 ay 
+ 16y* ; and resolve into simple faotors the quotient when the L.O.M. 
of the above expressions is divided by their Q.C.F. 

8 . Find, without direct substitution, the value of b® -18** + 47*® 
- 31a* + 19 b - 60, when x -16. 

V 

1. If B—~ y-~-~ and *“ C _ show that 

m— o m-a m—o 

B+y+s+ays-0. 

_ a . c b . d ,, . a* . c* 6 * . d* 

2 - “ 6 + d“a + C ' provethftt 6 * + d*~a® + c®' 

8 . Find the value of when b—• 

4. If b- show that the value of ^ + is 

the same for all values of a and c. 

5. Besolve the following into factors : 

(i) 6 a* + 43a®6 - 56a*b* + 43a6® + 66 * ; 

(ii) 12 b* - 37b® + 45b* - 37b +12 ; 

(iii) o 6 b* + (ac + 6 *)b® + ( 2 a 6 + 6 c)b* + (ao+b t )x+ab. 

6 . Show that (b+ y)* - (y+*)* + (* - b)® - 3{b+ yXy + *X* ~ *). 

7. Find the H.O.F. of: 

(i) B*-(a+p)B , + (8 + ap)B-ag and x* + ax t -3a t x+a t ; 

(ii) B* - v’ - ~ Save and b* - 2®y + y® - 2 b* + 2y* + *®. 

8 . Show that, if a rational and integral expression in B vanishes 
vifean 'a' is put for b, the expression contains a-a as a factor. 
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VI 

1. Show that (a*-a+lX6-c)+(6*-6+lXc _ a)+(o*-o+lXa-6) 
“(a* - a + 1X&* - c“) + (6* - 6 + lX«* - a*)+(c* - e+ lXo* ~ 6*) 


2. Show that ( ~z^~ b) + {x -4jx-c) + (x-cXx-~a)~°‘ 

when ®’s(fl + i + i) 

3. Prove that o(6-c)* + 6(c-a)* + c(a-6)*-0, when o+6+c-O. 

4. Express (a* + y*+ 2 * + 2ay)*-2(a+y)*«* as the sum of two 
perfeot squares. 


5 . 


Simplify 


1 i a -yz + z a t x * 
* y+« 



2 + 2 

. y g , +(«+» + 

yz zx xy 


6. Find the H.C.F. of 

(i) a* + (5m - 3)a* + 3m(2m - 5)x - 18m* 

and x n + (m - 3)®* - m(2m+3)a+ 6m*. 

(ii) 10a: 9 - 54a* + 87a - 45 and 5a* - 36a* + 87a* - 90a+64. 

7. Find the H.C.F. and L.C.M. of 

2a* + a*-9a*+8a—2 and 2a*-7a* + 11a*-8a +2. 

8. Show, without actual division, that a ,5 -y*' is divisible by 
a— y ; and that the remainder when it is divided by a + y is — 2y . 


vn 

1. Divide the continued product of 1 + a+y, 1-a+y, 1 + a-y and 
a + y-1 by l+2ay-a*-y*. 

Sl-Plily [0.D.1TO I 

3. Prove that 21(6 + c-2o)‘ + (o+a- 26)* + (a + 6 — 2c)*( 

-l(6+c-2a)* + (c+a-26)* + (a+6-9e)*l*. 

4. Reduce the following to their lowest terms : 


(i) 


a*+ 6* . a* + 6* 
o+6 a+6 0 


1-a +a * , 1 - a 
1 + a+a* 1 + a 
J 1 -a+a* .1 + a 
1 + a+a* 1-a 
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Express ilx* - GOxy+10iy a in the tonnot[px+qy) a + 4(qB-pv) a , 
finding the numerical values of p and q. 

6. Find the H.C.F. and L.C.M. oi 

6x* — 17a: a + llz — 2 and 12x* - 4x* - 3sr +1. 

7. Show that m - n is a factor of 

(a + bXm* + b*) + am(n - 3 m) + bn(m - 3»). 

For what value of a is a:* + 5® + a divisible by jt — 3 V 

8. Show that the last digit in 3 £,l+1 +2 E * 1+1 is 6, if n be any 

positive integer. [ M. M. 1868 J 

VIII 


1 . 

2 . 

S. 

4 . 

5. 


Show that 

(o - b\x - aXs ~ 6)+(b - cXa: - b)(x - c)+(c - a)(x - cXx - a) 
mi (a-bXb-cXa-c). 

Show that 4(a a + ob + b a ) B - (a - b)*(a + 2h) a (2a + 6)* 

«=27a s b a (a+b) B . [ M. M. 1888 ] 

If 2s “ a + b + c, show that 16s(s - aXs - bXs - c) 

—2a*b* + 2o*c* + 2b a c B - a 4 - b 4 - c*. t C. U. 1867] 

Resolve into factors 

(o* - b a )“+(c a -d s ) a -(a+b)*(c - d) a - (a - b)*(c+ d)». 

t M. M. 1876 ] 


(y - e Xv + z)* + (z- xXe + s) 7 8 + (g- vAx+vr , 

Simplify ( v + eh _,)» + ( -+ x j z _ x y+( x + y ^ x _ y )» 

[ M. M. 1892 ; B. M. 1888 ] 


V-.jSI.J- [ C. D. 1866] 


e* + xy 


7. Show that 2 4n -l is divisible by 16, if n be a positive integer. 

t M. M. 1876 ] 


8 . Find the H.C.F. and L.C.M. of 

gr« + 2ir*+l 1 K s +ir*-* a -l and z 4 -l. 


[ C. U. 1869 ] 



GHAPTEB XXVI 

SIMPLE EQUATIONS AND PROBLEMS 


I. Simple Equations 


172. We have already explained the process of solving easy 
simple equations in Chapters V and XVII and shall now consider the 
s abject more fully. 

173. Solution of equations facilitated by suitable transposi¬ 
tion and combination of terms. 

The following are typical examples. 


Example 1. Solve 4(m +1)“ + 9{a: -I- 2) 8 — 13(a: + 3)“. 
Simplifying the sides, we have 

4{a* + 2a+l) + 9(a* + 4a + 4)-13(a* + 6a + 9), 
or, 13a* + 44a + 40-13a* + 78a+ 117, 
or, 13a* + 44a - 13a* - 78a -117 - 40, [ transposing ] 

i.e., — 34a—77 ; a—-2 t f*. 


Example 2. Solve (a - 2)* + (a - 6)» + (a -10)* - 3(a - 2Xa - 6X* - 10). 
Transposing, we have 

(a - 2)* +(a - 6)* +(a -10)* - 3 (a - 2X<r - 6Xa -10) -0, 
or, $}(a - 2) +(a - 6) +(a -10)1 [i(a - 6) - (a -10)} * 

+ }(a -10) - (a- 2)}* + )(a -2) - (a - 6)}*] -0, 

[ faotorising the left side by Art. 134 ] 
or, «3a - 18)K10 - 6)* + (-10+2)* + (- 2 + 6)*} - 0, 

or, K8a-18).96-0; 3a-18«0, or, a-6. 

174. Fractional Equations. 


Example 1. 


8olve 


7a-11 31a-41 7a*-4 

6 “ 24 56a-47 


By transposition, we have 

7a*-4 31a-41 7a-11 (31 a-41)-(28a-44) .. 3(a + l) _a + l 

66a-47 ” 24 6 24 24 8 


1-21 
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[ CHAP. 


Multiplying both sides by 8(56®-47), we have 
8(7®* - 4)-(®+1X56®-47), 
or, 56a*-32 - 66®*+ 9®-47 ; -32-9®-47. 

Henoe, 9®——32+ 47 —15 ; e—ll. 

„ , - o i 25 - 4® , 16® +41 23 . . 

Example 2. Solve ^TT + teT2 ®+l + 6 ' 

By transposition, we have 


16®+4i_,_23 25-4® 

3® + 2 0 ®+l ® + l 


or * 8®+2 a+1 


Henoe, (a - 5$X®+1)—(4® - 2X3®+2), 
or, ®*-(4|J®-6t-®*-(5i)®-4. 

Henoe, (64-4f)®—5J-4, 

or, As-l|-fi ®-fx¥-V-3|. 




Sinoe, 


—9— — —, we have — + — 

®+3 a+3 »+3 we have " + 


. _JL + _ 6 _. 

®-2 ®-6 «+3 «+8 


Henoe, by transposition, ^! 2 - S ^3"c^3 ~®-6 

_15 __ -45 _ 

or ' (®-2X®+3)“(®+3X®-6)' 

Multiplying both sideB by ®+8, and dividing by 16, 

, _i jr8 

we have x _%“ x _§ 

Henoe, e - 6 — - 3(® - 2); 

4®-12, or, a-8. 


Example 4. Solve' 


8 


+ „- 9 -,- 


2a-1 3®-l ®+l 


w.h.™ i 8 -,^1 -,J,- 




or, 


_ 12 . 12 

(2r - IXi+D (3a-lX®+l) “° 


1 


2e-l 3e-l 


- 0 . 


Henoe, 
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Multiplying both aides by (2s-lX8s-l), we have 
(3s-l)+(2s-l)-0. 

Therefore, 6* “2, or, s-|. 

Example 5. Solve - a ^~ 2c ‘ 

26+s 2a+s a+6+s 

We have + ( & ~ g) .J^Lj 

wenave 26+s 2o+s o+6+s a+6+s 


.^~^ + .b-* . 
a+6+s a+6+s 


Hence, by transposition, 

^{ 26 +x a+6+s} ^ “'la+6+e 20 +®}’ 


°r. (a-^+fljXa+t+a:)"^ c) U+6+sX2a+s)' 

Henoe, £ r-i r ! 

26+s 2a+x 

(a-cX2a+s)~(6-cX26+s); 

•*. s{(o -c)-{b- c)( - 26(6 - c) - 2o(a - c), 
or, s(a-6)"*2(6*-a*)-2a(6-a) 

•“ 2 ( 6 - 0 X 6 +a- 0 ) 
“2(a-6Xo-o-6); 

x**2(c-a-6). 


EXERCISE 92 

Solve the following equations : 

1. 3(x +1)* + 4(x+8)*~ 7(x+2)*. 2. (s-aXs-6)-(s-o-6)*. 

8 . (s-a)*+(x-6) l, +(s-e) B '-8(x-aXs-6Xs-e). 

4. (s+fl)*+(s+6)*+(s+e)*-(s-2a) , +(s-26)*+(s-2e) , . 

- 98s-73 14 s-9 13s-16 
‘ 21 3 16s-9 

. 95s-159 19s-29 17s-47 - 91s-21 ■ 24s-93 18s+9 

35 7 23s-C9' 66 35s-138 8 

& 117s-26 , 16s-77 13s +4 ,3f 

*■ 135 + 28s—llfl 15 27 

a 6sn7| + ~ + l+16s . , _12 t~8s . 

*• 18-2s ^ 24 *” 3 

«„ 2s+8i 18s-2 j_ s _7s s+16. 

1U> 9 ~ 17s - 32 3 12" 36 

„ 41-35s 7-2s* l+8s 2s-21 

114 106 14(s-l) 21 6 
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12 . 


14. 


_1 _ 2.1 . 

®- 1 *+7 7(*-i) 

8 6 _ 7 


13. 


6 


5(3*+4) 2*+3 8*+4 


8*-'5 7(4*-7) 9(3*-6) 4*-7 

_11_._7_ . 3 2 

12(14*-19)9(13*-14) 14*-19 13*-14 
_60_ . 37-faj_35_ ■ 49-A* 

3*-l 12*-1 12*-1 8*-l 

(H) *+19tf _ i*+8_2 0)1-(It)* (li)*-9 
2* + 5 *+8 2* + 5 2(* + 8) 

« (9H)b-32, 6&b+4H 75*+5 M , (4)1)* -29. 
18, 4*+7 8*+29 8*+29 4*+7 


IB. 


IS. 


17. 


19. 


21 . 


23. 


24. 


26. 


_A_ + _2_3 

*-l *-2 *-3 
15 8 7 


20 . 


3*+11 3*+17 3*+5 
8_12 ___ 5 


22 . 


4*+l 

6 


4* + 5 4*+3 
4 9 


5*+ 7 5*+13 5*+13 6*+lB 


9 


2*+17 2s + 25 2*+25 2*+33 

_ 5 , 9 _ 4 ^ a q- 

3-4* 4*+13 - 4*+6 u ‘ 

1 _ 8 


13 


5-6* 6*+19 6*+7 


28. 


8-7* 7*+15 12-7* 
_ 9 ._ 4._20 « _8 , 
8*-4 4* + i”*+7 

30. + 

*-c *—o *—o 

32. ^ aJ + ^-«+n. 
*+6 *+a 


84. 


2a-35 _ 25-3 a _ 5(a-5) , 
e-a+5 *+a-5 *+a+5 


27. 


29. 


81. 


35. 


10 


18 


2*-5 *+5 3*-5 

12 20 _ 1 . 

3*-8~4*-13 *+9 
a* + 5* = a+5, 
a*-5 5*-a *+o 
5-c ^ g-5 -> a-c 
*+a *+5 *+c 


J_B_. 


*-6a *+3a *-2a »-a 
175. Solution of fractional equations facilitated by the 
division of each numerator by its denominator. 

Bumpl.1. Sd.. £)+Si±!-tg±§ 

Web „. 


or, 


or. 




66 


11*-18 


2 




JS_ 


*-1 *-2 11*-18 
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Hence, by transposition, 

_2_22_44_4_ 

x-1 11®-18"’ll®-18 »-2 

nr -14__. -16 . 

0r ‘ (®-lXil®-18) (ll®-18X®-2) 

Therefore, 

or, 7®-14=8®-8; ®”-6. 

Example 2. Solve ^.y + g*. j “ X+1 

We have 

(4® a — l) + 8 . 2 ®(3®-l)-2(3 ®- l)+9 _4 ®f®+l)-(®+l)+7 , 
2®-l 3®-l a + 1 

or, 

Hence, 1 + 3x-1~ rll 

For the subsequent part of the solution the student is referred to 
cample 4 worked out in Art. 174. 

d _i- « « , 7®-55 , 2®-17_6®-71 , 3®-14. 

Example3. Solve + x _ 9 « a _ 12 + *-5 

We have 

7(®-8)+l , 2(® -9 ) + l_6( ®-12)+l . 3(z-5)+l , 

®-8 ®-9 *-12 ®-5 

»• { 7+ i As} + { 2+ *A 9 }-{6 * ^iia}+{3+sis) : 

• _i_+ _L 

®-8 ®-9 ®-12 ®-5 
Hence, by transposition, 

-L_L_1_L, 

e-8 x-5 ®-12 ®-9 
3 3 

or> (*-8X®- 6) ” (®"-12X®-9) 5 

.’. (® - 8 X® - 5) “ (® - 12X* - 9), 

or, ®*-13®+40“® a -21*+108; 

8®-68, or,' *-8i. 
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EXERCISE 98 


Solve the following equations : 
. 3a; — 1 , 3*^4 5s- 12 

x-1 s-2 x - 3 


« 2«+7 . 4 *429 6*-10 _ 

z> *+2 *46 ~ *-S a 


25s- 40 7s49.6s-l n 
5*-6 s + 2 3*4 4 u ' 


6 . 


8+ 


3+ 


5 + 


*42 


214 
25 ’ 


4. 24 


2 + — 

2 + f 


7 

s' 


See Ex. 3 worked out in Art. 168. ] 


« n | 1 2* + 7 , 15s-7 ,4a;+3 8*41 

14._L _ 2+s' 5s-4 r 4*-3“2*-l 

L 14* 

B 4 s-7 . 15s 4 ll 12s 41 _ 4s »+4**+ 8s+l 2s* 4 2*41 

“• 4*45 5s47 8*44 ’ 2*" 4 2*4 3 *41 

in 12**41 6**429*—1 4s* 4 20*-1 , 

“• 3** + 4*4 8 *46 


11 . 

12 . 

13. 


14. 


15. 

16. 

17. 

18. 
19. 
80 . 


«* —*41 , ** —2*41_„_ , 2 . 

2 ac+ *-3* 

g *43 . **-*41 _ 2s*-4s41 1 
*—1 *-2 *-3 

2s*-3*4 7 . 6**4 2*J- 21 3**48*4 7 
2*-l 3*41 *43 

342* 542* . 4s*-2 

142* 742* 7416*44s* 

2s -3 + 3s- 20 _ s^3 + 4s-19, 

*-2 s-7 *-4 s-6 

Stei^8 . 4*-36 m 2s-9 + 5sj-34, 

*-3 + s-9 *-5 s-7 

to^-18 . 4s-41 _2 s-13 . 5*-41- 
* - 4 *-10 * — 6 * — 8 

4* 4 21 , 5* — 69 3s —5 , 6s —41 , 

*45 *-14 “ *-2 *-7 

6 - to 2s + 7 _ 31 -12s , 4*4 21. 

3*-l + *43 8s-7 s+6 

**43*43 g«-16 m s*47*411 s*-4*-20 1 
*42 *-4 *+6 ,*~7 
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„ 2e+U 9g-9 4a;+13 16a:—47 
as+5 3x-i~ x+3 "" 3a-10 

99 «-2 .gi-a^g-l + z-4. 

t-B af-4 x-2 x-5 


[0. 0.1880} 
[0. 0.1887] 


176. Miscellaneous Examples. 

h i . q . Babe . , (2o + 6)6 a; « , 6® 

BumpUi 1. Solve fl+6 + { *++ o(a + i)* “ 3c * + 0 ’ 

By transposition, we have 


o6 

a+6l 


.{ 3c+ (a+y “*{ 


-®{ 3c+ a[ : 
"*{ 


- . 5 (2a+ 6)6*1 

3c+ o a(a+6)* / 
t (2 a+ 6)6 ]] 


Therefore, 


(a + 6)“JJ 

[ 3<5+ a‘(o+^ 5 } 

■’{ Sc+ S?w4' 

ab 

r “a + b 


Example 2. Solve 


a®* + 6a;+c _ a®+6, 
pa;* + 5 a: + r px+q 
Wh h . ve g(a g + 6,) + c _ ax±b . 

Weha 0 x(px+q)+r px+q 
Henee, putting m for ax+b and n for px + q, we have 
mx+o^m ; 
na;+r n 


or, 


mnx+cn~mnx+rm ; e»*»m, 

otiw+o)**r(aa;+6); a{cp-ar)^br-eq\ 


x 


br-cq . 

cp—ar 


Examples. Solve (a:-2o)*+(a;-26) 8 “2(a;-a-6)*. 

By transposition, we have 

(a; - 2a) B - (a; - o - 6)* - (a; - o - 6)* - (a; - 26)*. 

Patting X for x - 2a, T for x - 26, and 2 for a: - a - 6, we have 
X'-Z'-Z'-Y*, 

or, (X- £XX* + XZ+X*)-(,Z - Y\Z % +ZY+Y*). 

But, X-Z-Z-Y, because each of them“6—a ; 

X' + XZ+Z'-Z' + ZY+Y*. 



Henoe, by transposition, X s - Y a ^Z{Y- X), 

Removing the common factor X- T, which —2b-2o, we bave 
X+Y- -Z, 

t.c., (x-2a) + (x-2b) = -(x-a-b). 

Hence, 3x = 3(a + b), and x*=a+b. 


0 , x + a /2x + a+r\ 

SolTO i+i“ 2*+M^) 


Example 4 

x+a (x-t b)+{a-b) 


Since, 


and 


-1 + 


a-b 


x+b x+ b L x+ b 
2x + a + c (2x+ b+ c ) + {a- b) 


2x+b+c 
a-b 


2x + b + c 


1 + 


a-b , 
2x+ 6+ c 


we have 1+® — a ^ \ _i + + 

we have l + x + b \ 3 + * + C J 1 2x+b + c 


[a-b)* . 
(2x + b+o) a 


Hence, transposing aDd dividing both sides by a-b, we have 
1 2 a-b__, 

x + b 2x+b + c (2x+b + c)“ 
c-b _ a-b 

or ' (x + bX2x+b+c)”(2x+b+cj a ' 
c-b__ a-b . 
x+b 2 x+b+c 

2x(c — b) + (c a — b a )=x{a — b) + b(a — 6); 
xta+b-2c) = c a -ab ; 

. c a - ab 

a + b-2c’ 


Example 5. 


Solve 


4r _ 125x B - 5 
3 - (5.r-lXx+5) 


8inoe, 


125,r a -5 _ 5(25x* -1 ) 
(5x - lXx + 5)" (5.r - lX* + 5) 


= 5 ,_ 5 .3**-1,95-4*. 
ox 3 x+b 3 
5( 5r+l) [ 
x + 5 


5 .3x1-1 _4(3* B - 1) _ 5.r a - 4, 
3 x+5 x+5 x+5 


we have 


4* _ 5(5x +1) r 5.r a -i_95,4x 
3 x + 5 ~ 0X ~ x+5 3 3 


Hence, transposing and dividing both sides by 6, we have 

Hence, w* - 5x - li - x* - (li)x — 31§ ; 

(3!)*-30i; X-W-8A. 
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EXERCISE 94 


Solve the following equations : 
2s_ 
as—4 


1, 


5. 


9. 


10 . 


sc +1 


s-2 


l7® 

S+l 

s + 4a + i> . 4s+a+26_, 
z ’ s + a + 6 B + a-6 

4b + 8 . 10b+1 

3b+3 6b+ 3 

, 6b+ 8 2s+ 38. 

*’ 2s+l s + 12 1 

27-3s -9 

3b-19 

x-b B-a_ 2 [a-b) . 

• x-a x-b B-(a+6] 

, ,.B-2a . 4a b =n 

26+ s s s -46* 

„ (s-a){s-6)_(s-e)(s-iZ), 

b -a-b x-c-d 


2s 


1 — ^ _ 6Q+4*. 


s* + 3s+2 s* + 4s + 3 b^ + Ss + G 

a + s . _ a — x _3a _ 

a a + ax+x a a*-as+s* t r(a* + a“s“ + b*) 


s + 3 


11 . 


12 . 


13. 


x . s-9 _s+l , s-8. 
s-2 + s-7 x-1 x-6 ^ 

(s + a)*^ b* + (x + b) a - a a “x a ~{a + b) a + x a -{a~ b) a ‘ 

3b* + 5b+8 _3b + 5 i A 58s a +B 7s + 7 _ 2b + S, 

5®* +6b+12 "6b+ 6' 14 ' 87b* + 145b+ 11 3s+ 6 


15. 

16. 
17. 


19. 


a a (a-26) . 2 abc 

Ka-b) a ' x a-b 
(b-23) 8 +(b— 27)“ 
4s~17 3?-22 b_ 
9 33 

B+ ]9_/ 2B + 33 \ a , 
s 410 \2s + 24/ 


ax 

b 


2 CX~ 


a a tf_ 

(a-W* 


2 (b - 25)“. 



18. 


20 . 


/ s-2a \* _ s-2a-2i 
\b + 26/ s + 2a + 26 
[ b-o \“ _ b-2 a-b 
{x+bl x + a + 26 


177. A simple equation cannot have more than one root. If 
terms containing the unknown quantity be transferred to one side o 
the equation and those involving known quantities to the other side, 
every simple equation can ultimately bb reduoed to the form ax~b. 

Thus, to make the equation true, x must be equal to — and to 


lothing else. 

Hence, a simple equation cannot have more than one root. 

Otherwise : Every simple equation is ultimately reducible to the 
orm ax-b. Let this equation, if possible, have two different roots 
i and 0. 

Thus, we must have aa^b \ 

and also a0“"6 I 

Henoe, by subtraction, o(a-fl)”0. 
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But this is impossible because a is not zero and by supposition 
n-0 also is not zero. 

Thus, a simple equation oannot have more than one root. 

178. Two exceptions in the solution of a simple equation. 

(1) If a simple equation reduces to the form 
0***0, i.e., 0*0. 

Evidently, the equation is identically true and has, therefore, any 
number of roots. 


Example. 


The equation 
*+2 


* . * + 4 
2 


2 


gives, on transposition, (1-1-4)*“I-2, 
or, 0***0, or, 0*0. 


The equation is, therefore, an identity and is true for every value 

of *. 

(2) The equation 

l x+5 \ x+i *-4 
\ 3 / 2 “ 6 

1 ends on simplification and transposition to 

or, 0***1, or, 0*1, which is absurd. 

This equation is, therefore, absurd and has consequently no root. 
Generally, if a simple equation reduces to the form 0***6, where 
6 is not zero, the equation is absurd and cannot, therefore, have any root. 


II. Problems leading to Simple Equations 

179. The general process of solving such problems has been 
explained in Chapter XVII. We shall in the present section consider 
a few problems of a harder type than those treated of previously. 

The following examples will serve as further illustrations. 

Example 1. At what time between 1 o'clock and 2 o'olook is there 
exaotly one minute-division between the bands of a clock ? 

Suppose it is * minutes past one when the hands are one minute 
division apart from each othor. 

Then, at the required instant the minute-hand is at a distance of 
99 'minute-divisions from the 12 o'clock mark ; and since the minute-hand 
moves twelve times as fast as the hour-hand, the hour-hand moves 

pver ^ths of a minute-division whilst tbe minute-hand moves ov»i 
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® minute-divisions ; therefore, at the required instant the hour-hand Is 


at a distance of 



minute-divisions from the 12 o'clock mark. 


Hence, as the minute-hand is at the required instant one minute* 
division apart from the hour-hand, we must have 


The upper sign being taken when the minute-hand is ahead of 
the hour-hand, and the lower when behind it. 

tt***6±l~6, or, 4; 

or, "ff“4A. 

Thus, the hands are one minute-division apart at 4A or 6A minutes 
past one. 


Example 1 A gentleman went out for evening walk between 
5 P.M, and 6 P.M., and came back between 6 P.M. and 7 P.M. He found 
that the hands of his watch interchanged their places. When did he 
go out 7 

[ Interchange of places by the hands of a watch means that the minute- 
hand has oome to the place where the honr-hand was and the hour-hand to the plaoe 
where the minute-hand was. ] 


From the condition of the problem it iB evident that the hour-hand 
was in between the marks V and VI and the minute-hand in between VI 
and VII when the gentleman went out. 

Suppose the gentleman went out at x minutes past 5 P.M. 


At 5 P.M, the hour-hand was 25 minute-divisions ahead of the 
minute-hand and in x minutes it has moved ^ minute-divisions. So 

the hour-hand was |25+ minute-divisionB away from the mark XII 
when the gentleman went out. 

So, when the gentleman returned, the hour-hand was 30 minute* 
divisions (when it is six, the hour-hand is 30 minute-divisions away 
from the mark XII) plus the minute-divisions which are passed by 
the hour-hand during the period in whioh the minute-hand passes 

(25 + jjJ minute-divisions, away from the mark XII, 

•*. x minute-divisions -30+ ^ (25 + minute-divisions j 
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or, 12* ! 


'360+25+ ^ i 


or, 


143 

12 


*“385 ; 


* 385 » rrs “ 32 * 


143 13 

The gentleman went out at 32x^s minutes past 5 P.M 

Example 3. The distance from a place P to another place Q Is 
3J kilomotres. Two persons, A and B, start together from P to go to Q, 
the former by carriage which travels at the rate of 6 kilometres an hour, 
the latter walking at the rate of 3 kilometres an hour. If A remains 
at Q for 16 minutes, and then returns by the carriage to P, find where 
he will meet B, [ 0. D. 1882 (adapted) ] 

Let* kilometres bo the distance of the place of meeting from P. 

Then during the time that B travels * kilometres, A finishes the 
journey, remains at Q for 15 minutes, and then travels back (34 - x) 
kilometres. 

Now, the time in which A does all these 


-t 


34+1 , 34-*\ 
6 4 6 / 


hours ; 


and the time in which B travels * kilometres : 

34 . 1 , 34-* _ *, 

6 4 6 “ 3 


■ hours ; 


or, 7+3 + (7-2*)-4* ; 6s = 17 ; .'.*“2*. 

TLus, A will meet B at a distance of 2$ kilometres from P. 

Example 4. A landlord let bis farm for Es. 200 a year in money 
and a corn-rent. When corn sold at Es. 10 a bushel, ho received at the 
rate of Es. 10 an acre foi his laud ; but when it sold at Es. 13 50 paise 
a bushel, Es. 13 an acre. Of how many bushels did the corn-rent 
consist ? 

Lot 2“tho number of bushels tho corn-rent consisted of. 

Then when corn sold at Es. 10 a bushel, the annual income was 
(200+ 10*) rupees ; hence, as the income in this case was at the rate 

200 + 10x 

of Es. 10 an acre, the number of acres must evidently be |q ' 

or, 20+*. 

In the second case (».«., when corn sold at Es. 13 50 paise 
a bushel) the annual income amounted to Es. 200+ Es. (1341*. or, 

Ba. mpees ; but now the income was at the rate of Es. 13 an 


aore. 


... .. 400+27*. 

Henoe, the number of acres muBt also be equal to —ss 
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_ . 400 + 27a. 

Hence, 20+a-— 26 — 

or, 620+ 26®"400+ 27a ; a-120. 

Thus, the oorn-rent consisted of 120 bushels. 


Example 5. A hare is eighty of her own leaps before a greyhound ; 
she takes three leaps for every two that he takes, but he covers as much 
ground in one leap as she does in two. How many leaps will the hare 
have taken before she is caught ? 

Let 3a—the number of leaps the hare takes. 

Then 2a“the number of leaps the greyhound takes in the same 

time. 


The distance of the place where the hare is caught from the first 
position of the greyhound —(80+ 3a) leapB of the hare and is also 
—2a leaps of the greyhound. 

But, 1 lean of the greyhound being equal to 2 leaps of the hare, 
2a leaps of the greyhound — 4a leaps of the hare. 

80+3a-4a; a-80 

Hence, the number of leaps which the hare takes before she is 
caught- 3 x 80 - 240. 

Example 6. A banker has two kinds of money, silver and gold 
and a pieces of silver or b pieces of gold, make up the same sum s. A 
person oomes and wishes to be paid the sum t with c pieces of money ; 
how many of each muBt the banker give him ? 

Let a “the number of silver pieces required ; 

then c-a- • * • gold * * 

The value of one piece of silver- ^ 

and that of one piece of gold — ^ 

Henoe, since by supposition a pieces of silver *nd(c—a) pieoes of 
gold are together equal in value to s, we must have 

i-B’^+fo-a) 1 ^; 

• I-!* 5 ?’' 
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Example 7. AB is a railway 220 kilometres long, and three train! 
(P, Q, R) travel upon it at the rate of 25, 20 and 30 kilometre! per hour 
respectively ; P and Q leave A at 7 A.M. and 8-15 A.H. respectively 
and R leaves B at 10-30 a.m. When and where will P be equidistant 
from Q and 12 ? 

A Q P R B 

Let P, Q, R, as in the figure, be the respective positions of the 
trains at the instant when P is equidistant from Q and JS, 

Let this happen x hours after 12 has left B, x hours after 
10-3C A.M. 

Then, since P left A 3J hours before 10-30 A.M., it has evidently 
been travelling for (34 + *) hours up to the instant in question. 

Henoe, clearly AP“(3} + x).25 kilometres, 
and A Q m (21 + x).20 kilometres ; 

also £12 “30x kilometres. 

Henoe, PQ-AP-AO 

— 1(34 + x).25 - (2} + x).20i kilometres, 
and PR-AB-AP-BR 

m 1220 - (3i + x).25 - 30x| kilometres. 

But PQ-P£; 

(34 + x).25-(2i + x).20-220-(3i+x}.25-30x ; 

.-. 50(3i+x)-(2i + x).20“ 220 - 30x; 

.-. BOX'220-175 + 45 -90; 
x^li. 

Thus, P will be equally distant from Q and R at li hours after 
10-80 A.M., at 12 a.m. 

Also, as P left A at 7 a.m., its distance from A at that instant will 
be 6 * 25, or. 125 kilometres. 
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Example 8. Two passengers have together 5 owt. of luggage and 
are oharged for the excess above the weight allowed 5s. 2d. and 9s. lOd 
respectively ; but i! the luggage had all belonged to one of them he 
would have been oharged 19s. 2d. How much luggage is each passenger 
allowed to carry free oi charge ? And how much luggage had eaoh 
passenger ? [ 0. U. 1877] 

Let ® owt. — weight of luggage that each passenger is allowed 
to carry free of charge. 

Then, (5s. 2d.) + (9s. 10d.}- charge for (5-2®) owt. 
y^|^d. — charge for 1 cwt. 


Also, 19s. 2d. 
230 


5-® 


d. 


“charge for (5-®) cwt., 
‘charge for 1 cwt. 


n 15 x 12 
Hence, ^r 


. 230 . 

5-s' 

■23(5-2®), 

-115-90-25 


18(5-®)' 

or, 23®—115 - 90 — 25 ; .'. ®—M, 

weight of luggage allowed free of charge —I* cwt. — «i *4*28 lbs. 

-100 lbs. 


Now, charge for 1 cwt. 1 


. 230 d 
5-® d ' 


230 

‘5-i! 


d.' 


230*28 , 

5x23 d ' 


And since charge for excess luggage of the first passenger - 6s. 2d, 
-62d., and charge for excess luggage of the second passenger-9s. lOd. 


— 118d., 


. weight of excess luggage of the first passenger 
— II owt. —fl *4*28 lbs.-124 lbs.; 
and weight of excess luggage of the second passenger 
- W cwt.-W x 4x28 lbs.-236 lbs. 


Hence, the whole luggage of the first passenger 
-(100+124) lbs.-224 lbs. ; 

and the whole luggage of the second passenger 
-(100 + 236) lbs.-336 lbs. 

Example 9. A person buys some tea at 3 rupees a kilogram and 
some at 5 rupees a kilogram ; he wishes to mix them, so that by selling 
the mixture at 3i rupees a kilogram, he may gain 10 per cent, on eaoh 
kilogram sold. Find how many kilograms of the inferior tea he must 
mix with eaoh kilogram of the superior. 

Suppose x kilogramB of the inferior tea are mixed with eaoh kilo* 
gram of the superior. 
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The price of x kilograms of the inferior tea and one kilogram of 
the superior 


“(8a:+5) rupees; 
the average oost per kilogram 


3a:+6 

i+T ru P eeB - 


Bat by selling the mixture at 8§ rupees a kilogram, he gain* 
10 per cent, on each kilogram, realises 110 rupees, for every 
100 rupees, or f 4 rupees for every rupee. 


Hence, 3f rupees“14 of the cost per kilogram ; 

3a;+5. 11 11 3a;+5 . 

or ’ 3 10 *+r 


3 }' 


.11 x_ 

10 x + 1 


10(a;+l)-3(3a;+5); 


a:-5. 


Thus, 5 kilograms of the inferior tea must be mixed with each 
kilogram of the superior. 


Example 10. An ofhcer can form his men into a hollow square 
6 deep, and also into a hollow square. 6 deep, but the front in the latter 
formation contains 4 men fewer than in the former ; find the number of 
men. [ C. U. 1887 ] 

[ A number of men are said to be arranged in a solid square when they are 
arranged In parallel rowB and the number of rows is equal to the number of men In 


eaoh row. The following diagram, in whioh A,, B„ 
give the student a oorreot notion of suoh arrangement. 

C„ Ac.. 

represent men, will 

A, 

B, 

0, 

D, E, 

F, 

G, 

H, 

A* 

B, 

0, 

D, E, 

F, 

G, 

H, 

A§ 

B, 

o.- 

-D,-E,— 

-F, 

G. 

H, 

A. 

b 4 

t 

D,-E 4 

F, 

G 4 

h 4 

A# 

B, 

0. 

D, m E, 

F. 

G. 

H. 

A# 

B. 

0.- 

-D, E,— 

-F. 

G. 

H. 

A, 

B, 

0, 

D, E, 

F, 

G, 

H, 

A» 

B. 

0. 

D, E, 

F, 

G. 

H. 


The above diagram represent! an arrangement In which there are 8 rows, eaoh 
oonfcainlng B men. This is a solid square, If the square C,F,F»C f be removed from 
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iailds, the remainder will be a hollow square two deep, having B men In the front 
rank ; If, however, the square D t E t E s D, be removed, the remainder will be 
a hollow square three deep, having the same 8 men in the front rank. 

Henoe, the number of men in a hollow square two deep having a men in 
the front rank—as’-(e-4)’ ; In one three deep-a*-(*-6)* j and so on; thus, 
the number of men In a hollow square n deep having z men In the front row 
-**-(«—S»)\] 

Let a:“the number of men in the front row of the first arrangement. 

Then, x -4“the number of men in the front row of the seoond 
arrangement 

Hence, the number of men in the first square 

••• ( 1 ) 

and the number of men in the second square 
—(m - 4)* - K* - 4) - 12t “. 

But the men that form the first square are exaotly those that form 
the seoond ; 

/. - (m -10)*—(m - 4) a - \{x - 4) -12[ *, 

or. 20®-100-24(3!-4)-144. 

4®—144 + 96—100—140, 

®-35. 

Henoe, from (1), the total number of men 

—(35)* —(25)*—60* 10 —600. 

EXERCISE 95 

1. Find the time between 3 and 4 o’clock, when the two hands of 
a watch are coincident. 

2. At what time are the hands of a watch together between 5 and 

6 o'olook 7 [ 0. U. 1886 ) 

3. Find the respective times between 7 and 8 o'clock, when the 
hour and minute-hands of a watch are (i) exactly opposite to each other ; 
(ii) at right angles to each other ; (iii) coincident. 

4. What is the first hour after 6 o’clock, at which the two hands of 
a watch are (i) directly opposite, and (ii) at right angles to each other l 

5. Two men set out at the same time to walk, one from A to £ 
and the other from B to A, a distance of a kilometres. The former 
walks at the rate of p kilometres and the latter at the rate of q kilo¬ 
metres an hour ; at what distance from A will they meet 7 

6 . Two persons walk at the rate of 5 and 6 kilometres an hour 
respectively. They set out to meet each other from two places 22 kilo¬ 
metres apart. Having passed each other once, find the place of their 
teoond meeting, supposing them to oontinue their journey between the 
two plaoes. Also find the time when the seoond meeting takes plaoe- 
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7. A man rides one-third of the dist&noe from A to B at the rate 
of a kilometres per hour and the remainder at the rate of 2 b kilo¬ 
metres per hour. If he had travelled at a uniform rate of 3c kilometres 
per hour, he could have ridden from A to B and back again in the same 
time. 


Prove that ~ - £ + | • [ 0. U. 1889 ] 

8. A and B start to run a race. At the end of 5 minutes, when 
A haB run 900 metres and has outstripped B by 75 metres, he falls ; but 
though he loses ground by the accident, and for the rest of the course 
makes 20 metres a minute less than before, he comes in only half a 
minute behind B. How loDg did the race last ? 

9. A person sets out to walk from a certain town ; but when he has 
accomplished a quarter of his journey, he finds that if he continues at 
the same pace he will have gone only |ths of the whole distance when 
he ought to be at his destination. He, therefore, increases his speed by 
a kilometre an hour, and arrives just in time. Find the rate of walking. 

10. A tenant hired his farm for Bs. 1600 a year in money and a 
corn-rent in rice. When rice sold at rupees twenty-five a bushel, he paid 
at the rate of Bs. 35 an acre for his land ; when it sold at Bs. 30 a 
bushel, he paid at the rate of Bs. 40 an acre. Find the number of bushels 
of rice in the rent. 

11. A footman who contracted for Es. 240 a year and a livery suit, 
was turned away at the end of 7 monthB and received only Bs. 65 and his 
livery. What was its value 7 

12. A hare, 50 of her leaps before a greyhound, takes 4 leaps to the 
greyhound's 3 ; but 2 of the greyhound's leaps are as much as 3 of the 
hare’s. How many leaps must the greyhound take to catch the hare 7 

13. A greyhound spying a hare at a distance of 60 of his own leaps 
from him, pursues her, making 4 leaps for every 5 leaps of the hare ; but 
he passes over as much ground in 3 leaps as the hare does in 4. How 
many leapB did each make during the whole course 7 

14. The St. John's boat is ahead of the Gaius by a distanoe equi¬ 
valent to 30 strokes of the former. The Johnians pull 4 strokes to 
3 strokes of the Caius, but 2 of the latter are equivalent to 3 of the former. 
How many strokes must the Caius take to bump the St. John’s boat 7 

16. A and B find a purse with rupees in it. A takes out two 
rupees and one-sixth of what remains ; then B takes out three rupees 
and one-sixth of what remains ; and then they find that tney have taken 
out equal shares. How many rupees were in the purse, and how many 
did each take 7 

lft. A ship sails with a supply of biscuit for 60 days at a daily 
allowance of 1 kilogram a head ; after being at sea for 20 days she 
encounters a storm in whioh 5 men are washed overboard and damage 
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sustained, that will cause a delay of 24 days, and it is found that eaoh 
man’s allowanoe must be reduced to fths of a kilogram. Find the 
original number of the crew. 

17. If IS kilograms of gold weigh 18 kilograms in water, and 
10 kilogramB of silver weigh 9 kilograms in water, find the quantity of 
gold and silver in a mass of gold and silver weighing 106 kilograms in air 
and 99 kilograms in water. 

18. A person rows from Cambridge to Ely, a distance of 32 kilo¬ 
metres and back again in 10 hours, the stream flowing uniformly in the 
same direction all the time ; and he finds that he can row 3J kilometres 
against the stream in the same time that he rows 4t kilometres with 
it. Find the time of his going and returning. 

19. A person passed Jth of his age in childhood, Ath in youth, 
Hh + 5years in matrimony; he had then a Bon, whom he survived 
4 years, and who reached only one-half the age of his father. Find the 
son's age when he died. 

20. There are two bars of metal, the first containing 14 grams of 
silver and 6 of tin, the second containing 8 of silver and 12 of tin. How 
much must be taken from each to form a bar of 20 grams containing 
equal weights of silver and tin ? 

21. Divide Rs. 11000 into two sums, such that the simple interest 
of the greater sum for two years, at 3£ per cent, shall exceed that of 
the less for 2$ years, at 31 per cent, by Rs. 165. 

22. To remove four articles of furniture, I required for the 1st 
article two coolies, for the 2nd three, for the 3rd four, and for the 4th 
five. After giving the 1st set of men one group of paise and one paisa 
more, to the 2nd set an equal group and four paise more, to the 
3rd an equal group and five paise more and to the 4th an equal group 
and nine paise more, I found that eaoh man of the 3rd and 4th sets 
had received the same number of paise. How many paise were there 
in each group ; how many paise did eaoh man receive, and how many 
paise did I distribute 7 

23. Fifteen current guineas should weigh 4 ounces ; but a parcel of 
light gold being weighed and counted, was found to contain 9 more 
guineas than was supposed from the weight; and a part of the whole 
exceeding the half hy 10 guineas and a half, was found to be li oz. 
deficient in weight. What was the number of guineas in the parcel 7 

24. A silversmith received in payment for a certain weight of 
wrought plate, the price of which was £10, the same weight of 
unwrought plate, and £3. 15s. besides. At another time he exchanged 
12 oz. of wrought plate of the same workmanship as before for 8 oz. 
of unwrought (for which he allowed the same price as before), and 
£2. 16s. in money. What was the price of wrought plate per ounce, and 
the weight of the first sold 7 
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25. Two passengers are charged for excess of luggage Bs. 34 and 
Bs. 90 respectively ; had the luggage all belonged to one of them, he 
would have been charged for excess Bs. 174 ; how much would they have 
been charged if none had been allowed free 7 

26. How many bundleB of bay, at Bs. 5 per thousand, muBt 
a ahaswalla mix with 6600 bundles at Bs. 6 per thousand, in order that 
he may gain 20 per cent, by selling the whole at Hth rupee per hundred 7 

[C. U. 1875] 

27. A boy buys a certain number of oranges at 3 for 2d. and 

one-third of that number at 2 for Id. ; at what price must he sell them 
to get 20 per cent, profit; if his profit be 5s. 4d„ find the number 
bought. [0. U. 1885] 

28. A went out after 3 P.M. and returning half an hour later found 

that the minute-hand was as much in advance of the hour-hand as it was 
behind the hour-hand when he went out. Find at what time he went 
Dut. [ W. B. C. S. 1956 ] 

29. A man went out between 4 P.M. and 5 P.M. and returning home 
between 5 P.M. and 6 P.M. he found that the hands of his watoh inter¬ 
changed their placeB. When did he go out 7 

30. From each of a number of foreign gold coins a person filed 
a fifth part, and had passed two-thirds of them, when the rest were seized 
as light coins except one, with which the man decamped, having lost 
upon the whole half as much as he had gained before. How many coins 
were there at first 7 

31. Find a number of three digits, each greater by unity than that 
which follows it, so that its excess above one-fourth of the number 
formed by inverting the digits shall be 36 times the sum of the digits. 

32. A number of troops being formed into a solid square, it was 
found there were 60 over ; but when formed into a column with 5 met 
more in front than before and 3 less in depth, there was just one man 
wanting to complete it. Find the number. 

83. An officer can form the men of his regiment into a hollow 
square 10 deep. The number of men in the regiment is 2800. Find the 
number of men in the front of the hollow square. 

34. A company of men is formed into a hollow square 4 deep and 
also into a hollow square 8 deep ; the front in the latter formation 
contains 19 men fewer than that in the former formation ; find the 
number of men. 

85 A detachment from an army waB marching in regular column 
with 5 men more in depth than in front; but upon the enemy coming in 
sight, the front was increased by. 845 men ; and by this movement the 
detachment was drawn up in five lines. Find the number of men in the 
detaohment. 
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I. Harder Simultaueoua Equations 


180. The process of solving easy simultaneous equations in two 
variables has already been explained in Chapter XVIII. We propose 
now to consider the subject more fully. 

181. Method of Cross Multiplication. 

If aiX+biV + Ci«“0, and a a x+b a y + c g *-0, t to prove that 

g V « 

hxC# — 69 C 1 cia*-c s ai diba~~dabi 

Multiplying the 1st equation by e s , and the 2nd by 01 , we have 
aiCtX + biCaV + Cic a z "0, 
and a s ciir+ 6 s ciy+cgci«“ 0 . 

Hence, by subtraction. 

(ciOg - o a ai)x + (b a c 1 - biCah/^O, 

(ciUg - CsOi)®-= (61C* - b*Ci)v ; 

_®__ V - ... ... (1) 

biCa~~baCi C id# Cad 1 


Again, multiplying the 1st equation by a t , and the 2nd by ai, 
we have 

aidaX + bidaV + Cio*« —0, 

and ttaaxg+6gOiy + Caai«“0. 

Henoe, by subtraction, 

(ffli&8-aafei)tf+ (caai~Ciaa)***0 ; 

(fliba - aa?>i)» “(cifla - CaOi)« ; 

- TT^ — j- ■ - - (2) 

CiCta Cgfli CliOa “ flaOi 


t It is necessary to point out to the student the notation here used. The 
letter a. Is as different from a, as e is from d, or as any letter of the alphabet from 
any other ; a similar remark applies to the pairs of letters (b„ b t ) and ( 0 ,, 0 ,). 
But It Is very convenient as an aid to memory to use the same letter with different 
suffixes to denote corresponding coefficients in different equations ; thus, whilst 
a, denotes the coefficient of x in the 1st equation ; a. denotes the coefficient of x 
in the Snd equation ; and precisely a similar meaning is attaahed to the letters b,, 
i, and e t , 0 ,. Sometimes, however, letters with aooents serve the same purpose ; 
thus, if a, b, e denote the coefficients of z, y, a in one equation, the corresponding 
coefficients in a second aquation are denoted fay a', b', 0 ' j In a third equation by 
a", b a , e* : and so on. 
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Hence, from (l) and (2), 


_a_ <M V _ t __ 

6iCg baC-L Ciflj—Cjfli 

Note. This result can be easily remembered i writing down the equation* one 
above the other, 


o,i+6ii/+Ci«=0 

a t x+b 7 y+c,*-*0 


} 


■ we find that 


(i) the quantity under x=coefficient of y in the 1st equation x coefficient of * 
in the 2nd minus coefficient of y in the 2nd x coefficient of e in the 1st; 

(ii) the quantity under y = coefficient of e in the 1st equation*coefficient of a 
in the 2nd minue coefficient of e in the 2nd x coefficient of x in the 1st; 

[Hi) the quantity under s=coefficient of x in the 1st equation x coefficient of y 
in the 2nd minue coefficient of x in the 2nd x coefficient of y in the 1st, 

Cor. In the above equations, if we put *«1, we have 

_a___ y ^ 1 ■ t 

tiCi**tjCx c 1 a i — c^cii 

which gives the solution of the equations 

aiX + biV + Ci*=0 1 
and o s ® + & s y + c s “0 / 


Note. The above results should be thoroughly committed to memory, as ready 
applications of them will enable the student to eolve with neatness not only simple 
equations involving two unknown quantities, but also a certain class of equations 
involving three unknown quantities. The following examples are intended for 
illustration. 


Example 1. Solve Sas-hv+S^O 1 
&E- 8 y-l- 0 J 
Here Oi“3, bi--5, Ci- 9; 

a*-5, fc»--3. c*- — 1 . 

Hence, we must have 

_a___ V _ 1 

(- 5 X-l)-(- 3).9 9x5-(-l).3 3 .(- 3 )- 5 .(- 5 ) 

.. a y 1 x y 1 . 

r ' 5 + 27 45 + 3 -9+25 or ’ ‘ 

a**ft“2, and y“tf “3. 

Thus, we have a; *2, and y—3. 

Example 2 . Solve -7a;+8y- 9 ••• (1)1 

5a._4y._3 ... ( 2 ) / 

From (l), -7* + 8 v- 9*0 \ 

From (2), 6®-4y + 8 a “0/ 

8 x 3 - (- 4X - 9)" (- 9).5 - 8.{ - 7) “(-7X-4)-6x8* 


Hence 
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_ _ V 

or ‘ 24-36 -45+21 28-40 
r y 1 . 

or ’ -12-24-12' 

.. ?•-_ 12 “1, and !/ _ 12 ~ 2 - 

Thus, we have g“l, and i/=2, 


Example 3. Solve 

(*+7X»-3) + 7-(¥+SX*-U + 6 - (1) \ 

5*-111/+ 35 =0 — *** (2) J 

[ 0. U. 1888 ] 

From (l), *j/ + 7i/-3g-14“gy+3g-v + 2. 

6®-8y+16=*0; 

3x-4y+ 8=0 \ 
also 6®-lly + 35-0 J 

•T V J 

Hence, (~4).35-(-ii).8“8*5-35*3“3FTi)-6.(-4)' 

® __ v L_, 

or - -140 + 88 40-105 - 33 + 20 

x _ 1 . 

or > -62 - 65 -13 


Hence, ®“4, and j/“5. 

Example 4. Solve 2®-Sy + 4z- 0 ••• (l) V 
7®+2y-6s — 0 ••• (2) 
4® + 3 y+ «=*37 ••• (3) / 

From (1) and (2), we have, 



® V *. ® _ y _ * 

or ’ 10 ~ 40 “25 or ’ 2 8 6 

Now, let k denote the common value of these fractions which is 
at present unknown. 

Then, we have 2 "" 8 5 

g««2k, y=Sk, *“5k. .(A) 

Substituting these values of x, y, z in (3), we have 
Jfc(B+24+5) ■“37, 
or, S7*-37; k-1. 

Heuoe, from (A), ®""2. v**B, and *“3. 
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Examples. Solve s + 6y—5s ••• fl) i 
7 s+ a—6y ••• (21 [ 

5s + 6y-4a-24 ••• (3) ' 

From (1), s + 6y-5a-0 1 

From (2), 7s-6y + a—0 J 

Hen ° e ' 6*l-(-6).(-5)" 5).7 -lxl " iT-G)-T*e 

or, _ t— 

6 - 30 - 35-1 -6 - 42 

X V B 

° r ‘ -24“"-36“-48 ’ 

x y z 

2 “ 3 “ 4 t Multiplying eaoh fraction by -12 ] 

Supposing each of these fractions — k, we have 

s-2fc, y-3fe, a-4fc. ••• (A) 

Substituting these values of x, y, a in (3), we have 
k(10 + 18-16)—24, 
or, 12fe — 24 ; lt-2. 

Hence, from (A),*-4, y-6, and a-8.. 


EXERCISE 96 

Solve the following equations : 


1. 2s+3y-8 -01 

3s-4y + 5 — 0 J 

8. 4s-5y + 8 —01 

2s-8y+6 - 0 / 

5. 6s-7y+12 -01 
-7s+4y +11 - 0 J 

7.-6s+5y + 2 - 0 1 

13s-9y -19 J 

9. 4s-lly+6 - 0 1 

9s-13y -10 / 

ll.-12s + 17y + 16- 0 1 
9s-13y -11 I 

13. 17s-7y -52 1 

3m -2y J 

[ From the Uni equation, 
f—I—4 (suppose)] 


2. 3s-5y + 9 — 

0 

5s+2y-16 - 

0 

4.-3s+2y + 2 — 

0 

1 

>o 

1 

£ 

1 

.§ 

0 

6. 7s-8y 

-14 

5s-3y - 

9 

8.-7s+6y + ll — 

0 

8s-5y - 

19 

10. Bx-7y — 

19 

10s-9y - 

23 

12. 14s-lly+18— 

0 

11s- 7y+ 1- 

0 

14. 9s+ 5y - 

124 

7s 

3v 


) 

} 

} 

} 

1 

} 

} 
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IB. 15a;+7y -2461 

9a; -4y f 

17. 4x-3y - 0 1 

7*— lljz + 92 - 0 J 

19. 13a:-12y + 15 -01 

8a; - ly - 0 / 

21. i(a;+y) + l(a:--y)«59 1 
6a;-33y - 0 / 


23. y(3 + a;)«a<7 + y) \ 
4a; + 9 —5y-14 / 


16. 9a: - By 1 

10a; + 23y-287- 0 / 

18. 4a:-7y - 0 1 

10a:-9y-102 - 0 I 

20. Ur-lOy + 82 - 0 1 
14*- 9y - 0 / 

22. fS^t -*-y 

^^p + 2y-20 


24. 


4v-6 
a: + y 
8*-5 
y-x 


- 2 
- g 


25. (a; + 5Xv + 7)»(a; + lXv-9)+112 
2a;+ 10 »3y + l 


26 . 

4a;-5y + 2s — 0 | 
2a;-7y + 4s — 0 
x+ y + s — 6 ' 


28. 

2a;-7y + lls- 0 ) 
6a:-8y + 7s— 0 | 
3a;+4y+ 5s-35 ' 


30. 

a:-2y + s - 0 
9a;-8y + 3s - 0 
2a;+3y+5s -36 



[ C. U. 1887 ] 

32. 

4(a; + y) 



I* - 2)+ 7(y - 3) + 8(s - 4) 

33. 

5a;-2y, 7y- 5s 
4a;+5v+6s-150 

} 

36. 

4a;-13y + 8s-0 
7a:+ 6y-9s«0 

1 


27. 5a; + 6y + 8s- 0 i 
3a; + 4y + 6s- 0 f 
* + 5y + 16s — 3 ' 


29. 7* + 3y- 8s- 0 \ 
5x-1y+ 8s- 0 1 
3a;+5y + 7s—64 ‘ 



34. 15a:- lOy - 6s 1 
7a:+8y+9s-832 / 
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182. Equations of the form aiX+biy+c,z-d u a t x+bay+Cn» 
“d a , OaX+bay+CaZ-da. 

Multiply the first equation by c a and the 2nd by c, ; then by 
subtraction, we have 

(aiC*-OiCi)i»+U>iCs-6gCi)i/“iiC S -(iiiOi. ••• (l) 

Similarly, multiplying the first equation by c» and the 3rd by Oi, 

we have 

[aiCa-aaCik + lbiCa-baCih^diCa-daCi. ••• ( 2 ) 

Now, from (l) and (2), the values of x and y can be at once found 
by orosB multiplication. Then substituting the values of x and y thus 
found in any of the given equations, the value of * will be obtained. 

Otherwise : Multiply the 1st equation by da and the 2nd by di , 
then by subtraction, we have 

(a x da-aadi)x+[bid a -badi)y + (cida-Cadi)z‘^0. — (a) 
Similarly, multiplying the 1st equation by da and the 3rd by di, 
we have 

[aid* - a B di)x + {bid «- b a di)y +(c x d* - c B di)z -0. — (0) 

Now, evidently (a) and (0) together with any one of the given 
equations form a group which can be easily solved by the method 
illustrated in the last article. 

Example 1. Solve 4®-3y+2s-40 ••• (1) ) 

5z + 9v-7*“47 — (2) 

9® + 8y-3s~97 ••• (3) t 
Multiplying (1) by 7, and (2) by 2, we have 
28®-21y+14g“280 1 
and 1Q®+I8y-14«- 94 / 

Hence, by addition, 38®-3i/—374. ••• (4) 

Again, multiplying (1) by 3, and (3) by 2, we have 
12®- 9y + 6s - 120 1 
and 18®+16y-6s-194 / 

Hence, by addition, 80®+7v—314. ••• (5) 

Now, from (4) and (5), we have 
38®-3y-374-0 1 
and 30®+7i/~ 314-0 / 

Hence, 

® _ u __ 1 

(-8X~314)-7.(-374) (-374).30-(-314).38 38 * 7 - 30.(-8) 
x v 1 

or ’ 942+2618 ” -11220 +11932 “ 266+90’ 

® v 1 
8660 “ 712“ 3S6‘ 

Therefore, ®-10, and v-2. 
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Substituting these values oi s and y in (l), we have 
40—6+2**40, whence **3. 

Thus, we have s*10, t/*2, and **3. 

Example 2. Solve 2s- 4y + 9**28 ••• Cl) i 
7s+ Sy- 6** 3 ••• (2) | 

9s + lOy-11** 4 (3) ) 

Multiplying (l) by 3, and (2) by 4, we have 
6s-12y+ 27**84 1 
and 28s+12y-20**12 / 

Hence, by addition, 34s + 7**96 ••• (4) 

Again, multiplying (2) by 10, and (3) by 3, we have 
70s+30y-'50* = 30 1 
and 27s+30y-33**12 / 

Hence, by subtraction, 43s-17**18. ••• (5) 

Now, from (4) and (5), we have 

34s + 7*-96*0 \ 
and 43s-17*-18*0 / 

Hence, 

_ s _____ ___1_, 

7.( -18)—(—17) (- 96) (— 96).43—{—18).34 34.(-l7)-43*7 

_s__ * _ _1__, 

"• -126-1632 - 4128 + 612 - 578 - 301 

s _*_ 1 _ 

or ' -1758"-3516 - 879 

_ . -1758 „ , -3516. 

Therefore, s- _g^g “2 and *“ - g^g *4. 

Substituting these values of x and * in (2), we have 
14+8V-20—3, 

whence 8y*9, and y*3. 

Thus, wehave.s-2, y*3, and e-4. 

Example 3. Solve 12s+ 9y- 7**2 ••• (l) ) 

8s-26i/+ 9**1 — 2) 

23s+21y-15**4 ••• (3) I 

Multiplying (2) by 2, we have 
16s-52v+18**2, 

also, 12s + 9 y- 7**2, — (1) 

Hence, by subtraction, 4s-61y+25**0, (4) 
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Again, multiplying (l) by 2, we have 
24a+18y-14s—4, 

also, 23®+21v-15*-4. — (8) 

Hence, by subtraction, a-Sy + s—O. (5) 

Now, since we have 4®-61y+25s—0, ••• (4)1 

and ®-3y+*-0. — (5) / 

Therefore, by cross multiplication, 
x y s 

-61 + 75"25-4"-12+61 

*, „„ a_v_*, 

or ' 14 21 49 or * 2 8 7 

Supposing each of these fractions — k, we have 
tr—2fc, y—3&, s—7 k. 

Hence, from (1), &(24 + 27-49)—2, 

or, 2fc—2; If—1. 

Therefore, x —2, y — 3, and s—7. 

EXERCISE 97 


Solve the following equations : 

1. 2e- 3y + 5s - 11 1 
6®+2v - 7* --12 [ 

— 4a:+3y + s — 5 > 

3. x+ v ~ * " 1 ) 

8*+8y - 6s - If 
3s-4® - y - 1 ' 

5. 2*+8y + 4s - 16 ] 
3s+2y - 5s - 8 f 

5a-6y + 3s - 6 > 

7. 8a;-7v - 5s - If 
-7x+6v + 6s — - 1 r 
12a;-8y -11* — 2 ' 


9. 2®+4tf + 6* — 49 f 
3® + 5v + 6* — 64 f 
4a+8y + 4s — 65 > 


LLr-lSy- *” 2 f 

8a + 17y-12s— “ 2 > 


2. 3a+2v+ 5s- 32 \ 

2a+5y+ 3s- 31 [ 

6a;+3y+ 2s— 27 > 

4. 2a;+3y + 4s— 29 f 

8a: + 2y + 5s- 32 f 

4®+3y+ 2s— 25 ‘ 

6. 4a;-3y+ 2s- 8 1 

8a:-4y+ 5s- 6 f 

-6a+5v+ 7s-- 1 > 

8. x+5v -4s- 5 ) 

3x-2v +2s- 14 } 
-10*+8y+s- 6 > 

[0. U. 18671 

10. *+3i 1 + 5s- 10 \ 

8x+5y+ 7s- 14 f 

6a:+7y+ 8s— 15 > 

12. 6af-4y+ 9s- 19 I 

7«+6v - 12s- 16 r 
-9a:+8y+lfis—-18 I 
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IS. e- y- *-- 15 


SC v - * 10 I 

y+ e+2*- 40 1 
4* - 6e - 6y — -150 J 

[ C. U. 1886 ] 


14. 2(e-y)-3* -2 


lx-y;**3* -a | 
e-3*-8y -1 | 
le+3*—4{l-y) J 


IB. 8e+2y- *-20 \ 
2®+3y + 6*-70 
e - y+6*—41 > 

17. 6e+2y+ *- 30 
i®+ly-A*- 4 
2e+5y+10«—129 ■ 


I + 5 _ 4 .1 ^ 

x V * 12 

3 _ 4 + 6 _19 

<r y * 24 

4 J.6.1 

'ey* 2 


21. 6e+3y-65 
2y — *-11 
8e+ 4*—57 


23. oy + fce—c 
oe+o*—5 
6*+oy-o 


25. 3y+e-2—0 
8*-4y -e+15 
2e+7* -7 


16. 4{y-e)-5*-22 j 
3*+4e—6y+ 2 [ 

* - 3y -14 -10* ) 

18. Je+iy -12-|* ) 
iv+i* - 4e- 8 l 

ie+l* -10 ) 

[ 0. U. 1868 ] 

»• 

E + i + f- 10 » 

22 ^ - ' 

“'e y 2 

3 2 „ 

- - — ~ — 2 • 

* V 

1 + 1 .* 
e * 8 

24. 3e + 4y-ll— 0) 

6y-6* — -8 [ 

7*-Be-13- 0 ) 

[ 0. C. 1877) 

[ 0. 0. 1883 ] 


183. Miscellaneous Examples. 

Example 1. Solve J + \ -1. \ + * -1. J + f -1. 


Adding together the given equations, we have 

2 (« + H e )-3, or, 

\ e y * / ’ e y * 2 

Subtracting the 2nd equation from (a), we have 


a 1. 
e 2’ 


e-2a. 


Similarly, we have y-26 and *-2c. 



algebra made bast 


[OHAF. 


Example 2. Solve 

(i) “1: (i« ** 


x+y 


X+Z 


-2 


(Hi) 


v* , 

V+Z 


■3. 


Prom (i), we have -—^“1, 
xy 

or - i + \ ■! 

— (4) 

.... x+z 1 

xz 2 


— (5) 

• (ho.. • 

- M-i' 

~* (6) 

Prom (4), (6) and (6), by addition, we have 


2 /l + A + lj_ 1+ 1 + 

\x y z I 2 

1 11 . 

3 6 ’ 


• 1 + 1+1-11. 
x y z 12 


~ (t) 

Subtracting (6) from (7), we have 



1 11 1 7 • 

x "l2~ 3 12’ 

••• x-V. 


Subtracting (5) from (7), we have 



1 11 1 5 . 

V “ 12 “ 2 “ 12 ' 

••• y-V. 



Subtracting (4) from (7), we have 


1 11 i 1 ■ 

* 12“ 1 “ 12 ' 


f--12. 


Example 3. Solve xyz - ah/z -zx-xy) 

-U,zx -xy-vz)-djcy-yz- zxi 
Sinoe, xyz — a{yz— zx~ xy), we have 

^ J - « "• (1) [ Dividing both side! by a*xyz ) 

*Jk x y s 


Similarly, we have J ^ * 

o y z 


1, 

X 


and 


I ■ 1 _ 1 _ 1. 

0 Z X y 
Addirg together (2) and (3), we have 

.2.1 . 1 _ft±c . 

x b o be ' 

_ 2 _ 1 + 1 _o+c . 
y o a ao ' 


( 8 ) 

(I) 


sr- 


-ato, 
6+o 
-j#i 

IB—==l 

1 o+a 


Similarly, 
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Example 4. Solve * + y + * —0 ) 

(6+c)z+(c+a)v + (a + i)«“0 | 
bcx + cay + abz — II 

Since (&+c)z + (c + a)i/ + (a+fc)«“01 
and z+l/ + «=*0J 

therefore, by cross-multiplication, 

_ x ___ V __ * _, 

(c + a)—(a + &) (a+6j-(6+c) (6+c)—(c+aj 

x m y 2 , 

g—J CL~C b~~& 

Supposing each of these fractions — k, we have 
x=k{o-b), y-h{a-c), z-k(b-a). 

Substituting these values of x, y, z in the third equation, we have 
k\bd,c - b) + ca{a - c)+ ab(b - o)[ = 1. 

But bc(c-b) + ca{a-c) + ab(b-a) 

— bc{c~ b) + a s (c - b) - a(c s - 6*) 

“ (c - b)\bc + a* - a(c + fe)l 
-(c-bXa-cXa-b). 

Thus, k(o-bXa-cXa-b)-1 ; k- ( — g—jgpy 1 

Hence. ^' 

V = k{ a-c) = ( c --i a - b] ■ 

'-Kfc-aJ-jpg 


EXERCISE 98 


Solve the following equations : 

1 * + V »i * + * »i V + S -1 

' a b ' a c 'be 


2. 


UI-I. U - 1 

XV X s 


■b , 




yg 


ZX 


. XV 

, “Cl, —:—**6, =*(« t 

y + * s + a; x + y 


4. 


6. 3xy-Hx + v), 2xz-3(x+z), byz- 12(v + *). 
6. w+g“4, *+®“6, z+y=8. 

1 . v + *-z-6, i+z-v-10, z+v-8-14, 


axy-c(bx+av) \ 
bxy — c{ax-by) I 
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8. 

e-4y + Z— -10 | 

9. y + z-7x+16—0 


y-4z + x- -15 f 

z + x-7y + 24—0 


g- 4x + y — —35 ' 

x+y- 7z + 40—0 

10. 

a *x+b*v 

—2 ab(a+b) \ 


b{2a+ b)x + a{a + %b)v 

= a 8 + a a 5+o6 a + 6 8 / 


11. x + V + j 

ax + by+ cz—0 
a a x + 5 a y+c a g=0 ) 


12. x+y + * . "0 | 

(a + 5)x+(a+c)y+U>+c)*-0 | 
abx+acy+bcz “1 / 


13. x + y + z “0 \ 
? + ? + M - -0 



14. x-ay+a*s-a 8 \ 
x-5y + t a s-5 8 | 
x~cy + c*z — c 8 > 


16. ax+by + cz 

[b+ c)x + (c + a)y + [a + b)z 
a *x+b*y + c*z 


-0 

■0 

• a*(6 - c)+fc*(c - a)+c*(a 


*(o-6)i 


16. Find .the condition that the three equations, 
aiX+biV + Ci-0, a»x+6*y + c*-0, a 8 x+&sy+c s -0. 

may be consistent. 

17. Find the value of a so that the four equations, 

2x-3y + 5z —18, 3x—v+4z—20, 4x+2y-z—5. 

(a + l)x+(a + 2)y + (a + 3)z - 76, may be consistent. 


18. 8u>-2y- 2 
5x-7z-ll 
2x + 3y«39 
4y +3* =41 


19. 9x-2z+u> *“41 \ 
7y-5 z-t -12 
4y-3x + 2u>- 6 V 
3y-4u> + 3f- 7 l 
7z - 5u> -11 ' 


20 . 


x + v + * — ab+ bc+ca 

* + ? + * -3 

ab be ca 

(c - b)x + (o - b)y + (c - o)z—2a5c - ab* - b*c + ac* 


a*o 


II. Problems producing Simple Equations with 
more than One unknown Quantity 

184. In this section we shall consider a few problems of a harder 
than those treated of in Chapter XVIII. 

The following examples will Berve as illustrations. 



XXVII. ] HABDEB SIMULTANEOUS EQUATIONS AND PBOBLEMB 351 


Example 1. A cask P contains 12 litres of wine and 18 litres of 
water, and another caBk Q contains 9 litres of wine and 3 litres of water. 
How many litres must be drawn from each cask so as to produoe 
by their mixture 7 litres of wine and 7 litres of water ? 

Out of 30 litres of the mixture of wine and water in P, there are 
12 litres of wine ; hence, 48 or fths of the mixture consists of wine 
end fths of water. 

Hence, for every litre drawn from P, there are taken out fths of 
a litre of wine and {ths of a litre of water. 


Similarly, for every litre drawn from Q, there are taken out {ths 
of a litre of wine and ith of a litre of water. 

Let a:“the number of litres to be drawn from P, 
and V“ » » » • * * • •* Q- 

Then, since x litres from P contain fa; litres of wine and lx litres 
of water, and y litres from Q contain fy litres of wine and \y litres of 
water, in the new mixture there are (fa: + fy) litres of wino and 
(§* +Jv) litres water. 

Hence, by the conditions of the problem, 

f-E + fl/-7 .(1) 1 

and {x + iy-7.. (2) / 


Multiplying (2) by 3, and subtracting (1) from the resulting equa- 


»ion, we have 


fx-14 ; 


a; “10. 


Hence, from (2), y “ 4(7 — I x 10) “ 4. 


Thus, 10 litres must be drawn from P, and 4 litres from Q. 


Rrumpl* 2. The fore-wheel Of a carriage makes 6 revolutions more 

the hind-wheel in going 120 metres ; if the circumference of the 
fore-wheel be increased by one-fourth of its present size, and the 
circumference of the hind-wheel by one-fifth of its present size, the six 
will be changed to four. Required the circumference of each wheel. 

Let x metres be the oircumference of the fore-wheel, 
and » y » » • • * * hind-wheel. 

Then the numbers of revolutions made by the wheels in going 

, 120 , 120 . 

120 metres are respectively — and — • 

When the circumference of the fore-wheel is increased by one- 
fourth, and that of the hind-wheel by one-fifth, the circumferences 
respectively become 

|<e+ and (v + g ) metres, or, ^ and ^ metres. 


1—28 



354 


ALGEBRA MADE EAST 


[ CHAP 


Therefore, the numbers of revolutions made by the wheels respec 
lively will be 

120+ 5 | and 120+^' or, 

Hence, from the conditions of the problem, 


96 , 100 

- and — • 
x y 


and 


13?»120 + g 

X V 

96.400 + 4 
x v 


( 1 ) 

( 2 ) 


Multiplying (1) by 5 and (2) by 6, we have 


and 


600 _ 600 + go, 

576 _ 600 + 24 
x v 
24 


by subtraction, — “6 

X 


X“4. 


Hence, from (1), — “^-6**24; v-5 


Thus, the oiroumferenoes of the wheels are respectively 4 and 
6 metres. 

Example 3. A kilogram of tea and three kilograms of sugar cost 
twelve rupees; but if sugar were to rise'50 per cent., and tea 10 per 
oent., they would cost fourteen rupees. Find the price of tea and sugar. 

Let x rupees be the price of a kilogram of tea, and y rupees, the 
price of a kilogram of sugar ; then, we must have 

®+3y —12. (1) 

When the prioe of tea rises 10 per cent., the price of a kilogram of 

tea becomes (a + ^J' or, Ibx rupees; and the prioe of sugar rising 

50 p.c., the prioe of a kilogram of sugar becomes {y + 1or, ^ rupees 

Hence, JJa+3.^-14. - - (2) 

From (2), V» + 9v**28, 

and from (1), 3® + 9y“36; (8-V’)®“8 ; 

or, ^-8; a“10. 

Hence, from (1), y - ^ ** -| • 


Thus, the price of a kilogram of,tea“Bs. 10, and that of a kilogram 
of sugar—Bs. 1. 
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Example 4. A certain sum of money is to be divided among 
a certain number of men; if there were 3 men fewer, each man would have 
Be. 150 more; . but if there were 6 men more, each man would have 
Be. 120 leas. Find the aum of money and the number of men, 

Let a:“the aum of money in rupees, 
and y“the number of men. 

Therefore, eaoh man gets Ba. ^; if there were 3 men fewer, eaoh 


% 

would get Ba. 1 al >d if there were 6 men more, eaoh would get 


Rs. 


y+6 


Henoe, from the 

conditions of the problem, 

IE 

V-8" 

X 

V 

+ 150, 

Me 

(1) 

and -+ 6 “ 

X 

V 

-120. 

*•# 

(2) 

From (1), 150 “®| 

1 

y- 

vi) 

3® '. 

V-8y* 


From (2), 120 “®| 

1 

V 


_6® . 

y* + 6y 1 


Henoe, SOfa* - 

-3y)-20(y > + 6y), 



or, 30y*-(150+120)y-270y; 

*“ 20(81 + 54) “ 20 x 135 -2700. 


e-SO^-Sy). 

e-20(y , +6y). 


y-9. 


Thus, there are 9 men and a sum of Ba. 2700. 


Example 5. A man has to travel a certain distance. When he 
has travelled 40 kilometres, he increases his speed 2 kilometres per hour. 
If he had travelled with his increased speed during the whole of hia 
journey, he would have arrived 40 minutes earlier; but if he had 
continued at his original speed, he would have arrived 20 minutes later. 
How far had he to travel ? 

Let a;“the number of kilometres the man had to travel; and 
suppose his original speed was y kilometres an hour. 

Henoe, the time actually taken to complete the journey 

The time he would have taken if he had travelled at the increased 
speed during the whole of his journeys“y+2 ' 30nr8, 




And the time he would have taken if he had travelled all the way 
at his original speed - | hours, 


Hence, from the conditions of the problem, 


* 80+a:y 2, 

y + 2"y(y+2)~ 3 

- (1) 

, x 80+icy . 1 

ftDd V ~v(l/ + 2) + 3 ' 

... (2) 

Subtracting (1) from (2), 


®(y _ y+2/ or ' 2a! “v(v +2 ). 

- (3) 

Also, from (2), 3z(v + 2) “ 3(80 + sy)+y(v + 2), 


or, 6®-240“v(y+2), 

- (4) 


Henoe, from (3) and (4), 6®- 240 “2a:, 

or, 4a“240; sc-60. 

Thus, the man had to travel 60 kilometres, 

Example 6. If there were no accidents, it would take half as long 
to travel the distance from A to £ by rail-xoad as by coaoh ; but three 
hours being allowed for accidental stoppages by the former, the ooaoh 
will travel the distance all but fifteen kilometres in the same time; if 
the distance were two-thirds as great as it is, and the same time allowed 
for railway stoppages, the coach would take exactly the same time. 
Bequired the distance. 

Let x kilometres be the distance from A to B. 

Suppose the coach travels at the rate of y kilometres an hoar, 
then evidently, the rate of the train is 2y kilometres an hour. 

The time in which the train can travel the distance plus 3 honn 
“the time in which the coaoh travels only (z-15) kilometres. 


tt * . „ s-15 . 

Hence, ^ + 3 • 


and 

2 v v 

or, 

°L4.o m 2x, 

8 y 3 3y 

Prom (2), 

8 y 3l 

or, 

e-9y. 

From (1), 

B+6y“2e-30, 

or, 

Gy m x~30. 

Hence, from (3) and (4), 6v" 

■9tf- 

30, whenoe y-10 j 


and «“0xlO“9O, 

Then, the required distanoe“90 kilometres. 


- ( 1 ) 

... ( 2 ) 

~ (3) 
- (4) 
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Example 7. A boat goes upstream 30 kilometres and downstream 
44 kilometres in 10 hours ; it also goes upstream 40 kilometres and 
downstream 66 kilometres in 13 hours ; find the rate of the stream and 
of the boat. 


Suppose the boat will travel x kilometres per hour if there were no 
norrent, and that the current flows at the rate of y kilometres per hour. 

Then, it is clear that with the current, the boat travels (x +v) kilo¬ 
metres per hour, and against the current, {x-y) kilometres per hour. 

Hence, the time taken to travel 30 kilometres upstream 


30 

hours, and the time taken to travel 44 kilometres downstream 

x-y 

hours ; and .'.by the 1st condition of the problem, we must hav# 

B + tf 

_30. + _4L, 10< 
x-y x+y 


Similarly, by the 2nd condition, we have 
■13. 


JO , 55 . 
x~y x+y 


( 1 ) 

( 2 ) 


Multiplying (l) by 4, and (2) by 3, we have 


and 


12Q + 176_ W 
x-y x+y ' 

120 + If-39. 
x-y x+y 


Therefore, by subtraction, 
11 


x+y 


■l; 


Hence, from(l), -f - “10-4-6; 
x~ y 


Thus, we have 

and 

Henoe, by addition, 
and by subtraction, 


X + y-11 \ 
-V- 6 / 
2x—16; 
2 y- 6 ; 


x+y-11. 

x-y-6. 


x—81 
V—3 , 


Thus, the rates of the stream and the boat are respective 
3 kilometres and 8 kilometres per hour. 

Example 8. A challenged B to ride a bicycle race of 1040 metre 
He first gave B, 120 metres' start, hut loBt by 5 seconds ; he then ga> 
B, 6 seconds' start, and won by 40 metres. How long does each tat 
to ride the distance ? 

Let the times whioh A and B take to ride the diBtanoe t 
cc seconds and y seconds respectively. 
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Then, the times they take to travel one metre are respectively 
ISO 6nd 1M0 8600nds ' 

Let PQ represent the given distance, and let PR, SQ on it respoo* 
tively represent 120 metres and 40 metres. 

_R_ 8 

In the firBt raoe B is at R, and A at P when they start, but 
B reaches Q, 6 seconds earlier than A ; therefore, the time taken by B 
to travel RQ—ix- 5) seconds. 

Hence, b-5“(1040-120)x 

"• ( 1 ) 

In the Becond raoe B starts from P, 5 seconds earlier than A, bat 
arrives at S when A arrives at Q ; therefore, the time taken by B 
to travel PS—(b+ 6) seconds. 

Hence, &+6«(1040- 40)x ^ 

-(l-Afr-Hv. - (2) 

Subtracting (1) from (2), we have 

Ay-10; y-180. 

Henoe, from (l), x —5+fS * 180 
-5+115-120. 

Thus, the times required by A and B to ride the distance are 
respectively 2 minutes, and 2 minutes 10 seoonds. 

Exam ple 9. An author started writing between 2 p.m. and 8 F.M., 
stopped writing between 6 P.M. and 7 P.M., and found that the hands 
of the clock interchanged their places. When did he start writing 7 
When did he stop writing 7 How long did he write ? 

Suppose the author started writing at x minutes past 2 P.M. and 
stopped writing at v minutes past 6 P.M. 

At x minutes past 2 P.M. the minute-hand and the hour-hand were 

x minute-divisions and (10 + j|) minute-divisions ahead of the mark 
XII respectively. 

At v minutes past 6 P.M. the minute-hand and the hour-hand were 
If minute-divisions and (sO + ^j) minute-divisions ahead of the mark 
XII respectively. 
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From the conditions of the problem, 


‘ c " 30+ 12 ftTu5 »“ 1P+ j|‘ 


or, 12a 1 * 360 + y, 

or, 12x-y = 3G0 

- (i) 

»- 10+ S' 

or, 12y-120+<E, 

or, 12y-»«120 — 

Solving the equations (i) and (ii), we get 
E"“31iii and y**12t%, 

- (ii) 


Therefore, the author started writing at 31il* minutes past 3 P.M., 
stopped writing at 12tVj minutes past 6 P.M. and wrote for S hours 
41i\ minutes. 

Example 10. If the sum of the digits of a number is divisible by 9, 
so is the number. [ B. 0. S. 1923 J 

If the number consists of one digit it must evidently be 9. Thus, 
the problem is true for a number of one digit. 

If the number consists of two digits, let x and y be the digits in 
the units’ place and tens' place respectively. 

.'. the number^lOy + ff. 

Now, 

Hence, the number is divisible by 9 if x + y is divisible by 9, 
t.e„ if the sum of the digits is divisible by 9. 

Proceeding similarly, the proof follows for a number with more 
digits. 


EXERCISE 99 

1. There is a certain number consisting of 3 digits whioh is equal 
to 25 times the sum of the digits, and if 198 be added to the number, the 
digits will be reversed ; also the sum of the extreme digits exoeeds the 
middle digit by unity ; find the number. 
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2. A shopkeeper, on acoount of bad book-keeping knows neither 
the weight nor the prime cost of a certain article which he purchased, 
He only recollects that if he had sold the whole at Rs. 30 per Kg., he 
would have gained Rs. 100 by it, and if he had sold it at Rs. 22 per Kg., 
he would have lost Rs. 300 by it. What was the weight and prime oost 
of the article 7 

3. Two persons A and B, played cards. After a certain number 
of games, A had won half as much as he had at first and found that if 
he bad 15 rupees more, he would have had just three times as muoh as 
B. But B afterwards won 10 rupees back, and he had then twice as 
muob as A. What had eaob at first 7 

4. A and B can do a pieoe of work together in 12 days, which B 
working for 15. days and G for 30 would together complete ; in 10 days 
they would finish it, working all three together; in what time could 
they separately do it 7 

6. A has twioe as many pennies as shillings ; B, who has 8d, 
more than A, has twioe as many shillings as pennies ; together they 
have one more penny than they have shillings. How much has eaoh 7 

'6. Two persons, A and B oould finish a work in m days ; they 
worked together n days when A was oalled off, and B finished it in 
p days. In what time oould each do it 7 

7. A, B, C oompare their fortunes ; A says to B, ‘give me Rs. 700 
of your money, and I shall have twioe as much as you retain’ ; B says 
to 0, 'give me Rs. 1400, and I shall have thrioe as muoh as you have 
remaining'; C says to A, 'give me Rs. 420, and then I shall have 
five times as much as you retain'. How much has each 7 

8. A man walks 35 kilometres partly at the rate of 4 kilometres 
an hour and partly at 5 ; if he had walked at 5 kilometres an hour when 
he walked at 4, and vice versa, he would have covered two kilometres 
more in the same time. Find the time he was walking. 

9. A train travelled a certain distance at a uniform rate. Had 
the speed been 6 kilometres an hour more, the journey would have 
oeoupied 4 hours less ; and bad the speed been 6 kilometres an hour less, 
the journey would have occupied 6 hours more. Find the distance. 

10. Two vessels contain mixtures of milk and water ; in one there 
is three times as much milk as water, in the other five times as muoh 
water as milk. Find how much must be drawn off from eaoh to fill 
a third vessel which holds seven litres, in order that its contents may 
be half milk and half water. 

11. A number oonsists of 3 digits whose sum is 10. The middle 
digit is equal to the sum of the other two ; and the number will be 
Inoreased by 99 if its digits be reversed. Find the number. 
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12. A man has one pound's worth of silver in half crowns, shillings 
and six-pences ; and he has in all 20 coins. If he changed the six-penoes 
for pennies, and the shillings for six-ponces, he would have 73 ooins, 
How many coinB of each kind has he ? 

13. A sum of money is divided equally among a certain number of 
persons ; if there had been four more, eaeh would have reoeived 
one rupee less than he did ; if there had boon five fewer, each would 
have reoeived two rupees more than he did ; find the number of persons 
and what each received. 

14. There is a cistern, into which water is admitted by three cooks, 
two of which are exactly of the same dimensions. When they are all 
open, five-twelfths of the cistern is filled in four hours ; and if one of 
the equal cocks is stopped, seven-ninths of the cistern is filled in 
ten hours and forty minutes. In how many hours would eaoh cock fill 
the cistern ? 

IB. A person exchanged 12 bushels of wheat for 8 bushels of barley, 
and Bs. 56 ; offering at the same time to sell a certain quantity of 
wheal for an equal quantity of barley, and Rs. 75 in money, or for 
Bs. 200 in money. Required the prices of the wheat and barley per 
bushel. 


16. A wine-merchant has two sorts of wine, one sort worth 
6 rupees a litre and the other worth 10 rupees a litre ; from these he 
wants to make a mixture of 100 litres worth rupees seven a litre. How 
many litres must he take from eaoh sort ? 

17. The rent of a farm is paid in oortain fixed numbers of quarters 
of wheat and barley ; when wheat is at 55s. and barley at 33s. per 
quarter, the portions of rent by wheat and barley are equal to one 
another ; but when wheat is at 65s. and barley at 41s. per quarter, the 
rent is increased by £7. What is the oorn-rent ? 

18. A train 60 metres long passed another train 72 metres long 
which was travelling in the same direction on a parallel line of rails, in 
12 seconds. Had the slower train been travelling half as fast again, it 
would have been passed in 24 seconds. Find the rates at which the 
trains were travelling. 

19. A farmer with 28 bushels of barley at 2s. id. a bushel, would 
mix rye at 3s. per bushel, and wheat 4s. per bushel, so that the whole 
mixture may consist of 100 bushels, and be worth 3s. id. per bushel. 
How many bushels of rye, and how many of wheat must he mix with 
the barley 7 

20. A person has Rs. 62 50 p. in rupees and twenty-five paise, 
out of whioh he pays a debt of Rs. 35 ; and finds that he has exaotly as 
many rupees left as he has paid away twenty-five paise and as 
many twenty-five paise as he has paid away rupees. How many of eaoh 
had be at first and how many of each had he left 7 
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21. A waterman duds that he can row with the tide from A to B 
a distance of 18 kilometres, in an hour and a half, and that to return 
from £ to A against the same tide, though he rows back along the shore 
where the stream is onl> three-fifths as strong as in the middle, takes 
him just two hourB and a quarter. Find the rate at which the tide runs 
in the middle where it is the strongest. 

22. A and B run 1760 metres. First A gives B a start of 44 metres, 
and beats him by 51 seconds ; at the second hit A gives B a start of 
1 minute 15 seconds, and is beaten by 88 metres. Find the times in 
which A and B can run the race separately. 

23. A and B run a race round a two-kilometre course, In the first 
hit B reaches the winning post 2 minutes before A. In the second hit A 
increases his speed by 2 kilometres an hour, and B diminishes his by 
the same quantity, and A then arrives at the winning post 2 minutes 
before B. Find at what rate each ran in the first hit. 

24. A railway train running from London to Cambridge meets on 

the way with an accident, which causes it to diminish its speed to ^ th 

fl 

of what it was before, and it is in consequence a hours late. If the 
aooident had happened b kilometres nearer Cambridge, the train would 
have been c hours late. Find the rate of the train before the accident 
ooourred. 

25. A railway train after travelling for one hour, meets with an 
aocident, which delays it one hour, after which it proceeds at three- 
fifths of its former rate, and arrives at the terminus three hours behind 
lime ; had the accident occurred 60 kilometres further on, the train 
would have arrived 1 hour 20 minutes sooner. Required the length of 
the journey. 

26. A boy started and stopped reading between 3 P.M. and 4 f.m. 
and 5 P.M. and 6 P.M. respectively and found that the hands of the watch 
Interchanged their places. When did the boy start reading 7 When 
did he stop reading 7 How long did he read 7 

27. If the difference between the sums of the odd and even digits 
of a number is zero or divisible by 11, the number is divisible by 11. 

f B. C. S. 1923 ] 

28. If tie sum of tte digits of a number is divisible by 3, so is the 
number. 



CHAPTER XXVIII 
GRAPHS AND THEIR APPLICATIONS 


185. We have explained in Chapters VII and XIX how algebraist 
expression can be represented graphically by points and lines. 

We shall now give some illustrations of the way in which graphs 
may be used to solve algebraic equations and problems. Grapbioal 
solutions are generally in the nature of approximation, but in many 
cues they are obtained more easily than the corresponding exact solu* 
tions by algebraio processes explained previously. 

186. Graphical Solutions of Equations. 

Example 1. Solve graphically, 

2*-7y+12- 01 
3a:+2y -32/ 

Let ub draw the graphs of the two equations. 

From the 1st equation, we get 


X 

~6 j 1 

15 

-13 

V 

0 2 

6 

-2 


From the 2nd equation, we get 


* 

0 

2 

4 

6 

10 

* 

16 

13 i 

10 

7 

1 


Hence, taking three-times the length of a side of a small square a 
the unit of length, the two graphs are as shown on the next page. 

Let P be the point where the two graphs interseot, P beini 
common to the graphs, its co-ordinates will satisfy both the givei 
equations. 

Now, the co-ordinates of P are found to be 8 and 4. 

Henoe, J is the required solution. 
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Verification : Substituting x =8 and y “4 in the given equations, 
we have 

2®-7y+ 12-2x8-7x4+12-0, 
and 3a+2y-32—3 x8 + 2x4-32—0 ; 

• both the equations are satisfied when a—8 and y — 4. 



Example 2 Solve graphically ^ ^ 

All that we have to do is to draw the graphs of the expressions 

rig, 4. IQ QQ -ft*. 

■ »nd —g— : and take the abscissa of the point common to the 

two graphs 
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The graph of the function ^ is the same as the graph of 
i.e.i 2a-7y+12*0 ; and graph of the function is the 

same as that of y = —■ t.s., 3a + 2p * 32. 

Drawing the graphs of 2a-7y+12*0 and 3a + 2p * 32 (sea 
example 1 above), we find that the abscissa of the common point, P, 
of the graphs=8 ; 

• as*8 is the required solution. 

Example 3. Solve graphically a - 5 * 3. 

Let us draw the graphs of the expressions a - 5 and 3. The absolBSa 
of the point common to the two graphs is the lequired solution. 

Now, tie graph of the expression a-5 is the same as the graph 
of p—a~6 ; and we find that 

JZ _5 }• X v Z-\) ftDd JIo} are points on this graph. 

Also, the graph of the expression 3 is the same as the graph of 
*“J. which is a straight line parallel to a-axis at a distanoe of 3 units 
from the origin. 
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Hence, taking five times the length of a Bide of a small square as 
the nnit of length the two graphs are as shown in the figure at page 365. 

Let P be the point where the two graphs intersect. We find that 
the absoissa of P-8 ; 

a;—8 is the required solution. 

Example 4. Find the co-ordinates of the vertices of the triangle 
whose sides are given by the equations ir-2y+12—0, x+y+ 3—0 and 
fiiE-y-21-0, and calculate its area.' 

We find that as- 01 -21 and -12 1 

V- 6/ y- 5/ y- 0/ 

are points on the graph of x-2y+12—0 ; 
whilst «- 0 e- - 3 i and «- - 6 1 
V— —3 / y- 0/ y- 2/ 

are points on the graph ofin-y+3-0; 

and K- 31, sc— 41 and ie-5\ 

y— — 6 J y — — 1 / y—4 J 

are points on the graph of fiir-y-21-0 
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Hence, taking three times the length of a side of a small square as 
the unit of length, the straight lines PQ , QR and HP represent the 
graphs of the 1st, 2nd and 3rd equations respectively. 

We find from the diagram that the oo-ordinates of the vertex 

P, are *”6 1 . of Q, *=* -6 1 • and of R, *“ 81 
V“9 /’ V- 3 J ' V--BI 

Drawing lines parallel to the axes (as shown in the diagram by 
Sotted lines), we have 

APQB-the rect. ABDP - AQAP- AQBR- ARDP 

Z Z A 

1Kvlo 12x6 9x9 3x15 
“ 15 x 12 q- 2 -2~ 

“180 - 36-V _ ¥“81 units of area. 


[ Otherwise : Count the small squares within the triangle PQR and 
the small squares through which the threo sides of the triangle pass and 
of which half or more than half is within the triangle ; and they are 
found to be 729 (nearly). Since three times the length of a side of a 
small square represents the unit of length, (3 s “) 9 small squares 
represent the unit of area. 

Therefore, the area of the triangle PQR is 81 units of area (nearly). ] 

Example 5. Find graphically the oo-ordinates of the vertices of 
the quadrilateral whose sides are x+y- 10“0, x-y + 10“0, * + y+10~0 
and x- y-10“0, Prove that the quadrilateral is a square and find its 
area. 

We find that *" 101 *“51 and *“ 01 

y- 0/ V“5 J V“ 10/ 

are points on the graph of x+y- 10=0 ; 


1 ®--5! 

and *- -10 1 

J V- 5i 

V - 0/ 


are points on the graph of x-y+10**0; 

*“ 01, *—-5 1 and *“-10 1 

V ” ~ 10 J V--5J y- 0 J 

are points on the graph of *+y+10“0 ; 

whilst «“ 01, Slanda- 101 

V- -10 j V- -5 / y- 0 J 

are points on the graph of ®-y-10“0. 
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Hence, taking three times the length of a side of a small square aa 
the unit of length the four graphs are represented by the straight lines 
PQ, QR, RS and SP. 



We notice that the co-ordinates of the vertices P, Q, R and S are 

£“101 or - 01 . B --101 , £-01 ... 

V“ 0 J y-lOj v- 0/ and v - 10 / respectively, 

It is obvious from the diagram that OP —OQ—OR—OS, eaoh being 
10 units long and the diagonal PR is perp. to QS. 

Hence, it follows from geometry that the quadrilateral PQR8 Is 
a square. 

The area required - A PQR + APSR 

PRxQQ PRxQS 
“22 
20x10 20x10 
“ 2 ■*' 2 


200 units of area. 
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tin a ®* Draw the graphs of the equations *+y"*2 and <r—v, 

r inn she co-ordinates of their point of intersection and measure the 
angle formed by them at the point of intersection. 

From the equation a: + y *■ 2, 

or, v-2-a, we get 


X 


3 

-1 



-1 

3 


From the equation x m y, we get 



O 

1 

to 

3 

V 

0 

-2 

8 



Henee taking five times the length of a side of a smal l sauare as the 
unit of length, the two graphs are as shown above, 

Let P be the point where the two graphs Interseot. The eo-ordinates 
of P are found to be 1 and 1. 

Measure the angle formed by the graphs AB and OD at P with a 
protractor. It is found to be 90*. 


1-24 
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It can be verified as follows : 

Take two points Q and B on AP and DP respectively. 

Join QB. Now measure QP, PB and BQ. It is found that 
QP‘+PB a -QB*. 

/.APD—a right ang!e“90*. 

EXERCISE 100 

Solve the following equations graphically : 

1. x+v m 9, 3s-2y-7. 2. 4aj+3y=“13, 3a; + 2y-ll. 

8. | + | “4, 4a;-5y=“2. 4. y-sr-2, 3cc — 2v — 5. 

6. 5a;-3y-ll, 2y-3a:+4-0. 6. + i 

2*4-7 3a:-7 Q 4a:-3 6r . 

7 * T “ 2 ' 8 ‘ 5 7 L 

8. a:-12=“ -3. 10. 5a:-13-7. 

11. Find the vertioes of the triangle whose sides are given by 
- « + 3y ~ 18, a: + 7y “ 22 and v + 3* 26 and calculate its area. 

12. Bhow that the straight lines 4x-y“16, 3*-2y-7 and e + v = 9 
meet at a point. Find its co-ordinates. 

13. Find the vertioes and the areas of the quadrilaterals whose 

aides are given by (i) * + y~3, | “ g “h “!■ an ^ ^“V+S^O ' 

(ii) *-l, V“5, ***12and y»10 ; (iii) as-0, y-0, |+|-1, g+^j“l 

14. Find the vertioes and the areas of the triangles whose sides are 

given by (i) x*0, y-0, | + ^ *“1; (ii) a-2-0, v-1-0, e+y*6 ; 

(iii) »-2y + 8-0, a:+y+2-0, 5*-y-14-0. 

In eaoh of the following examples, show by solving the equations 
that they are satisfied by the same values of x and y. 

Find these values and verify graphically : 

15. ®+y=“2, x-l, y=“l. 16. 7*4-5y-24, i + tf-2, 2B+y*P 

17. 2a:-y-7, v-x=2, H*“9v. 

18. Bolve graphically : 

3x—l*~4v, 3y**2a: + 6. [ A. D. 1927 ] 

Measure the angle formed by the two graphs at the point of 
intersection. 
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187. ApplicatiooB of Graphs to Problems. 

Example 1. Gi\tn that the prioe of a kilogram of rioe is 80 
paisa Bhow that a graph in the form of a straight line oan be 
drawn such that if any point be taken on it, the abscissa of the point 
will represent the quantity of rioe of which the prioe is represented by 
the ordinate. 

Determine from the graph (i) the prioe of 4 kilograms of rioe and 
(ii) the number of kilograms of rioe that oan be had for Rs. 4 40 P. 
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From the given oondition, the price of x kilograms of rioe is 80s: 
paise. If this is denoted by v. the graph oi the equation y**80a: will 
he the graph to determine the quantity oi rice and its prioe. 

Suppose ten times the length of a side oi a small square along OX 
indicates one kilogram oi rice and the length oi a side oi a small square 
along OF indicates 5 paise. Then the meaning of the figures along 
OX and OF in the diagram on the pre*page is clear. 

From the equation i/=8Qz, we get 


X 

0 

l 

8 

V 

o 

80 

240 


Plotting the points tabulated above we get the figure (OP) at page 371 

Let us take a point Q on the straight line OP. Evidently its 
absoissa is 2'25 and ordinate is 180. Since the price oi one kilogram oi 
rice is 80 paise, so the price oi 2'25 Kgs. oi rioe is rupee one and 
eighty paise. Therefore Q is suoh a point that its absoissa represents 
a quantity oi rioe oi which the prioe is represented by its ordinate. 

Let us take the point P (4'75, 380) on the straight line. Its 
abeoissa represents the quantity oi rioe of whioh the prioe is represented 
by its ordinate. Similarly this is true for every point on the line OP. 

So OP is the required graph. 

With the help oi this straight line the prioe oi any quantity of rioe 
oan be found out, viz. ordinate of the point oi whioh the abscissa is 4 is 
320. So the prioe oi 4 kilograms of rioe is Bs. 3 20. 

The graph also enables us to determine quickly the number oi 
kilograms of rice that oan be bad for any given prioe. For instance, if 
the ordinate is taken to be 440, the corresponding absoissa is immediately 
found to be 5*5, whioh shows that we oan have 6'5 kilograms oi rioe for 
440 paise, i.e., Bs. 4 40 paise, 

Not*. The line OP it called the trash of the price of rice, or more aimptfi ike 
price-graph of rice. 

Example 2. A person, named B, starting from a given plaoe, 
travels at the rate oi 5 kilometres an hour. Show that a graph in the 
form oi a straight line oan be drawn suob that if any point be taken os 
U, the absoissa oi the point will represent the number of kilometres 
that B travels in the time represented by the ordinate. 

Determine from the graph (i) the distance travelled in 3 hours 
94 minutes and (ii) the time to travel 13 kilometres. 

In the figure on the next page let three times the length of a side 
oi a small square measured along OX represent one kilometre and let 
the length oi a side oi a small square along OF represent 4 minutes. 
Then the meaning of the figures along OX and OF is olear, 
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Sinoe B travels 5 kilometres in one hour, he travels 10 kilometres 
in 3 hours. Clearly, therefore, P is a point snoh that its abscissa 
represents the number of kilometres that the person travels in the time 
represented by its ordinate. 



Join OP, and produce it. Then this is the straight line every point 
on which will satisfy a condition similar to that satisfied by P. 

Let Q be any point on the line. Its abscissa represents 6 kilometres 
and ordinate represents 1 hour 12 minutes; but we know that the 
person travels 6 kilometres in 1 hour 12 minutes. 

Henoe, Q satisfies the condition mentioned above. 

Let 22 be some other point on the line. Its absoissa represents 
90 kilometres and ordinate represents 4 hours ; but we know that the 
person travels 20 kilometres in 4 hours. 

Henoe, 22 also satisfies the proposed condition. 

Similarly it is true for any other point on the line. 

Henoe, OP is the requird straight line. 

The graph enables us to determine readily the time in which B 
travels any given number of kilometres. For instanoe, if the abscissa be 
taken which represents 13 kilometres, the corresponding ordinate is 
immediately found to be that which represents 2 hours 36 minutes ; 
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thus, It is known that the time taken by the person to travel 
13 kilometres is 2 hours 86 minutes. 

The graph also enables us to determine readily the number of 
kilometres that the person travels in any given time. For instance, if 
she ordinate be taken which repesents 3 hours 24 minutes, tne corres¬ 
ponding abscissa is immediately found to be that which represents 
17 kilometres; thus, it is known that in 3 hours and 24 minutes the 
person travels 17 kilometres 

Note The lin* OP is called the graph of B’e motion, or the motion-graph oj B, 

Example 8. If one inch be equal in length to 2'5 centimetres 

show that a straight line 
can be drawn such that the 
abscissa of any point on 
the line will represent the 
number of inches that are 
equivalent to the number of 
centimetres represented by 
the ordinate. 

Determine from the 
graph (i) the number of 
centimetres in 10 inches and 
(ii) the number of inches in 
15 centimetres. 

In the figure let three 
times the length of a side of 
a small square measured 
along OX represent one inch, 
and let an equal <ength 
measured along OY repi esent 
one centimetre. Then the 
meaning of the figures along 
OX and OY is clear. 

Since 1 inch-2'5 centi¬ 
metres, we have 8 inches 
-20 centimetres Clearly, 
therefore, P is a point snob 
that its abscissa represents 
the number of inches that are 
equivalent to the number of 
centimetres represented by 
its ordinate. 


Join OP, and produce it. 
Then this is the straight line 
every point on which will 
satisfy a condition similar to that satisfied by P, 
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Let Q be. any point on the line. Its abscissa represents 12 Inches, 
whilst its ordinate represents 30 centimetres ; but we know that these 
two are equivalent. Hence, Q satisfies the condition mentioned above. 

Let B be some other point on the line. Its abscissa represents 
2 inohes, whilst its ordinate represents 5 centimetres ; but we know that 
these two are equivalent. Hence, B also satisfies the proposed condition 

Similarly it is true for any other point on the line. Hence, OP is 
the required straight line. 

The graph enables us to determine readily the number of centi¬ 
metres that are equivalent to any given number of inches. For instanoe. 
if the abscissa be taken which represents 10 inches, the corresponding 
ordinate is immediately found to be that which represents 25 centi¬ 
metres ; thus, it is known that 10 inches are equivalent to 25 centi¬ 
metres. 

The graph also enables us to determine readily the number of 
inohes that are equivalent to any given number of centimetres. For 
Instanoe, if the ordinato be taken which represents 15 centimetres, the 
corresponding abscissa is immediately found to be that which represents 
6 inohes; thus, it is known that 15 centimetres are equivalent to 
6 inohes. 

Rote, The line OP is called the graph for converting inehet into centimetres 
and vice versa, or more briefly, the conversion-graph for inches and centimetres, 

Kxsmpu 4. A man is cycling at the rate of 12 kilometres per hour. 
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* motor oar starts 3 hours later and travels at the rate ot 30 kilometres 
per hour. Find graphically when the oar will overtake the oyolist. 

[ W. B. 0. 8.1956 (adapted) ] 

In the figure on the pre-page let the length of a side of a small 
square measured along OX represent a kilometre and let an equal length 
measured along OY represent 6 minutes. Then the meaning of the 
figures along OX and OY is clear. 

Suppose the cyclist was at 0 at the time of starting. Sinoe he 
travels at the rate of 12 kilometres per hour, he travels 36 kilometres in 
3 hours. Henoe if the point A iB so taken that its. oo-ordinates respec¬ 
tively represent 36 kilometres and 3 hours, OA is the graph of the 
oyclist's motion for the first 3 hours. 

The motor oar starts from 0 3 hours after the oyolist leaves 0. 
Henoe, if OP be measured vertically to represent 3 hours, OP may be 
regarded as the graph of rest of the motor oar at 0. If the point Q be 
so taken that its co-ordinates respectively represent 30 kilometres and 
1 hour when referred to P as origin, 30 kilometres and 4 hours when 
referred to 0 as origin, the straight line passing through P and Q will 
be the motion-graph of the motor car. 

Suppose the two graphs interseot at B. The ordinate of B 
represents 5 hours. Sinoe the motor oar started 3 hours later, so it will 
overtake the oyolist after 2 hours indioated by BT. 

Example 5. The tax on income is direotly proportional to inoome 
above a certain value. If the tax changes from Bs. 80 to Bs. 200 as the 
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income ohanges from Rs. 4,500 to Rs. 6,000, find graphically the highest 
limit of inoome for whioh no tax is charged. [ W. B. 0. 8. 1956 ] 

Let the length of a side of a small square measured along OX 
represent an inoome of Rs. 100 and an equal length measured along OF 
represent income-tax of Rs. 5. Then the meaning of the figures along 
OX and OF is clear. 

If P and Q are such two points that their oo-ordinates represent 
respectively an income of Rs. 4,500 and income-tax of Rr, 80, and an 
income of Rs. 6,000 and income-tax of Rs. 200, the straight line PQ 
will indicate income-tax directly proportional to inoome. 

Let QP intersect OX at B when produced. OR represents the 
oigbest limit of inoome for which no tax is charged, But OB represent* 
an income of Rs. 3,500. 

• • the highest limit is Rs. 3,500. 

Lxaniple 6. A and B are two stations 30 kilometres apart. P starts 
from A and travels towards B at the rate of 5 kilometres an hour ; at the 
end of 2 hours he takes rest for one hour, and then resumes his journey 
at the rate of 3 kilometres an hour. Q leaves B, 2 hours 40 minutes 
after P leaves A, and travels towards A, without stoppage, at the rate of 
4kilometres an hour. When and where will the two travellers meet ? 

Suppose the straight line AB represents as-axis and the straight line 
AY passing through A and perpendicular to AB represents y-axis. 

Let 2i times the length of a side of a small square measured 
horizontally represent one kilometre, and let an equal length measured 
vertically represent 10 minutes Then the meaning of the figures aloEg 
the lines in the diagram on tho next page is clear. 

(i) P starts from A, and travelling at the rate of 5 kilometres an 
hour completes 10 kilometres in 2 hours. Hence, if the point 0 be taken 
suob that its oo-ordinates respectively represent 10 kilometres and 
2 hours, AO is the graph of P’s motion for the first two hours. 

The graph for the 3rd hour must be suoh that the abscissa of any 
point on it may represent 10 kilometres, because P is supposed to be at 
rest throughout this hour. Henoo, GD drawn vertically to represent 
one hour, as in the diagram, will be the graph of P's rest. 

After the third hour, P travels at the rate of 3 kilometres an hour. 
Henoe, if DM be taken to represent 6 kilometres and ME to represent 
2 hours, the straight line DE is the graph of P's motion after the 
3rd hour. 

Thus, the broken line AODE is the oomplete graph of P's motion. 

(ii) Q starts from fi, 2 hours 40 minutes after P leaves A. Hence, 
if BF be measured vertically to represent 2 hours 40 minutes, BF may 
be regarded as the graph of Q 's rest at B, 
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When Q leaves B, be moves towards A at the rate of 4 kilometres 
an hour. Hence, if FN be taken to represent 8 kilometres and NO to 
represent 2 hours, the straight line FO will be the graph of Q's motion. 



A 5 10 1 , r > K 20 25 30 X 

KILOMETRES 


(Hi) Let the two graphs interseot at H, and draw HR perpendi¬ 
cular to AB, Produoe FN to meet HE at V. 


Now it is elear that at the end of time indicated by HR, P will have 
gone a distance AK towards B, and Q will have gone a distanoe BE (*.*,, 
FT) towards A. Hence, they will meet at this instant. Thus the required 
time of meeting—that represented by HR m 5 hours 40 minutes after the 
commencement of P's motion. 
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Also, the distance of the plaoe of meeting from A "“that represented 
by AX' —18 kilometres. 

Note 1. As BV represents 8 hours, it is clear that P and Q meet at the end oj 
3 aours afte- Q starts from B. 

Note 2. The horisontal line through L meets the graphs at the points S and I , 
As Ah represents 4 hours 10 minutes and ST represents 10j kilometres, it is clear that 
at the end of 4 hours 10 minutes from the commencement of P's motion, P and Q are 
at a distance of 10} kilometres from each other. 

EXERCISE 101 

1. If potato sells for 80 paise per kilogram, construct the 
price-graph of potato, giving the price of any quantity of potato up to 
10 kilograms. From the graph read off the price of 4 kilograms and 
260 grams of potato and also the quantity of potato that can be had for 
rupees two and eighty paiBe. 

2. If Faeli mangoes be worth three rupees a dozen, construct 
a price-graph for mangoes, giving the price of any number up to 30. 
Read off from the graph the prioe of 17 mangoes and also the number 
of mangoes that can be had for Rs. 4 76 P. 

8. If a man walks at the rate of 4 kilometres an hour, construct 
t graph of his motion. Read off from the graph the time in which he 
travels 13 kilometres, and also the number of kilometres be travels in 
4| hours. 


4. If one mile be equal to 1'6 kilometres, construct a conversion- 
graph for miles and kilometres. Read off from the graph the number 
of kilometres that are equivalent to 6 miles and also the number of miles 
that a -e equivalent to U'2 kilometres. 

5. A starts from a place and walks in a given direction at the rate 
of 8 kilometres an hour ; B starts from the same place one hour later 
and moves in the same direction at the rate of 6 kilometres an hour. 
Draw the motion-graphs of A and B, and find when and where B 
■ vertakes A. 

6. A and B are two stations 40 kilometres apart. P starts from A 
and travels towards B at the rate of 6 kilometres an hour; whilst Q 
starting from B travels towards A at the rate of 4 kilometres an hour. 
Construct the motion-graphs of P and Q, and find when and where they 
neot. 


7. Fifty articles of the same kind cost Rs. 3. Construct a 
graph from which you can read off the cost of any number of articles 
up to 60. Hence, find the cost of 19 articles, and the number of articles 
that von would get for Rs. 2 84 P. 
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8. Given that 1 kilogram ~2'2 lbs., construct a graph which 
will enable you to read off the number of kilograms that are equi¬ 
valent to any given number of lbs. np to 15 lbs. Bead off the number of 
kilograms in 11 lbs. 

9. A man travels for 3 hours at the rate of 4 kilometres an hour, at 
the end of whioh he takes rest for an hour and a half, and then starts 
to walk at the rate of 5 kilometres per hour. Oonstruat the graph of his 
motion. 


10. A man starts from a plaoe B to walk towards G at the rate of 
8 kilometres an hour. After 3 hours he changes his mind and walks baok 
towards B at the rate of 6 kilometres an hour. At the end of 2 hours 
again he suddenly ohanges his mind and begins to run towards 0 at the 
rate of 14 kilometres an hour. Draw a graph of his motion. 

11. A, B and C are three stations in order on the same road, the 
distance between A and B being 6 kilometres. Q starts from B at noon 
to walk towards C at the rate of 3 kilometres an hour, and at 1-30 P.M. P 
starts from A to run towards G at the rate of 6i kilometres an hour. 
Draw graphs of their motion, and find when and where P will 
overtake Q. 

12. A man spends Bs. 620 in 40 days. Draw a graph to give hie 
expenditure in any number of days up to 90. Determine from the graph 
the amount spent in 28 days. 

13. At what time between 3 and 4 o’olook are the two hands of 
a watoh together 7 

14. An inoome-tax of 3 paise per rupee is in force. Draw a 
graph to show the tax on all incomes from Bs. 3,000 to Bs. 5,000 and 
determine the inoome corresponding to a tax of Bs. 96 and the tax 
corresponding to an inoome of Bs. 4,350. 

15. The tax on inoome is direotly proportional to income above a 
certain value. If tax ohanges from Bs. 18 to Bs. 39 as the income 
ohanges from Bs. 4,200 to Bs. 4,900, find graphically the highest limit of 
iaoome for whioh no tax is oharged. 

16. P and Q are two stations 34 Ems. apart. A starts from P at 
noon and walks towards Q at the rate of 4 Ems. per hour. At the end of 
li hours he takes rest for It hours and then resumes his journey at 
the rate of 5 Ems. per hour. B leaves Q 2 hours after A leaves P and 
travels at the rate of 5 Ems. per hour for 2 hours and takes rest for one 
hour and then resumes his journey at the rate of 4 Ems. par hour. When 
and where will A and B meet 7 What was the distanoe between them at 
3 P.M. and at what hour was the distanoe between them 8 Ems. 7 

17. The following table shows the timings of two trains, one 
an express from Calcutta to Banaghat, and the other a looal from Naihati 
to Calcutta. Find by graphical methods when and where the trains 
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meet, assuming that all ruse are at constant speed and that tbe local 
train waits one minute at eaoh station between Naihati and Calontta. 


Diitance from 
Oaleutta in kilometret 


74 

Banaghat 



38 

Naihati 

dep. 

16-24 

36 

Kakinara 

* 

16-29 

31 

Shamnagar 

• 

16-36 

27 

Iohhapur 

» 

16-42 

25 

Palta 

* 

16-45 

23 

Barraokpur 

* 

16-49 

21 

Tittagarb 


16-53 

19 

Ebardab 

* 

16-57 

16 

Sodepur 

• 

17- 2 

14 

Agarpara 

* 

17- 6 

12 

Belghurria 


17-11 

7 

Dum-Dum 

» 

17-19 


Calontta 


17-31 


[ B. 0. S. 1922 (adapted) 




CHAPTEB XXIX 
ELEMENTARY LAWS OF INDICES 


188. Definition. The product oi m {actors each equal to a is 

represented by a m . [ Art. 18 ] 

Thus, the meaning of a m is clear when m is a positive integer. 

189. The Index Law and the truths necessarily following 
from it. 

To prove that a m x a n - a m * n , where m and n are any two positive 
integers. 

Since a m ’ m a.a.a. ••• to m factors 

and a nm a.a.a.a. ••• — ton factors 

fl m xa n ”(a.a.o, ••• ••• tomfaotors) 

xfa.a.o.a. ••• to«factors) 

-a.a.a.a.a.a.a. ••• ••• to [m + n) factors 

i 

This result is oalled the Index Law. 

Cor. 1. a m x o* x a p ** a m+t,+ ® l when m, n and p are positive integers 
For, a m xa H -a m+n ; .'. <j m x a" x a* - a m+n x a ® - a i m+ *)+»- 
Hence, a m xa B xa»xa 8 x---«a m ^ +,+<,+ ‘” 

Thus, the product of any number of powers of a given quantity is 
that power of the quantity whose index is equal to the sum of the indioss 
of the factors. 

Cor. 2. (a n )* m a mn , when m and n are any two positive integers.* 

For, (a m ) % “ a m x a m x a m x • ■ • to n factors 

m fl m+m+m+- -to n terms ( by Qq, j j 

and -o mB . 

’This may also be proved as follows : 

(a")’ - a*, a", a", a".* factors 

-(a. a. a...to m laotors) fa. a. a....to m laotors)-fi groups, 

the group being repeated A times, 

-a. a.«. a. a. a.——-mn laotors 
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Cor. 3. o m +o"-o m - n , when m and n are positive integers and m is 
greater than n* 

For, a m- ">«a*“a (m "’ l|+1 * [ because m-nlia positive Integer ] 

-a m ; 

a m -*-a *—(» m “*. 

190, Assuming the formula a m *a n ' m a m * n to be true for all 
values of m and n, to find meanings for quantities with fractional 
or negativeindices. 

£ 

(i) To find the meaning of a<*, when p and q are any two 
positive integers. 

Since, a m x a n - a m+n for all values of m and n, putting * for each of 


them, we have 


ft 


8imilarly, <ft eft ; and so on, 


Hence, 


x x x • 


1 to g factors 


ft. 


a*. 


Thus, a° is equal to the g th root of a p , and is. therefore, equivalent 
to «/a*. 

Cor. Hence, a* — Ja, a^^'a, 1 and so on. 

1 

Generally, a n ** B /o 


Note. From the Index Law it is also easy to Me that n'xa'xa'x 


to 


p factors •a' 




= a a , Thus, d* may as well be regarded at the 

■ i 

p " 1 power of a’, i.e., equivalent to [Va) p . Thus, a a may be interpreted either os 
the }’* root of the p'" power of a, or as the p‘ h power of the q‘ h root of a. 

‘This may also be proved as follows : 

« j. • a" a. a. a. a..to m factors ( 

a ' 0 = a" ” a. a. a.to n factors 

If m > n, all the n factors of the denominator oanoel with a factors of the 
numerator, leaving m-n factors, 

-a. a.(m-n) factors-a" - *, 


when n > m, the quotient Is -.-j- 
(I 
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(ii) To find the meaning of a°. 

Since, o’" x o*“a m+B is true for all values of m and n, putting m-0 
we have o° xo n “ , o 0+ *“o B ; 
a°-a n -*-a nm l. 

£ Otherwise, J 

Thus, anv quantity raised to the power tero is equivalent to 1. 

(iii) To find the meaning of a~”, where n is any positive 
integer. 

Since, a m xo““o m+B is true for all values of m and n, putting 
a* we have 

0 ~ n x a" “ a - ” 4 * = a 0 -1; 

““""a"' 


Cor. Hence, a m -*-a n ’*a m n for all values of m and ft. 

„m 

For, a m +a n - -a” x a -n -a m-B . 


Example 1. Find the value of 8^. 

8 4 -(V8)‘-2‘-32. 

Example 2. Find the value of 4 , 

_1_1. 

4 i (s/4)‘ 2‘ 32 

Example 3. Multiply together Ja‘, a 4 , i/a~‘ and 
The required product" a 4 x a 4 x 0 -4 x.a* 

-a H+, -fl* +, -a«. 

EXERCISE 102 

Express the following avoiding fractional or negative indices : 
1. a*. 2. of 5 . 8. A* 4. nf*x8o'*. 


2. x 4 , 


I r. T 

r 4 <-3a -4 


5. 8m - * x 6. * * *-3a" 4 7. 

8 8. ‘“/a"* x“7a*. 10. *S/x , + * a Jx ri . 
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Express the following avoiding radical BignB and negative indices; 


11. 

(V*)’. 12. (Va)- e . 

13. 

1 

VaT*’ 

14 

(W 

IB. 


16. 

Va-'+tVar 1 *. 



Find the value of: 





17. 

4-8 

18. 

QD 

19. 

9*. 

20. 

16*. 

21. 

o 

8l“*. 

22. 

1 

6 : *' 

23. 

(125)8. 

24. 

(,vr <5 . 

25. 



r r»+8w r am-8n 

[ C. U. 




26. 

Simplify ' 

1874 ] 



191 

. To prove that ( a m ) 

n -a mn ia true for all values of m 


and n. 

(i) Let ft be a positive integer. Then, whatever may be the value 
of m, we have 

(o’")" a"‘ x.to n factors 

« =ffl m+m+i»+.to » terrnt 


(ii) Let n be a positive fraction, equal to ^ ' when p and a are 
positive integers Then, we have 


a Ja mt 

a r 


a 


positive. Then, we have 

(a m f-(a m P- 


y<»“) 

s [ Art. 190 (i) ] 

( by (i) ] 


[ Art. 190 (i) ] 

negative 

quantity, equal to - 

'ah 

[ Art. 190 (iii) ] 

i 

'a mi 

t by (i) and (ii) ] 

■a"** 

[ Art. 190 (iii) ] 


a mn . 


Thns, the proposition is established. 


1-26 





386 


algebra made east 


[ CHAP 


192 . To prove that a n b H -(ab) n for all values of n 

(i) Liuii n be a positive integer. Then, we have 

a n h n ~(a.a.a .to n factors) * {b.b.b .- to n fcctan- 

•*[ab.ab.ab .to n factors) 

~{ab) n 


(ii) Let n be a positive fraction, equal to * • where V and 8 uro 
positive intogars, T:icn, putting * for a n b n . we have 

Q ^ 

... -(a*y «(#)' t by a) 3 

m a® x o* [ Art. 189 ] 

-(«&)•’, [ fa y w 3 

x-(abf ; a n b n ~{ab) n . 

(iii) Let n be any negative quantity, equal to -p, where p is 
p jsitive Then, we have 


a'*b~ v 


1 

>6* 

[ Art. 190 (iii) ] 

1 

(ah)* 

[ by (i) and (ii) 3 

(ab)-» 

[ Art. 190 (iii) ] 

{abr. 



Thus, the proposition is established. 


* a n b~ n - a'ib^T - (ah" l f 


Cor.l. bn ■ 

Cor. 2. a n b n c n - (ab) n c n m ( abc) H ; 

generally, a n b n c H d 9 . -{abed-) 9 . 

198. Applications of the results proved In the last two 
articles. 

Example 1. Simplify (a*f$ 

U«) 5 -(a 8 ) * 
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2. Simplify Ja~ a b x Voir*. 

Ja^b-ia^b)* =<«-“}* x fc* - a -^i . 

And l/ab~* x(& 8 j^ E »a^£T 1 , 

Hence, the given expression 

-o-^i x aV 1 -a "* x ft* -1 -a’V*. 

Example 8. Simplify y/a t b i e~ i -**/ a *b- t o\ 

yVvV*- U^)*-U A"*.-*, 

Md y.W-W , -M , (ritf-.W. 

Henoe, the given expression 

“o^ff^e ^+a^6~^e r * 

«aVV A x a ~V<r A 

-aH 6 -W e -A-A 

-aVc^-aV 1 . 

EXERCISE ICS 

Simplify. 

t u-v. 2 . u-w) ! . 2 . uvr. 4 . wr' 

6. (V«‘6*>. 6. (ViV®) - *. 7. Vx'.ViT*. 

8. Va-'i* x visp*. 9. yprjp x VbVv®. 

10. (8B'-*-27a- 8 )*. 11 . (64ir»+27o- , r* 

12. Vi®rV‘ x Va r W», 13. 

14. ^SFV+fVaW 1 ) 1 . 15. 
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194. Miscellaneous Examples. 

Example 1. Divide a+b + c+ 3A* + 3a V by a* + 6* + c 4 . 

Let us proceed by arranging the dividend and the divisor according 
t j descending powers of a: 

a* + (fc* + e*) \ a+3aV + 3aV+(6+c) / «* + «%>*-<>*) 

±A _l +(i< 

o*) + 3aV+(6+e) 

aK%$ - A + aK^ + iM- c 5 ) _ 

a^-A^^ + c^+lHc) 

~b^c^ + o«) + (6 + c) 

Thus, the required quotient = + 2a^ - + c^. 

Note. In multiplication as mil as tn division the arrangement of the etpret 
lioni concerned according to ascending or descending powers of some common Utter 
ihouid never bo overlooked. Such arrangements invariably give neatness to the 
required operations , if not always indispensable. 


a+aK$ 

a%A 


-fcM+o*) 


Example 2. Divide tr + y^ + z^ - Bx^y^z^ by x^' + y^ + z^, 

1 JL 1 

Putting a for tr 5 , b for ir and c for we have 

a . + v 4 + * J -3trV* i 

-a* + b , + c t -Babc 
■“(a+6+cXa* + 6* + c s -o6-6c-ca) 

— (x^+y^ + zty(x^+y^ + b ^ — x^v^ - y^z^ - A. 
Henoe, the required quotient 

■* tr^ + y^ + - x^y^ — y^e^ — z^x^ 

■A - xKv^ +A+(y* - y^z *+A. 



ZZIZ. ] 


ELEMENTARY LAWS OP INDICES 


389 


Example 3. Divide 


**" + a*" -1 ®* 


1 +a 1,n by a:*’ 1 " 1 


.n-a 2 ti-a «n 

a d x 8 + a 8 


-/i 2 


Let p = apd g*a* n *. 

Then, p a =(E aB ~*) 8 =a; axaB ~ 8 « : E aB ~\ 
and p*“(jJ*)*-(a: aB , ) S “=a; 2xaB l -x aB 
Similarly, g a = a aB 1 and g 4 =a aB . 

pr__ g aB + a aB -V B - 1 + a a " 

’ a.*" -1 - a ana * a " a + a a ’‘ 1 


.P* + fV + 9 t 

p»-pg+g* 

_(p a +g a ) a - p*g a 

p*-jjg + g» 

_(y*+g*+pgXp a + g a - pg) 
p a -pq+g a 
-p*+pq + q* 

-a ; 2 "' 1 + x* n ~ s a aB 8 + a 2 ” -1 


Example 4. Find the H.C.F. of 

a*+ 26*+-(a+ 26) Jab and a a ~b* + [a-b) Jab. 

The 1st expression -o a + o Jab+2b Jab+2b* 

-o* + oM+2aM+26 a 

-a 5 (J s +6 i ) + 2&*(a* + 6 i ) 

-(a i +6 i )(a J +26 S ). 

The 2nd expression-a* + a Jab-b Jab~b a 
-o'+aM-aM-fi* 

-(.WXnW). 

Senoe, non o +36^ ind hove no nonmoo factor the 

H.O.F, reqnired 

—o^+6^— Ja + Jb 
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Example 5. Simplify 

The numerator — %+- x^y^ 

and the denominator=(a;^) + {yty 

-(rhymer-wum 

— (x^ + yty{x^ - x~y^ + yfy. 


JS 

Hence, the given expression™ 

s* + ir 

Simplify (£)“£p£)' 


[G. 0. 1948, 1950} 


I* 1 j«+ m | x n>jm+« i^jn+i 
“(lE* ~ m Y* m fem-nyn+n 

Example 7. Show that 

_1_ . 1 . l 

1+ x m ~ n + 1 + x n ~ m + x n ~ p i + x?~ m + x*-* “ L 


The 1st term 1 
the 2nd term * 
and the 3rd term — 


_ w ___ _ Ju , 

-m (l + tC m-n + !E m ~*) ~X~ m + X~ n + X~ p ' 


T n (l + x n rn + X n ^) “x~” + X~ m + X~ P ' 


X~*(l + X p ~ m + X v ^ n ) ~ X v + X~ m + *“»' 

Henee, the given expression 


X~ m + X~ n + X~ 9 x~ n + x~ m + x Zp+ x~ p + x~ m + w~ n 
m <r~ m + X ~ n +x~* 1 

. **•*■. * n tljis *yP® of sums each term is tu be so reduced that 
the dsnommators are the same. 
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/ \h - - 

F.es.’ 1 <• h. If a'' = 6“, show that |*J ‘=a b ; and if 

show that 

a 

8ii.< •, a^b 1 [ extracting the 6th root 

of both sides ] 

» a 

rr a>‘ J-» 

Henou, , - — — a 0 

\ hi •; a 

b h 

If a —2 b, from the given relation, we ba”e 

[2b) b **(h) 2b ={h a ) b ; 3o~6*, 6-2. 

Example 9. If r-(a + :^ i + b H / + f a- .'.i*+6*)* 
show f,j -.i •* 4 36a;-2a = 

Putting m for a+ Ja* t / r . ”'1 a for a — v( ,“ + 6 B , we have 
x* = (ra* + n') ■- ■ 4 (n*) ! 3 to*. n*(j»* + n^) 

— to + n + 3[mnf. W« s + «*) = TO + n + 3(TO«)*.B. 
But m + « —2a, 

and (TOn)* — ia*- (a* + 6 8 )f* 

-(-6 8 )*--6; 

. . a- 8 — 2a — 36a:. a; 8 + 36a;-2a=0, 

EXERCISE 104 

Multiply ; 

1. x* + 2a'* + 3a;* + 2a:* + l by a;*-2a;* + l. 

2. . *' f-3a*6*+96* by a*-36*. 

3. l + a6 _1 +a~6~* by 1 — a6 -1 +a*6~* 

4. r + 2y* + 3z* by a: — 2y* + 3s*. 

6. aT 5 +a; K * + y~ l by x _l -a; - *y - *+ir 1 . 

6. a*-a* + l—a~*+a~* by a*+l + a“*. 

7. a;*+ y*+ «* —y*s* — 2 *a:* — ®*y* by a;* + if*+**. 

8. a"*+56" - 2c* by a m - 36“+2c». 


a—£6, 
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9. a 4 +8a&+4aM + 2a s i 4 +32i 4 + 16aMby a*-2i* 

10 . a 4 +a 4 x _ 4 +x ~ 5 + a 4 x ~ 4 t-a 4 x 4 +a 4 x ~ 4 by 

a t + aVW*-aV 4 

Divide : 

11. x 5 - 4x 5 - 2x 4 + 6 *-x 4 by x* + 2-4x 4 , 

12. 8+12aT 1 + 2ar ,, + 2x-* by ar s -2ar 1 + 4. 

13. xy~' + 2xV 4 + 3 + 2x _ 4 y 4 +x~ 1 y by x'*+x K 4 + v~\ 

14. a 5 - A+o & 5 -2a 4 i* + b 5 by a 5 -a & 4 + a 4 b - b 5 . 

16. 8 x~" - 8 ®" + 5x’ n - 3x en by 5*” - 3x~”. 

16. 8 a : 5 + y~ S -z + 6 xV 4 s 4 by 2 a ; 4 + v ~ 4 ~ * 4 

17. Show that x s + a‘ + xV is divisible by x i + a I + x a . 

18. Multiply x 4 ” , +a’” 1 by x 4 ” 1 -a* n \ 

19. Divide x^-v 8 ” by x* n ~ l +y**~'. [0. 0. 1379 i 

20. Simplify )(a m f~ " H*. 

21. Divide 2x ~ 4 + 3x 4 -7x 4 +x-2x 4 byx 4 -2x 4 . 

3 1 _1 1 

22. Find the square of ar-ary *+ 1 / . 

23. Divide x 4 - a 5 by x* - a*. 

24. Find the square of x 4 - 2x 4 + x 4 . 

26. Divide ox -1 + a -l x+2 by o 4 x ~ 4 + a 4 x 4 - 1 , 

M H” l'f ( °~ b 

26. Simplify a . b J 

Simplify the following: 

27 x 4 + 8 y 4 ( x 4 -3xM+ 9l/V 

x 4 -Sy 4 x 4 + 3x 4 «/ 4 +9y 4 
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28. 


I i. 4 I 
ar-ox^ + o^x-x 3 


-a®x^ + 3 a^x- 3 ax * + cfix ! - x® 

a , + fc , -a~»-6~* , (a-g^Xfc-r 1 ) 
“ aV-a-'r' ab + a-'b^ 


30. 


x-y 


a: 3 +y 3 


x^+x^ x^+x^ 


31. (o + 6 + cXa -1 + 6 l + c l )-a ’b J c ^b+cXc + aXa + b). 

„„ o -1 (oi _1 -1)* 6»(o- , + 6-*) . l-a _1 i 
b “(l + a 1 6 ) a(<zb -1 -dr 1 b) ab _1 + l 


33 


x^-a^l x , M ,x 5 -a 5 / x 5 




x 3 +a 
x sn 


34 J/ — * _ ^ 1 i 

x n -l x" + l x n -l X B +1 


x^-or 
when X- 5 


/a-J 

V a+b 


35. Show that 

»« 4 n 

r* —fly* 


X* 


X-V 


“(x+»Xx* + V a X<r 4 + »*)• 


, s n-» . «n-i 7 
•(x* +V 


SR. Write down, without actual division, the value of 

/x~ 8 _tr\*\ /I . + 1 -a], 

\256 625/ U 5 V I 

Simplify: 

hlTHT. 

HTRT 

Mivir 

F#RT 


37. 


38. 


[ B. D. 1889 ] 


[ B. D. 1891 ] 


39. 


i wi-Hm+m* 


,m\m*+m«+»’ 


_n\»t»+»U+l* 


[0. c 


1 , 1 , 1 
l+eO^ + x 0- " l+x a ~ b +x e ~ b l + x 0_e +* (, ~ e 


. 1904 ] 


40. 


[ C. D. 1940 ] 
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41. 


42. 


43. 

44. 


45. 



i C. I). 1938 ] 


If e = 2 + 2^ + 2^, show that a; 8 -6®* + 6a:-2=0. [ C. D. 1950) 

Express the value of m in terms of n, when o m " - [a m ) n . 

t P. U 1918 1 

.L • L 

Ifa; m ”=^’ =«* and xyz~l, prove that m + » + p-0. 


195. Exponent *1 Equations. 

Definition : An equation in which the variable (or variables) 
occurs (or occur) as indices or exponents, is called an exponential 
equation. 

Thus, 3*-27, 81*—9 X+4 , etc. are cai'.ed exponential equations ; like¬ 
wise, 3 X+V = 9 and 8*. 16 y = 128 are a pair of simultaneous exponential 
equations. 

The method of solution of exponential equations is based on the 
following axiom : 


If a* —a m , whatever a may be, then will j e—m. 

Thus, to solve an exponential equation, we have 

(i) to reduce both the members of the equation to the same 

base, and then, 

(ii) to equate their exponents. 

The following examples will illustrate the process : 


Example 1. Solve 3.27* - 9 X+4 . 

The left-hand side-3.27* = 3.(3*)* «3.3**«3“ x+1 ; 
and the right-hand 8ide=9 x+4 -(3*)* +4 = 3 a, * +4 ) = 3 8 * + *. 
.'. the equation reduces to 3 8x+1 ^S 8 * 4- *. 

• . 3i + l = 2a; + 8; x-7, 


Example 2. Solve the equation a *j = -jj, -• 

We have a _ *(a* + i - *)=a - *.a* + a '*.h‘ * - 1 -i ' ?/>)“*. 

1 +(aft) _ *-l + ^j“l + (o/;) _ *. 

(flfc)-*“(a6)-*; x m 2. 
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Example 3. Solve a z .a v+1 

—a’ 

U)I 

0 iv_ 0 »*+« 

-0*0, 

(2) A 

From the 1st equation, 



a *+v+i =a r . 

K + 1/ + 1-7. 

(3) 

From the 2nd equation, 



0 »v+8*+« —O »o . 

'. 2y + 3x + 5— 20. ••• 

(4) 

From equations (3) and (4), 

we have, ® + p-6*0, 



and 3® + 2y-15—0. 


by cross-multiplication, 

x _ v _1^, JL m JL. i 

-15 + 12 -18 + 15 2-3 or ' -3 -3 “ 

Henoe, »— 3 and y*3. 

Example 4. Solve the equation i.3 x+1 *27 + 9*. [ C. 0. 1951 ] 

4.8* +1 —27+9*, 
or, 4.8*.3-27 + 3 ! *, 
or, 12.3*-27 +(3*)*, 
or, 12p - 27+p*, [ putting 3® * p ] 

or, p*-12p + 27 —0, 
or, (p-9Xp-3)*0; 

p*9or3. 

.• 8**9 or 3-3* or 3‘ ; .’. *-2 or 1. 


EXERCISE 105 


Solve the following equations : 

1. 2® +T — 4* + *. 2. (v3)* + " =(J/3) a “ !+l1 . 3. (V4)** +T — ( l V6i)***’ 
4. 0. 2*-‘-4fl‘ t - 6 ,(of<0). 


I a voa-d / £ \aa-b 

*• U) "U) ■ 

s 3»»-«.g»«- » 

“• g«+l O 

10. 2 B+l -2*-8—0. 

12. 4* + *-2 ,B+1 + 14. 


7. 2** *.a x- **2® _ *.2a 1- *. 

9, a*~*(a*® + * + 0 1 '*)—a' 5 (a* + a*). 

11. 3* +, -3* +8 + S. 

13. 4® - 3.2* + * +32-0. 
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14. 4* + 4 i-lG 1 1 6 ' 15. X»-V* and sc-2v. 

16. 2* +1 .3 v+ *-i and 2* a:+, .3“ , ' + ‘ 

17. fl* +1 .a v+s -a* and a* +1 .a s «' +1 >-a 1 \ 

18. a'-'.o"** «a s .a“ and a".o»-a*. 

19. o** +l .o" ,+1 “a*“a l ' +1 .a , ' +1 . 20. 2® + ””2 , ‘ c ~*- VS. 

21. 2*.3 # “18 and 2 2 ®.3 V *36. 22. sc »« !+1 -2v* and 

23. x v+na m v‘ t+B4 and x?*“y b . 

24. If find m in terms of n. [ Pat. 1918} 

25. If a x - b, b v “ c and c* *■ o, prove that arj/er -1, 

26. If aa # =n and a*=(?» ,, n®)*, prove that tegt-l* 

[ Pat. 1919. '21 ] 

27. Ifa-3^ + 3 prove that 3a: 8 -9a;-10*0. 

28. If a* + 2 = 3^ +3 prove that 3a® + 9a“8. 

29. If xy p ~ 1 =• a, xy Q ~ 1 » 6, xv r ~ 1 = c, show that 


a a ~ r .b r ~ r .c B ~ t “‘l. 


Solve: 

30 . 2 * + * + * - 8 ® + *'» \ 
5 »v+* -25‘ 6+ * > 

gBlr+a»+l/ = gB«+t< J 

32. a*-(z + v + «) v , 1 
a l, -=(a + p + *)', | 
and a*“(ar+v + *)“.' 


t Pat. 1920 ] 


31. 


Jo,)*** «(Va )» + *- 1 
V6)* + *-*-(«/&)»+• 
t/cF -(Vch* 4 " 
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196. Definition. Any root of an arithmetical number which 
cannot be exactly found is called a surd or an irrational quantity. 
Thus, s/2, s/6, %/i and i/5 are all surds. 

Note. Quantities which are not surds are called rational quantities. Hence, 
every root of an arithmetical number is either rational or irrational. Thus, S/8, 
s/25 and Vis are rational quantities, vihilst s/2, V5 and 'J9 are all irrational 
quantities. 

An algebraical expression also, such as Jx, is called a surd, 
although the value of x may be such that Jx is not in reality a surd 
For instance, if x *4, s/sr* s/4 = 2, and is, therefore, not really a surd, 

197. To express in the form of a surd the product of 

a rational quantity and a surd. 

Example 1. 5 V3«(5*)* x 3*«(S a x 3)* [ Art. 192 ] 

- J 5^x3 * s/75. 

Example 2. • 2?/9 - (2 8 )* x 9^(2’ *9)* [ Art. 192 ] 

EXERCISE 106 

Express as a oomplete surd : 

1. 3 s/5. 2. 2V3. 3. 2*/6. 4. 4i/5. 

5. aVb. 6. x't/v. 7. o* l/b\ 

198. A surd may sometimes be expressed as the product of 
a rational quantity and a surd. 

Example 1. s/§2“ s/16x2“(4*x2)^ —=(4*)^ x2^ [ Art. 192 ] 

-4x2*-4s/2. 

Example 2. ?/35“ 5/8 x'6-(2* x5)^«(2*)^x 5* [Art. 192] 
-2 x5 J -2V5. 

“ V(-5c)»;2c 

H(-6c)»l*x(2c) 4 --5e*/&. 


Example S. 
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EXERCISE 107 

Simplify : 

1. 718. 2. jeh_ 3. 7250. 4. VM 

». i/405. 6. ‘Jim- 7. 71876- 8. 7a a h. 

»- Vx in a. 10. i/ — 2560. 11. 7-1920*5*. 12. VSOOa'fc*. 

199. Similar Surds. Two or more surds are said to be similar 
or like when they can be bo reduced as to have the same irrational faotor ; 
otherwise, they are said to be unlike. Thus, 745 and 780 are sjmilar 
surds, for they are respectively equivalent to 3 75 and 4 75, and 712 and 
729 are unlike. The sum of any number of similar surds may be found 
when they have been expressed in their simplest form. 

Example 1. 7l47 + 727- 749x3 + 79 x3-778+378-10^3 

Example 2. i/625 - i/135 + 740 

- i/125^5- 727x5 + 78x 5 
-7^*5- 73^5 + 7^x5 
“675 - 375+275 - 475 . 

N. B. Unlike surds cannot be added to give one quantity as the eum, 

EXERCISE 108 

Simplify ; 

I. 715+ 775. 2 . 718+732. 3 73D+7IS0. 

4. 798- 759. 5 . 7i^-7Bi. 6 . 780+7405. 

7. ^768-7243. 8. 2797- 775 + 713. 

9. 27405-3 7125+ 745- 1®- 47192-47375 + 2724 . 

II. 3716 + 27625 -47m 12. 57- : 54- 27-16 + 47686 

18 . 745 b * + 780 ** + Jbxy*. 

14. *7b“ a + vV-8v®«-*7-27s»a. 

16. 2 7320^ + 3 75120*®-4a7l62*. 

200. Surds ot the same order. Surds are said to be of thi 
tame order or tguiradical when they have all got the tame root-symbol 

Thus, 75, To* and (o+e)^ are all surds of the same (vis., the teoond) 
order. 

A surd of the second order is often called a quadratic surd ; whilst 
cue of the third order, such as, 74 or 7a*, is called a cubic surd. 
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Surds of different orders may be reduced to equivalent surds of the 
same order. 

Example 1. Reduce <J 5 and ®/4 to surds of the same order 
The given surdB are respectively of the 2nd and 3rd orders ; and 
the L.C.M. of 2 and 3 is 6. Hence, we can at once reduce thorn to 
surds of the 6th order, thus : 

V6-5 i -S i -V5 , -yi25; 

i/4-4*-4*-VI , -*Vl6. 

Thus, the required surds are i/125 and ®/l6. 

Example 2. Reduce S/3 and S/2 to surds of the same oraer. 

The L.C.M, of 6 and 8 is 24. 

Thus, we have i/3“3^ = 3 5 * t = 2 \/3 , = lS t/8l; 

and $/2 « 2* - 2” « 2 J/2 5 - 2 i/8. 

Thus, the required surds are *V8I and * V8. 

Example 3. Which is the greater : i/9 or i/20 1 
We have V9” 9^* 9 T, = l V5* “ l i/6561; 

and V^“20 i -20 A - i y^»- l V8000. 

Thus, the given surds are respectively equivalent to 1 i/6561 and 
*V8000< and as the latter is greater than the former, therefore 
t/50>i/9. 

EXERCISE 109 

Reduce to surds of the same order : 

1. J3 and i/2. 2. i/4 and t/5. 3. */2 and i/3. 

4. *J 3 and i/5. B. */4 and i/6. 

Which is greater ; 

6. J2 or S/3 ? 7. i/3 or i/4? 8. i/6 or t/ID ? 

Arrange according to descending order of magnitude : 

9. i/6, V2 and i/4. 10. i/3, */I0 and l */5S. 

201. Multiplication and Division of Surds. 

A. (i) To multiply surds of the same order, multiply separately the 
rational factors and irrational factors. 

(ii) If the surds are not of the same order, reduoe them to surds 
of the Bams lowest order and multiply as in (i) above. 
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example 1. */6x 5/10=6* x lO*«(Gx 10) 4 -VfiO. 

Note. In this example tne given surds are of the earn* order. 

Example 2. V5x®/8 = 5*x8 i = 5 A x8 A 

[Art. 191] 

= (5“ x 8 2 ) A [Art. 192] 

V125X64* 1 V8000. 

Note In tins example the given surds are of different orders. 


Example 3. 5/2 * SJ2 = 2* * 2* = 2 i+i - 2 l * “ 1 V2 S - 1 V25G. 

Note. In this example the given surds have got the same quantity under the 
radical sign. They may as ivell be regarded as surds of different orders and treated 
like those m the last example. 

Example 4. 4 s /18x v'7S = 4.3^2x5^3-60^2.^3=60^6. 

Note. In this example the given surds have been reduced to simpler forms 
before, multiplication. 

B. (i) To divide a surd by anothe, surd of the same order, form a 
fraction with tbo dividend and the divisor as numerator and denominator 
respectively and cancel the common factors, if any. 

(ii) If the surds are not of same order, reduce them to surdB of the 
same lowest order and proceed as in B (i) above. 

Example 5. ^4+*/6»4 4 +6 i =4 A +6 A 

[ Art. 191 ] 


[ Cor. 1, Art. 192 ] 


(e 8 ) A 



*/2 
y 27 


Example 6. Express v5-*-3 ^3 as a fraction with a rational deno¬ 


minator. 

We have 




y/5x J 3 _ v /15_ Vl5, 
3*/3* > /3’"3x 3” g 


Note. For Arithmetical calculations it is convenient to reduce the quotient 
when one surd is divided by another to the form of a fraction with a rational 
denominator. Hence, even when the numerical >talue of a surd fraction it not 
required it is usual to express it in the above farm. 



XXX. ] 


BLBMENTABT 8UBDB 


401 


EXERCISE 110 

Simplify: 

1. J&* J S5. Z. jBx s/6. 3. J%lx s/3, 

4. JL5*J6.__ _ 5. J3bxJ ig. 6. */5 x V25. 

7. \/fkix x V27a V. 8. 5/2 x s/6. 9. s/2 x 5 / 6 . 

10. V4 x JB. 11. 1/9 x ^57. 12. »/2x»/3. 

13. 5/3x*/3. 14. $/2x*/2. 15 . *4 x 74 . 

16. 5JBXZJG. _17. 8Vl2x3v/a. 18. 4“/75x6»/57§. 

19. 7V8aVx5V276 8 !E*. 20. 8^10+4^15. 21. 8 s/I2+6 s/27. 
22. ygg+yig. 23. V8+V6. 

Given s/2-1'414, s/3-1'732, s/5-2'236, find tq 3 places of decimal* 
the numerical value of: 

24. s/2+s/6. 25. s/73+s/ffi. 

26. s/275-*-s/22. 27. 10s/IDS+ s/B. 

202. Compound Surds. An expression consisting of two or 
more simple surds connected by the sign + or - is called a compound 
surd. Thus, 5 s/2 and 4 JB are simple surds, but 6s/2+4s/8 and 
6 s/2 - 4 s/3 are compound surds. 

Two or more compound surds are multiplied together in the same 
way as two or more compound algebraical expressions. 

Example 1. Multiply Sjx'+ZjS by sAr- s/3. 

(3 Jx + 2 s/3X s/a: - s/3) - 3 s/«. s/«+2 s/3, s/® - 3 s/a:, s/3 - 2 s/3, s/3 
-3a:+2s/8a;-3s/3a:-6-3a:- s/£te-6. 
Example 2. Multiply 7 s/2 + s/3 by 7 s/2- J3, 

(7s/2+ s/3X7s/2- s/3)-(7s/2) s -(s/3)*-49.2-3-98-3-95, 
Example 3. Find the square of J3a+x+ J3a -x. 

( JSa+x + ijlla-x)* “[ JSa+x)* + {JOa-x)* + 2 J3a+x. s / 3 o-b 
“(3o+a;)+(3a-a:)+2 s/9o*-b* 

—6a+2 s/9a“ — a:*. 

EXERCISE 111 

Multiply: 

1. s/a+ s/6 by s/aS. 2. Ja+ Jb by Ja- Jb. 

8. 3s/a-5by 2s/a. _ 4. 4s/a:+3s/v by 4s/*-3s/v. 

6. 2s/a:-5+4 by 3s/a:-5-6 6. 3s/5-4s/2 by 2s/6+3s/2. 


X—26 
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T. s/2+2s/3+ s/7 by J2+2J3- s/7. 

8 . 8 - s/6 + s/8 by 3-s/5-s/8. 

9. s/n+ s/6- s/3 by s/Tl- s/6+ s/3. 

10. ty4 + V9 + V® by J/2 + V3. 

Find the square of: 

11. Jx-a. 12. 2s/8+5s/6. 13. 9^5^3^7, 

14., «ya* + 26*-s/a*-26*. 16. 2 Jx* + y a + 5 Jx*-y*. 

203. Rationalisation. If two surds be such that tbeir prodnot 
is rational, each oi them is said to be rationalised when multiplied by 
the other. Thus, 2 s/5 and J3+ s/2 are rationalised when respectively 
multiplied by s/5 and s/3 - s/2 ; 

for 2s/6 x s/5-10. 

and (s/3+ sMs/3- s/2)-3-2-l. 

Two binomial quadratic surds which differ only in the sign whloh 
connects their terms are said to be conjugate or complementary to 
each other. Thus, J3+ J2 and 2s/5- J1 are respectively conjugate 
(or complementary) to s/3 - s/2 and 2s/5+ s/7. 

Evidently, therefore, every binomial quadratic surd is rationalised 
when multiplied by the complementary surd. 

Hence, a fraction with a binomial quadratic surd for its denomina¬ 
tor can be easily reduced to an equivalent fraotion with a rational 
denominator. 

Example 1. Given s/2 — 1*414, find to three piaoes of decimals the 

. . 1 + s/2 

v * lue 0 3-2J2 

1+ s/2 (1+ s/2X3+2 s/2) 3 + 3s/2+2s/2+4 

3-272 (3-2s/2X3 + 2s/2) 9-8 

-7+5s/2«7 + 5*l'414-7+7’070-14070, 

Example 2. Rationalise the denominator of 
s/l + aj*- s/ l-jr*, 

~Jl + x*+~^Jl-x‘ 

The given expression 

(s/r+g»- jt^x*)* 

~( Jl+x* + s/l-« a X s/l+a:* - s/l-B*) 
.(l+z^ +d-g *)- ZJ W 
(l + g‘)-(l-g s ) ‘ 

_2-2s/l-g*_l- s/l-g* 

2b* x* 
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bamples. Simplify JfiO 

The denominator-6 73-2x278-472+5 72— 78+ 72. 

Henoe, the given fraction 

.. 8+76 (8+ 76X78- 72) 

78+72 (78 + 72X73- 72) 

_ 373+372-372-273 , Q 
3-2 78 . 

Sum*.!. 

The 1st term 

372 76 76( 72 ~ l) « /o_ /o 

73(1+72) 72+1 (72+1X72-1) 3 ' /S s/B ’ 

The 2nd term 

. 473 _ 276 _ 276(78-1) 

72(73+1) 78 + 1 (73 + 1X73-1) 

j e . 


The 3rd term 


_ __7-6_ m _ 76(73 — 72) _q /Q O Ja 

72+ 73 (73+ 72X73- 72) 3 ' /a a ' /3 * 

Henoe, the given expression 

-(273- 76)-(872- 76)+(372-278)-0 


EXERCISE 112 


Rednoe to an equivalent fraction with a rational denominator: 


i 673+77 , 372+273 » 4 +372 . 376+ 73 

478 + 277 372-273 3 * 3-27 2 ** 76-78 

k Ja+x+ Ja-x A Jx* + 1~ Jx*-1 - 1 [ 

7o+»- Ja-'x * Jx* + 1+ 7*®-l * 1+ 72+ 78 


Given 72-1*414, 73-1*782, 76-2*236, find to three places of 
deoimais the value of: 


8 . 


72+1 

72^1 


». 



10 . 


8-672 

8W2 


3 

75 ^ 72 * 


12 . 


SJl76. 

8-76 


13. 


V_5± .73. 

4+716 


11. 
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14. 


Simplify; 
1 


16. 


19. 


16. 


17. 


x+ Jx*-1 x- Jx'-l 

J 2US + 1X2 - J3 ) 
(^2-lX3J3-5X2+\/2)‘ 

18. (3+2 J2)~* + (3 - 2 J2)~*. 

x+ J x*-1 _ x ~ J x*-1 
x— Jx*—1 x+ Jx a —1 

20 V**+3 + ^‘- 1. + JiM, 

«/a B + l _ Jx % -i Jx* + 1 + Jx a -1 

Rationalise the denominator of: 


16 


n/10+ n/20+ J&- Jb- J®' 

_4 _ 

J3+J5- J2' 


21 . 


5/8 + $/2' 


22 . 


1_ 

w-vz 


204. The square root of a rational quantity cannot be partly 
rational and partly a quadratic surd. 

If possible, let Jn=a+ Jm. 

Then, squaring both sides, we must have 
H—a'+n+TaJm, 

whence, Jm— n 

Thus, a surd is equal to a rational quantity, which is impossible. 

206, If a+ Jb-x+ Jy, where a and x are rational, and Jb 
and Jy are irrational, then will a-jr and b-y. 

For, if a be not equal to a, let a-a+ro ; 
then, we have x+m+ Jb-x + Jv ; 

.'. m+Jb* Jv, 

Thus, Jv is partly rational and partly a quadratic surd, whioh Is 
impossible by the last article. 

Therefore, a-a and consequently Jb— Jv, or, b-y. 

Note. It should be distinctly borne in mind that the results proved above art 
true only whan .Jbatsd Jy art rtally Irrational. For iastanee, from the rela¬ 
tion It tfi m 8+ Jt&, wa cannot conclude that 5—8 and 8—85. 
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200. To find the square root of a+ Jb, where Jb is a surd. 

Let Ja+ Jb- Jx+ Jy. 

Then, squaring both sides, we have 
a+ Jb-x+y+2 Jxy. 

Henoe, by the last article, 

and Jb-2jxy) ”* (1) 

Henoe, a*-6-(*+»)*- ixy-[x-y)*-, 

Ja*-b-x-y. 

Thus, we have a?+ y “a _1, 

and x-y- Ja*-b I 

Henoe, by addition and subtraction, 

2 x—a+Jtf-b, and 2 v—a-Ja*-b\ 
x-Ua+ Ja*-b), and V”iKa- Ja‘-b). 

Thus, Ja + Jb — JHa+ Ja*-b) + J¥.a- %/a*-6). 

Rote, from the values of a and y found above it is clear that unitaa Ja'-~b 
la rational the square root obtained is by far more complicated than the original 
expression. Thus, the process given above is of no great practical value except when 
•’ - b is a perfect square. 

Cor. From (l), we have a- Jb—x+y- 2 Jxy-i Jx- Jy)* ; 
Ja-Jb- Jx- Jy. 

Thus, if Ja+ Jb - Jx+ Jy, then will Ja- Jb- Jx- Jy. 
Example 1. Find the square root of 7 + 2 %/IQ. 

Let %/7+2%/Si” Jx+ Jy. 

Then, squaring both sides, 

7+2 Jl0—x+y+2 Jxy- 
Henoe, x+y - 71 
and xy—10) 

These relations are evidently satisfied by the numbers 5 and 2. 
Henoe, the required root** %/5+ %/2. 

Example 2. Find the square root of 19-8 %/S. 

Let %/l9-8%/3” Jx- Jy. _ 

Then, 19-8%/3-*+y-*2 Jty. 
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Henoe, *+¥“19 ••• ••• (1)1 

and 2 Jxy“ 8 s/3, or, ay “48 ••• (2) J 

Now, (1) and (2) are obviously satisfied by the numbers 16 and 3. 
Henoe, the required root - s/l£>- s/3-4- J3. 

Example 3. Find the square root of 16-6 s/7. 

Let s/l6-5s/7- s/a- Jy. _ 

Then, 16-6s/7-*+y-2 Jxy. 

Therefore, *+£—16 1 

and 2jxy^6ij7j 

Henoe, (a - v)* - (a + v)" - 4*y - (16)* - (6 s/7)* 

-266-175-81; 

*-¥-9, 

Thus, we have *+y -161 

and x-y— 9 / 

Hence, *-V and p-|. 

Thus, the required root- Jl. 


Example 4. Find the square root of J%1 + */!§. 

J2I+ s/l5-8s/8 + s/8.s/5- s/3(3+ s/5). 
Henoe, «/s/27+ s/B“n/3. 

Now, proceeding as in the last example, we find that 
s/3+V5 -s/i+s/f. 

Therefore, J s/§7+ s/l5—1/5.( -s/} + s/f). 

Example 5. Find the value of 


_ l+« , 1-* . , J* 

i+ vi+* + wr^ ,when *-t‘ 

We have l+*-l + ^-?i^-i±|^-.|'/^tlj*, 
and l-«r-l-^ 3 -^-i-2V3.(^l)*. 


Henoe, the given expression 

/3) + 1(2- s/3) 2+ s/3, 2- s/3 

1 + K s/8 + 1) 1—i{s/3—l) 3+ s/3 + S- ^/S 
_f2+ s/8X3-s/3 )+(2- s/3X8+ s/3) 
(3+s/3X3-s/3) 

- (« + s/8—3)+(6— JS-al 6 

9-8 "fi" 


1. 
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Example 6. Find the value of 

. Sa_Vl + x* — 2a Jl + x‘(i r- y /l+a 8 ) 
tc+ Ji + tc* ®*-(l+!r a ) 

“ -2aa: s/l+a* + 2 o(1+k*). 

Now,Eiooe »-2 (a/“-«/o) : 

••• *•-! _ 

••• vi+j-yi+jd+*- 2 ) 

Henoe, the required value 

—“»•*(!-s) +a ^*(f + l +a ) 
-4a + 8';)"‘ +i - 

EXERCISE 118 


Find the square root of: 

1. 4-2s/8. 2. 7+4s/8. 8. ll-6s/2. 4., 8+2s/IS. 

B. 14-6J6. 6. 28 + 10 JB. 7. 21-8^5. 8. 17+ 12 s/2. 

9. 41 + 12 s/5. 10. 37- 20s/3. 11. 31 + 4s/2I. 12. 73-12s/lfi. 

13. 47+4\/33. 14. 4-s/7. 15. 6- s/35. 16. s/IB- s/IB. 

17. s/S3-s/2l. 18. J27+ s/S. 19. 6s/6+s/I30. 

„ ... 2+s/3 . 2-s/8 

20. Simplify 7 2^^ + 7 g^ rT3 - 

21. Find the value of l+T/fc’ when *" 

22. Find the value of when af-p^v- 

s/o+®~ s/a-a o +1 
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24. Vu+iJa'-b'. 


28. 1+2 «^c*—«“*6. 


Find the square root of: 

23. a*+2* Ja s: -x a . 

25. a+x + J2ax+x*. 

27. e+y+s+2 Jxz+ys- 

207. Equations involving Surds. 

Example 1. Solve .7*+ 12- >7*+ 2. 

Squaring both sides, we have x +12“ *+4+4 >Jx. 

Henoe, 4*7®—8, 

or, n/sc-2. *-4. 

Example 2. Solve 2(*+2) • l+ Jix'+^x+U. 

By transposition, we have 2*+3— Jix* +9*+14. 
Squaring both sides, 4**+ 12*+9=4**+9*+14, 
or, 3*—5. 

Examples. Solve Jx+6+ n/*-6“11. 

By transposition, Jx +6 —11 “ Jx-5. 

Squaring both sides, *+6-121-22 Jx-l+ix-b). 

VZjarH-lW- [by transposition] 
or. 5-5. *-5-25. 

Example4. Solve V** + ll*+20- V**+6*-l“3, 


[0.U.18TT] 


*- 30 . 


[ 0. U. Entr. Paper, 1881 ] 


By transposition, Jx* + 11*+20 - 3 + Jx % +6* -1. __ 

Squaring both sides, * s + ll*+20-9+(**+5*-l)+6 J«* + 5»-l, 
or, 
or, 


6*+12—6 ,/** + 5®-i^ 

*+2- V** + 5*-l. 

®* + 4*+4«** + 5*-l, whence*-5. 


3*-l 

Example 5. Solve —etttt “ 1 + 


■ 73®+1 

Since, 8* -1 - (VS* - * !X 73* ~ 1). 

^rr * 1 


n/3*- 1, 

2 
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Henoe, from the given equation, we have 

or, ( J3x -lXl“i)“l, t by transposition ] 

or, ^-”--1. or, Vste-1-2, 

or, J& e“3. 3®—9. ®-3. 

Example 6. Solve tja+x + Va-x-b. 

Sinoe ( \/a+x + *Ja-x) B 

“(a+*)+(a-®)+3Vo*-®MVo + * + Va-x\ 

— 20 + 3 lja*-x*.b, 

therefore, cubing both sides of the equation, we have 

2o+3^i^®».6“6 8 , 

or, 3by a ‘~-x* = b 9 -2a. /■ 



Example 7. Solve 


x — 8 + e~26 _ 4®—5 > 

-s/®+l-8 «/®-l + 5 ^/4®-l + 2 


®-8 

Jx+i-s 

_®-26 

s/*-l + 5 
4®-5 
Jix-1 + 2 


(®-8Xn/®+1 + 3 )_ 
(®+l)-9 

(®-26X Jx-\- 5) 
(® -1) - 25 


-s/®+l + S ; 

■ Jx- 1-6; 


(4®-5X j4®-l- 2)_ 
(4®-l)-4 


-s/4*-1-2. 


Hence, from the given equation, we have 

(-^*+1 + 3) + ( Jx-1~ &)“ ^4®-l“2, 
or, «/®+l + Jx -1 — J4x— 1. 
(®+l)+(*—1)+2 Jx* — 1—4*-1, 
or, 2 Jx*— 1”2®— 1, 
or, 4(® , -1)-4 b , -4®+1, 
or, 4*-*5. ®-J. 
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Example 8. Solve 72*“+9 + «/2®“-9-9+377, 

We have, ior all values of ®, (2®“ + 9) - (2®“ - 9) -18, and henoe, 
this relation is also true for the particular value which x has in the 
given eqnation. 

Therefore, the required value of x will also satisfy the equation 

(2®* + 9)- (2®*-9) _ 18_ 

72®*+9 + 72®*-9"9+377 

or, 75F+9- 72®*-9 - “9-377, 

Adding together the given equation and this, we have 
2 72®“ +9*18, or, 7sto“ + 9-9. 

2®* + 9«81. ®*-36. ®-6, 

Example 9. Solve 4®*+6® + 72®*+3®+4 -13. t W. B. S. F. 1968 J 
4®“+6®+ -s^+aE+d-lS, 

or, 4®“+6®+8+72®*+3® + 4“21 [ adding 8 to both sides ] 

or, 2(2®*+3®+4)+ 7to*+S®+4-21 

or, 2jp*+jp«21 [ putting p for 72®* + 3®+4 ] 

or, 2p“+p-21-0, or, (p-8X2p+7)-0; 

• p-3, rejecting the negative value - J. 

72®^+3®+4—3, or, 2®“ + 8®+4-9, 
or, 2®* + 8®-5-0, or, (®-lX2®+5)«0. ®-l, -J. 

EXERCISE 114 
Solve the following equations : 

!• 7®+ 7-1+ six. 2. 7&H-16-7to + 2. 

8- V ®+9- l+ 7®. 4. 73®-4-73®+4, 

6. 76®+10- 76» + 2. 6. 7® — 16+ 7*-8. 

7. 72®+9+ 72®-9. 8. 7® +11- 7*“1. 

9. 78® + 83~3—2 72®. 10. ®+ 72o®+®“ — a. 

11. ®+a+ 72a®+®“-i. 12. Vav-4 + 8- 7®+ 11. 

18. 7*~6“8” **/®+7. 14. 7®+9 - 7®+2—1. 
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15. 

17. 


19. 


21 . 


23. 


24. 


26. 


28. 

30. 


31. 


32. 


33. 


34. 

». 

36. 

37. 


41. 
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J&c+l- ^8x-ll-2. 

16. 

V5x+6+ V5X-14-10. 

*/7x+4 + V7x —12*8. 

18. 

n/x*-3x+ 5- <yx*-x+l-l. 

*"1 »>4+ >/* - l, 

>/x+l 1 2 

20. 

ax _ l . , Jax -1 

n/ox + 1 ^ 2 



[ C. U. Entr. Paper, 1885 ] 

ax-5* . _, Jax-b 

JcJc + b C ' c 

22. 

^g^^-(3x/x- J5)'. 

Jia+x~ Ja+x"*2 Jx- 

2a. 


Jx+ J a +x- 

25. 

J.* V.+ 13- j" „• 

Jx+a+ Jx-a - 


» 7 3n/x-4_15+8n/x 

-^x+2 */x + 40’ 

n/®+ \/® — 


29. s/x + Jb- v /x*+8x-2>/2. 

Jl~x+ J 1-X+ */l + ®- Vl+x, 


Ja+x+ ~ Ja+x- ^ Jx. 

V*+8 - 1 Vx*+Ux+m. 

(1+x) 4 + (l-x) 4 «2 4 . [ c. U. Entr. Paper, 1885 ] 

(a+x)^+(a - x)* - 3(a* - x*) 4 . 

**+18”8x+6 */x*-8x+9. 



x-47 x-19 _ 4x-124 , 

Jx+2~'l s/x-8-4 \/4x-3 _ 11 

2x-49 18x+2 2 _ 8x + 191 

n/2x+15~8 v / 18x+31+s“2^ + 54-6' 

*■ <yo*+x Jb*+x*~o- 40. s/r*+9+ Jx*-2 m i + J9i. 

J3x* + 16- Vte r - r i6-8-4v/2. 



CHAPTEB XXXI 

EVOLUTION : SQUARE AND CUBE ROOTS 

208. Evolution. The process of finding the roots ot quantities 
is oalled Evolution. 

Thus, Evolution is the inverse of Involution. [ Art. 127 ] 

209. The ordinary method of finding the square root of 
a compound algebraical expression. From our previous knowledge of 
formulas the following results are obvious : 

(o+6)*“a* + (2a+6)5; 

(a + 6+c)*“a* + (2a + 6)6 + (2a + 26+c)e; 

(a + 6 + c + d)*“a*+(2u + 6)6+(2a + 26 + c)c+(2o + 26 + 2c+d)d!; 
and so on. 

Clearly, therefore, we must have 

(a®* + 6® + c)* - a*®* + (2a®* + bx)bx +(2a®* + 26®+c)c, and this 1 utter 
when arranged according to the descending powers of *, 

“ a*®*+2a6® 8 + (6*+2ac)®* + 26c»+c*, 

Now, if it is proposed to find the square root of the above expres¬ 
sion, let us See what means we have of discovering successively the 
several terms of the root. 

The first term of the root, viz., a®*, is evidently the square root ol 
♦he first term of the given expression which is a*®* ; 

if we subtract a*®* from the given expression, the remainder it 
)(2o®* + bx)bx + (2a®* + 26® + c)c(, in whioh the term containing the high¬ 
est power of ®, - 2a®* x bx, i.e., “twioe the first term of the root into 
the seoond term ; this enables us to get the seoond term after having 
obtained the first; 

if now from the above remainder we subtract (2a®* + bx)bx, the 
seoond remainder is (2ax*-l-26® + c)c, in whioh the term containing the 
highest power of ®, “2a®* xe, “twice the first term of the root 
into the third ; this shows how to get the third term after having 
obtained the first and second. 

Thus, we are furnished with a clue for successively discovering the 
terms of the expression a®* + 6®+ c when its square is given. 

The operation may be performed as follows : 

a*®*+ 2 a 6 ®*+( 6 * + 2 ac)®* + 26c®+c* I a®* + 6®+0 

a*®* _ \ 

2a®* + 6® \ 2a6®*+ (b a +2ac)x*+ 26c®+o* 

I 2a6®* + 6*®* 

2a®* + 26® + o \ 2ac®* + 26o® + e* 
/2ac®*+26cg+o* 
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(1) Find the square root of a*®*, the first term of the proposed 
expression, and set it down as the first term of the required root; 

(2) subtract o®® 4 from the given expression, and bring down the 
remainder 2o&® 8 + (6* + 2oc)a* + 2bcx +c* ; 

(8) set down 2oa®, i.e., twice- the first term of the root, on the left 
of the above remainder as the first term of a divisor ; 

(4) divide the first term of the remainder by 2o®*, and set down 
the quotient, bx, as the second term of the root and also as the second 
term of the divisor ; 

(5) multiply the divisor thus obtained by the second term of the 
root and subtract the product from .the first remainder ; 

(6) bring down the second remainder 2acx a + 2bcx+c* and put 
2o®* + 2 bx (t.e., twice the sum of the two terms of the root already 
obtained) on the left of this remainder for the first two terms of 
a divisor; 

(7) divide the first term of the new remainder by the first term 
of the new divisor and set down the quotient, e, as the third term of 
the root and also as the third term of the divisor ; 

(8) multiply the complete divisor thus obtained by the third term 
of the root and subtract the product from the second remainder. 

After this nothing remains, and we obtain ax a +bx + c for the 
required root. 

Nets. The expression considered above stands arranged according to descending 
powers of a. Similarly, every expression of which the square root is sought must bo 
arranged according to descending or ascending order of the powers of the same letter, 

Example 1. Extract the square root of 

® 8 + 8® 4 -2®* + 16®*-8®+l. 

® 8 +8® 4 -2® 8 + 16®®-8® + l /® 8 + 4a-l 

B® _ \ 

2®* + 4® \8® 4 - 2®“ + 16a® - 8® +1 


l 8® 4 +16a® 


2®*+8®-l \ -2® s 

-8®+l 

) -2® 8 

-8®+l 


Thus, the required root-® 8 +4®-1. 

Example 2. Extract the Bquare root of 
® 4 + 2(y + t)x a + (3y® + 2 vt + 3* *)®* + 2(y 8 + y ®*+yx® + s®)-* 

+y 4 +2y*** + * 4 , [0. U. 1888) 
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The given expression-® i +2(v + *)*•+(Sv*+2ya +8s*)®* 

+2(y+*Xy*+«")*+(**+«*)•, 

which stands arranged aooording to descending powers of ®; so we can 
at onee proceed thus : 

+ 2(v+*Xv*+s*)!r+(» , +s , )» / *»+(g+f)a: 

\ +(»*+*•) 


x 4, + 2(y+ t)x *+(3y *+2yx+S z a )x 
x l _ 

&*+(y+«)g j|y+g|®»+|3y* +2y*+3* *)ar* 


2 ®*+2(y+*)el 2fy* + **te* + 2(y+ 


+(y *+e*) / 2(y* + s*)® 1 + 2(y + 


‘+2y* + t* 


*Xy*+*“)®+(y*+«*)* 
gXy 1 +g*)®+(y»+x , ) i 


Thus, the required root—a:* + ®y + ®* + y* + **, 


Example 8. Find the square root ofx+4a: , + ? |-+|—2®*-—■ 

* 3 9 3 

[ 0. U. 1888 

Arrange the expression aooording to descending powers of x anc 
then proceed thus : 




~--2® B + 4®* + 

xt 

4_ 

2®T-2® 8 + 4®* 
/_^2®* + 4®* 


aar 

3 


4a® . a*/ ®* 

' 8 9 \ 2 “ 


2 ® + | 




4® + 


a \ qg* 4a® . a* 
3 / 8 “ 3 9 


ax’ 

3 


4az .a* 
“89 


8 _ 

Thus, the required root - -g -2x+ | ■ 

Example 4. Extraot the square root of t + 3. 

4y* ®* v x 1 

The expression when arranged aooording to descending powers of ® 
stands thus: 
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or now the indioes of the powers of x in the suooessive terms are 
respectively 4, 2, 0, -2 and -4, which numbers evidently are in 
lesoending order of magnitude. Hence, we prooeed as follows : 


g* ■ a 
4v* 1 

g*_ 

4v‘_ 

®* + l 


x * g 4 l 2y* g* 


Iv* 


+ 3 


c , + l 


*’ + 2 + 2{/ 
V SC 


■) 


2 + 
2 + 


4v*.4t£ 

g* g 4 

4v* 


,4y* 


Thus, the required root 


-|^ +1+ 



Example 5. Extract the square root of 

g* - 2a% V + 2a*g* + a~V* - 2a*g l +a*. [ 0. U. 1880) 

Let us prooeed by arranging the expression according to descending 
powers of g, thus : 

a~^x^ -2a _ *g 1 ^ +x^~2 oV + 2flM +a® (a~*g* -x^-a? 

2fl~^-g^) -2afV^+g* 

—2n~^g l ^+g^ _ 

2 a ^g^—2g^~a^ ) -2fl^g^+2a^g^+fl^ 

-2a^+2aM + a^ 

-i i a i 

ThuB, the required root “a , g*-g-a‘. 


EXERCISE 115 
Find the square root of: 

1. 4g , ** + 12gys+9y“. 8. g 4 -4g*+10g*-12g+9. 

3. g # -2g 4 +2g*+g*-2g+l. 4. 4g 4 - ISte*+25x* -24®+16. 

5. 4* 4 +8og*+4a*g* + 166*g*+16ad*g+166 4 . [C. U. 18T0] 

6 . Bg 4 - Ste*v+4 4 g*«* - 2gw*+9t» 4 . fC TT 1OT4 1 
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7. 

- jw* + — * + J . 

■ * 2 2 16 

8. 

1051®*_6®_14®* < 

25, 6 6 ' 

9. 

* 4 + 4-2 + 4*-® 2 + x* 

X 4 

10. 

o* , ®* j. a‘ . 
ar a* 4 a; 

11. 

a* a ,46* . ,46 
46*" '6 a* -i a 

12. 

9a* 6a ,101 4® .4®* 

®* ~5® 25 “ 15a 9a*' 

18. 

4®*~8® B y*+4®y B +y B . 

14. 

49** , y * 42® .6y 

y* 49®* y 7® + *' 

15. 

V x* V X 4 

16. 

nc 3 20®. 9y* 15y , 4®* 

7 ~ 7y 16®*~ 2® 49y* 

17. 

®* - 2*® + 3® - 2®^ +1. 

18. 

*^-4®^ + 2* + 4®^+®^. 


19. a*® * + 2a® -1 + a - *®’ + 8 + SkT 1 x. 

20. ®*+®y~^-2®^y ^ -2®M+2®^ +y. 

21. 9 *' - 5®*y* + 17 ^* V - 22. o 2m -4a m+n + 4o s ". 

28. 9a* m + 6a Bm+1 +25c* m ~* - 30a m c B1_!l + a 4m+ * - 10a* m+l c m ‘*. 

210. Extraction of square roots by the application of the 
formula a 2 ±2aft+6 2 **(c±6) 2 and Miscellaneous examples. 

h % 

Example 1. Find the square root of 4 - 4c + 26 + c 2 - be + ^- • 

[ C. U. 1876 ] 

The given expression, arranged according to descending powers of 6, 
-6(c-2)+{c*-4c+4) 

Therefore, the required root*" | -c+2. 

Example 2. Extract the square root of |®*+JiJ - i|® + ^ J +12. 
The given expression 

-(*« + i)*-4(® 2 + i + 2) + 1 2 

Therefore, the required root-«*-2+Ji' 
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Example 3. Extract the square root of 
_(a 8 + 6 8 ) 8 .. a b 

o‘+ b*-2 o 8 6 8 + 4 a +b *a-6* 0.1886] 

The given expression 

(a 8 + 6 8 ) 8 . iab (a 8 + 6 8 ) 8 + 4a6{a 8 -6 8 ) 

(a 8 -6 8 ) 8 a 8 -6 8 (a 8 -* 8 ) 8 "" 

of which the numerator H(a 8- 6 8 ) 8 + 4a 8 6 8 f + 4a6(a 8 -6 8 ) 

*= (a 8 - 6 8 ) 8 + 4a6(a 8 - 6 8 ) + 4a 8 6 8 
H(a 8 -6 8 ) + 2a6t 8 . 

.... . (n 8 + 2ffl6-6 8 ) 8 

■ • the given expression *= ' 

Therefore, the reqd. root «= - • 

a 8 ~6 8 

Example 4. Extract the square root of ( ab+ac + bc) 1 - 4o6c(o+o). 

[0.11.1888] 

The given expression 

“lKa + c)+acf 8 - 4 abc(a + c) 

“6 8 (a + c) 8 + o 8 c 8 -2a6c(a + c) 

“ Wo + c) - act 8 * {ab - ao + be) 1 . 

Therefore, the required root-a6-ac + 6c. 

Example 6. Extract the square root of 

a 4 +6 4 +c 4 + d 4 - 2 (a 8 + c 8 )(6 8 +d 8 )+2o 8 c 8 +26 8 d 8 . 

Arranging the given expression according to descending powers 
of a, we have 

a* - 2a 8 (6 8 + d 1 - c 1 )+\b*+ c 4 +d 4 - 2c 8 (6 8 +d 8 }+26 8 d 8 t, 

and the expression within the braces arranged according to descending 
powers of 6, 

- 6* - 26 8 (c 8 - d 8 )+(e 4 + d 4 - 2c 8 d 8 ) 

-6 4 - 26*(c 8 -d 8 )+(c 8 -d 8 ) 8 
H6 8 -(c 8 -d 8 )f 8 . 

Hence, the given expression 

- o 4 - 2a 8 (6 8 - e 8 +d 8 ) + (6 8 - e 1 + d 8 ) 8 
Ha 8 -(6 8 -c 8 + d 8 )t 8 

■*(a 8 -6 8 + c 8 -d 8 ) 8 . 

Therefore, the required root “a 8 -6* +-e 8 -d 8 . 
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Example 6. Find the square root of 

4)(a a - b*)cd + a«c* - d a )\* + l(a 8 - i a Xc* - d‘)~ iabcdW 

The given expression 

- 4{(a a - 5 a )Vd a + 2 abcd{a* - W - d •) + aV(c* - d*) a t 

+ Ka* - 5 a ) V - <i 8 ) a - 8aW(fl’ - 5 8 Xc a - d*)+ 16o*6 Vi 8 l 

- i4(a* - b*)' Vd* + 4a“6 , (c‘ - d a )*t + {(a* - &“) a (c a - d *)* 

+ 16a*6 a c , d , J 

-(a* - 6 a )*{(c* - d‘) t + 4 c 8 d 8 f + 4a»6 a )(c a - d a ) a + 4c a d a | 

- i(a* - 6 s )* + 4a 8 6 a H(c‘ - d a ) t + 4c 8 d a | 

■■(a 1 + 2a*i* + 5*Xc* + 2c a d 8 + d‘) 

«(a a + 6 a ) a (c a + d 8 ) 8 . 

Therefore, the required root“(a a + £> a Xc a + d a ). 

Example 7. Express (®-2aX® _ 5aX®~ 8aX* - lla) + 81a* as a 
perfect square. [ 0. U. 1946 ] 

The given expression 

■ K® ~ 2aX® - lla)H(® - 5aX® - 8a){ + 81a* 

- (m a - 13a® + 22a*X® a - 13a*+40a a )+81a* 

- (jp + 22a a Xp + 40a a ) + 81a* t supposing p - ®* - 13a® ) 

-p a +62pa“+880a*+81a* 

- p a +62po a + 961a* 

“(p+Sla*)* 

■•(® a -13a®+31a a ) a . 

Example 8 . For what value of ®, will the expression 9®* +12 ®* 
+ 4fle a + 30® + 45 be a perfect square ? 

9®» + 12* a + 46* a +3Q*+45/3® a +2® + 7 
9®* ( 

0® a + 2*"\ 12®“ +46® a 

/ 12®*+ 4®* _ 

8 « a + 4* + 7\ 42® a + 80® + 45 
/ 42®* + 28®+49 
2®- 4 
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Had there been no remainder the expression would have been a 
perfect square. If See-4 would be equal to 0, there would have been no 
remainder. 

28-4—0, only when ®-2. 
the expression will be a perfect square if ®-2. 

Example 9. What least number should be added to +8aj“ +90®* 
+ 40*+ 15, to make it a perfeot square 7 

®*+8®*+26®*+40®+15 / ®* + 4®+5 

*!__ \ 

2®*+4® 8®*+26®* 

8 ®* + 16 ®* _ 

2®* + 8®+5 \ 10®* + 40®+15 
1 10®*+ 40®+ 25 
-id 

The expression would have been a perfect square, if there was no 
remainder. But the remainder is -10. If 10 is added to it, the 
remainder is 0. Therefore, 10 is the required number. 


EXERCISE 116 


Find the square root of: 
1. 25® V-40®p+16. 


2. 49aV-42a&*® , +95\ 


8. 49a e 6*+126o T 6 f +81a*5*. 4. i®V-*®V+A®V°. 


„ 25a*6* . c* babe* 

6 . —+g- 3 - 


6 . a*+6*+c*+2a6+2ac+26o. 


7. o*+6 , +o , -2a6+2ao-26c. 8. 4a*+5 , +9o*+65o-12ac-4a5. 

9. o 4 +46*+9c*+4a*6 , -6oV-126V. 

10. 4fl*+95*+25c 4 - 12o*5 # +20o*c* - 805*0*. 

u. 12. {*+!)"-*(«- *)• 

U. ^ + i+9(.'+i)+S. 14. JI+ 5 +f + f+l 
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17. ®*+^ + 4(x+ “)+6. 18. -2+a a4,a +a" S4,a . 

10 . a* + 5* + c*+d*-2o(6-c + d)-2tfc-d)-2cd. 

20. (a - £>) 4 - 2(a* +5*Xa ~ 5)*+2(a 4 + 6 4 }. 

21 . a 4 + 6*+c 4 + d* - 2 a a (b a +d a )~ 2 b a (c a - d a ) + 2c*(a* - d a ). 

22. a 4 +2a*-a + l. 

28. 2a*(6 +c)* + 2b a {c + a)* + 2c*(a + b) a + iabc{a + b + c). 

24. Prove that (a:- lK* - ~ 3)(*- 5Xz- 7) +16 is a perfect square. 

[ C. U. 1941 ] 

25. For what value of x will the expression a; 4 +6x 8 + llx* + 3i + 31 

to a perfect square 1 [ C. U. 1927 ] 

26. For what value of a will the expression 4a: 4 - 12a 1 * + 25a:* - 24a: + a 

tooome a perfect square ? [ A. U. 1948 ] 

27. Find the least number to be added to a- 4 - 6a; 9 + 13a: 8 - 12a: +1, 

so that the sum may be a perfect square. [ C. U. 1915 ] 

28. tinder what condition a:* +px + q is a perfect square ? 

[ G. U. 1951) 

211. The ordinary method of finding the cube root of 
a compound algebraical expression. 

Evidently, we have ( ax * + bx + c) B 

-(oa;* + te) 8 + 3(oa:* + bx) a c + 8(oa:* + bx)c * + c 8 
“ o 8 a:* + 3(a*a; 4 X&») + 3(ax a Xbx) a + (bx) e 

+ 3(aa:* + bx) a c + 3{ax a + bx)c a + c*. 

Hence, if we are asked to find the cube root of the above expression, 
we see that we have the following means of discovering successively, the 
several terms of the root: 

The first term of the root, viz., ax a , is evidently the cube root of 
the first term of the given expression, which is o 8 * 8 . 

If we subtract o 8 a: 8 from the given expression, the term containing 
the highest power of x in the remainder is 3(a*a; 4 X5a:), equal to three 
times the square of the first term of the root info the second term ; the 
second term is, therefore, discovered. 
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If from the above remainder we now subtract {3(a*a!*) + 3(ax a )(bcij 
+ {bx) a \[bx), the second remainder is 3[ax* + &r)*o + 3(oa;*+6a;)c , + o® f 
the term containing the highest power of x in this remainder is So** 4 * 

equal to three times the square of the first term of the root inio 
the third. 

Hence, the third term is discovered. 

If from the second remainder we now subtract i3(aa;*+6*)* 
+ 3(as s + 6ar)c + c*}c, nothing is left and we obtain the required root 
- m ax* + bx + c. 

Let us illustrate the process by an example. 

Example. Find the cube root of 

®" - 6rr*v + 2 ix*y a - 56x B y t + 96a;*p* - 9 6xy $ + 61p®. 

The given expression stands arranged according to descending 
powers of x ; we need not, therefore, change the order of the terms. 

The first term of the cube root*the cube root of the first term ol 
the expression*"cube root of sc®**a:*. 

The second term of the root, viz., - 2xy as shown on the next page, 
Is obtained by dividing - 6x*y by 3*® (*.«., three times the square of the 
first term). 

Then the divisor, 3a;* - 6a;*y + 4a:*y a , is formed as shown on the 
next page, 

The product of this divisor by (-2a^), viz., -6x‘v + l2x*y t -8x B v t , 
is now subtracted from the expression whioh stands above it and the 
remainder is put down below the line. 

Now, take three times the square of the part of the root already 
obtained and put down the result, 3a;* - l2x B y + 12a; 2 v*, as part of 
a divisor. 

The third term of the root, viz., iy a , is obtained by dividing 12**y*, 
the first term of the remainder, by 3a;*, the first term of the divisor. 

The complete divisor is then formed as shown on the next page, 
and the product of this divisor by the third term of the root is sub* 
Sraoted from the expression which stands above it. 

As a® remainder is now left, we find the required root 

-x a -2xy+iy a . 



—6ac*v+3 4x*y 


I> 

I + 

M 



m 



X 


X 

CO 


e 
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CO ■ 
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I 



I 

« 


3 


.**9 +1*396 - »*s®96 + «*i®8* - »*9I + ,*®*S - + *,sfct - 
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EXERCISE 117 


Find the cube root of: 

1. ®* + 27®* + 243a + 729. 

2. 27®* - 216®* + 576® - 512. 

3. 64a® - 144a*5 + 108af>* - 276 s . 

4. 33®* - 36®+® B - 63®® + 8 - 9®* + 66®*. 

6. 8®* + 12®‘-30®*-35®* + 45®* + 27®-27. 

#. 1 - 9®® + 33®* - 63®®+66®® - 86® 10 +8® 1 *. 

7. c® - 63c*®* + 8®® - 9c B ® + 66c*®* - 36c®® + 33c*®*. 


CHAPTER XXXII 
RATIO AND PROPORTION 

Ratio 

212. Definitions. The ratio of one quantity to another of the 
same kind is defined to be the abstract number (integral or fractional) 
whioh expresses what multiple, part or parts, the former is of the latter. 
Thus, 

sinoe 2 hours is a portion of time whioh is three times as large as 
40 minutes, the ratio of 2 hours to 40 minutes *■ 3 ; 

sinoe a length of 25 centimetres is a fourth part of 1 metre, the 
ratio of 25 om. to 1 metre -i ; 

sinoe the Bum of £1. 4s. is obtained by dividing 18s. into 3 equal 
parts and taking 4 of suoh parts, the ratio of £1. 4s. to 18s. ■" I; 

and so on. 

Hence, it is olear that the ratio of one concrete quantity to another 
(of the same kind) is a fraotion, of which the numerator and deno¬ 
minator are respectively the measures of those quantities ( referred to one 
and the same unit) ; and the ratio of one abstract quantity to another is 
a fraction, of which the numerator and denominator are respectively the 
quantities themselves. 

The ratio of any number a to any other number b is usually 

expressed by the notation a : b; thus, a : b is the same as | • The 

quantities a and b are respectively called the antecedent and the 
consequent (or the first term and the seoond term) of the-ratio a : b. 
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A ratio is called a ratio of greater inequality, oi less inequality, or 
of equality, according as it is greater than, less than, or equal to 1, 


Note. Since a ratio is only a fraction, there is no difficulty in seeing that tht 
value of a ratio remains unaltered if its terms be multiplied or divided by the same 
number. Thus, the ratios 3:4, 6:8, 15 : 20 and 3 n : in are equal to one another. 
Bence, also two or more ratios can be easily compared with one another by reducing 
them to ratios with the loioest common consequent by multiplying both the terms by 
the same number ; for instance, the ratios 2:3, 1:5 and 7 : 10 feeing respectively 
equivalent to 20 : 30, 21: 30 and 21 : 30, we see at once that the second of them is the 
greatest and the first the least. 


213. A ratio of less inequality is increased and a ratio of 
greater inequality is diminished, by adding the same number to 
both ita terms. 

Let j beany given ratio, and let be the now ratio formed 
by adding x to both its terms. 


Then, 


a + x _ a i _x(h—a) i 
b+x b l(b + x) 


and, therefore, it is positive or negative according as a is less or greater 
than b. 


Hence, if o < b, f±J > f 1 and if a > b, jjj < J- ! 
which proves the proposition. 

Not*. Bimilarly, it can be proved that a ratio of less inequality is diminished 
and a ratio of greater inequality is increased by subtracting from both its terms any 
number which is less than each of those terms. This is left as an exercise for the 
student. 


214. Composition of Ratios. The ratio of the product of 
the antecedents of any number of ratios to the product of their conse¬ 
quents is called the ratio compounded of the given ratios. 

Thus, the ratio compounded of three ratios 

^ : 4, 8:9, 2a;: 3y 

is 3 * 8 x 2x : 4x9*3#, or, ix : 9y. 

When the ratio a : b is compounded with itself, the resulting ratio 
a* : b* is called the duplicate ratio of a : b. Similarly, a* : b 8 is called 

the triplicate ratio of a : b ; a* : $ is called the sub-duplicate ratio 

of « : 6; and ; $ is called the Bub-triplicate ratio of a: 6. 
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215. Approximate values of Ratios. If a is very small 
aompared with a, to show that the ratio [a + x) a : a* is approximately 
the same as a + 2* : a. 


We have 


n 8 


a a + 2ax + x a 


2a ^ x* 
a 


and approximately, =! + --' 

CL 

since ^ | which = ® x ^ J is very small compared with and smaller 
still than 1. 

Thus, approximately we have 


_ i + 2»_o + Sfcr, ... (i) 

a® a a 

Cor. From (1), we have Hence, ii x is very 

v d O’ 


small compared with a, wo have 

s/a+x : Ja=*a+ix : a. 


Note. By a similar mode oj reasoning it can be shown that when z is very 
•mall compared with a, (a+x)' : a‘ = a+3x : a; (a+x)‘ : a <= a + 4x ; at 

(a + *)^ : a^-a+ix : a ; and so on. 

216. Incommensurable Quantities. II two quantities be snob 
that their ratio cannot be exactly expressed by the ratio of two integers, 
they are said to be incommensurable quantities. Thus, JB and 2 are 
incommensurable quantities, sinoe no two integers can be iound whose 
ratio is exactly equal to J3 : 2. 

Although the ratio of two incommensurable quantities cannot be 
exactly expressed by the ratio of two integers, we can always find two 
integers, however, whose ratio differs from such a ratio by as small 
a quantity as we please. 

For instance, ^ ” 1 73205...... = -gggQfi. 

, .. , ^3 . 86602 , ^ 8660 3 . 

and therefore, 2 > ^qqq and < 10 <)000 ' 

thus, J3 : 2 differs from either 86602 : 100000 or 86603 : 100000 by even 
less than a hundred-thousandth part of unity. A further approximation 
might evidently be arrived at by calculating the value of -J3 to more 
places of decimals. 

Note. Any number which cannot be exactly expresssd as the ratio of two whole 
numbers is also Mmstimss called incommensurable, From tMa point of view every 
surd it an Incommensurable quantity. 
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Example 1. Two numbers are in the ratio of 2 to 8, and if S 
be added to each, they are in the ratio of 3 to 4. Find the numbers. 

Since the numbers are in the ratio of 2 to S, evidently we oan 
represent them by 2x and 3a; respectively. 

Hence, by the second condition, we have 
&r+9 3 
3a:+9“ 4 ' 

Hence, 8a;+36 - 9a; + 27, whence x - 9. 

Therefore, the numbers are 18 and 27. 


Example 2. What is the ratio of x to y, if 
10a:+3y : 5a:+2y-9 : 5 7 


We have 

5 oa;+2y 


»•;+» 


Hence, 


46-^ +18-60*^+15. 
V V 


3 

5 ' 


Example 8. Which is the greater (x and y being positive) 
as*+y*: aj’+y", or, a:*+y*:a;+y? 

We have _ W*+ x a y -2r*y * m , xy(x-y)* , 

6 x*+y a x+y (»*+y s X*+p) (a;*+y*X®+y) 

whioh evidently iB a positive quantity, since (a;- y)* is positive whether 
x is greater or less than y. 


Hence, ar*+y* : a;*+y* > ®* + y®: a;+y. 

Example 4. What number must be added to eaoh term of the 
ratio 4 : 7, that it may become equal to 7:8 7 

Suppose the required number is x. 

Therefore, from the given conditions, 

4+»_ 7 , 

7+*“ 8 

or, 32+8a;-49 +7a;, 

or, a;-17. 

17 is the required number. 
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Example 6. Two armies number 11000 and 7000 men respectively i 
before they fight, each is reinforced by 1000 men ; in favour of whiob 
army is the increase ? [ 0. U. 1879 ] 

The new strength of the 1st army : its original strength 

-12000:11000-12:11, 

whilst, the new strength of the 2nd army : its original strength 
-8000 : 7000-8 : 7. 

Now, sinoe 12:11-84 : 77, 

and 8 : 7 -88 : 77, 

it is dear that 8 : 7 > 12 :11. 

Thus, compared with the original strength, the new strength of the 
•seoond army is greater than that of the first. 

Henoe, the increase is in favour of the second army. 

EXERCISE 118 


Which is the greater : 

1. 4 : 6 or 7: 8 ? 2. 7:10 or 11:14? 3. 9 : 5 or 13 : 8 ? 

4. 22 : 27 or 32 : 45 ? 5. 28 : 39 or 49 : 65 ? 

Find the ratio compounded of: 

6. a : b, b: o and c : d, 7. 3 : 6, 7 : 9 and 15 : 28. 

8. a+x ; a-*, a*+®* : (a+®)* and (a*-E*)* : a 4 -® 4 , 

9. 16 : 5, the triplicate ratio of 6 : 4 and the sub-duplicate ratio 
of 9 : 4. 

10. 25 :18, the sub-duplicate ratio of 81: 49, the triplicate ratio of 
2: 8 and the duplicate ratio of 7 : 5, 

11. If 2«+5y : 8®+5y-9 :10, find ® : y, 

12. If ® : y—8 : 4, find the value of 5®+9y : 16*+-6y. 

13. Two numbers are in the ratio of 7: 8, and their sum is 135. 
Find the numbers. 

14. Find two numbers which are in the ratio of 6 : 8, and whose 
difference is 34. 

15. Two numbers are in the ratio of 4:5, and if 7 be added to 
each, the sums are in the ratio of 6 : 6. Find the numbers. 

16. Two numbers are in the ratio of 7 :9, and if 10 be subtracted 
from eaoh, the remainders are in the ratio of 8 :11. Find the numbers. 

17. For what value of ® will the ratio 28+«: 19 + ® be equal to 2 ? 
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18. What number must bo addod to oaob term of the ratio 35 : 37, 
that it may become equal to 5 : 6 ? 

19. What number must be aided to each term of the ratio 29 : 38, 
that it may become equal to 4 : 7 ? 

20. What quantity must be added to each of the terms of the ratio 
a : b, that it may become equal to c -. d ? 

21. Show that if a > x, the ratio a*-®* : a*+a; s is greater than 
the ratio a-x : a+x. 

22. Show that the ratio a i + b i .a+b is less than the ratio 
o*-h‘: a-b. 

Find approximately the values of: 

23. (226)': (225) 8 . 24. V(3546): n/(3542). 

25. A, B, C are three school boys getting monthly allowances of 
Es. 15, Es. 20 and Es. 25 respectively ; out of these amounts they respec¬ 
tively spend Es. 8j, Es. 11} and Es. 151 per month. Which of them 
is the most frugal ? 

Proportion 

217. Definitions. Four quantities are said to be proportionals 
when the ratio of the first to the second is equal to the ratio of the 
third to the fourth. Thus, a. b, c, d are proportionals, if a:b~e:d. 
This is often expressed as a \ b :: c ; d and is read 'a is to b as o is to d'. 

The terms a and d are called the extremes and the terms_ b and o, 
the means. The term d is also called the fourth proportional to 
a, b, c. 

Three or more quantities are said to be in continued proportion 
when the first is to the second as the second is to the third, as the 
third is to the fourth ; and so on. Thus, a, b, c, d are in continued 
proportion, when a \b~b c = c \ d. 

If three quantites, a, b, c are in continued proportion [a : b : : b: e), 
then b is called the mean proportional between a and c, and c is called 
the third proportional to a and b. 

218. If a : b :: c : d, then will ad~bc. 

Since, ;-|- 

multiplying both sides by bd, we have ad^kc. 

Thus, if four quantities are proportionals, the product of the extremes 
it equal to the product of the means, 

[ Conversely, 11 ad = be, then a : 6 :: e : d. This Is obvious by dividing both 
sides ol the equality by bd. ] 
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Cor. If a : b :: b : c, then ac-b* ; if three quantities are in 
continued proportion , the product of the extremes is equal to the square 
<of the mean. 

Note. From the result above established we can at once find a third proper- 
NmmI to, or a mean proportional between two given quantities as well as a fourth 
proportional to three given quantities. 

Example 1. Find a third proportional to 6, 8. 

Let x be the required third proportional, then 

6 , 8 , 

8 x 

or, 6as«64; ir“V“10i. 

Example 2. Find a fourth proportional to 4, 6, 8. 

Let x be the required fourth proportional, then 

i-8. 

6 x 

or, 4*=48; a;“12. 

Example 3. Find the number that must be added to each of 8,11,, 
16. 21, so that the sums are proportional. 

Let x be the required number, then 
8 +x 16+®, 

11 + x “21 + * 

or, (8 + a?X21 + x) “ (16 + a;Xll + a?), 

or, a;* + 29a: +168“ a:* + 27a:+176, 

or, 2a: — 8 ; ® = 4. 

Note. In example 3, if, ‘what number must be deducted' was the question, the 
aquation should have been framed with - x in place of x, 


EXERCISE 119 
Find a third proportional to : 

I. 9.6. 2. 8,12. 3. 6, 16. 4. 16, 24. 

Find a fourth proportional to : 

5. 6,8,16. 6. 14,24,36. 7. '0014, 1'4, 02. 

Find a mean proportional between : 

8. 4,9. 9. 7,28. 10. 6.64. 

II. What number must be ad led to eaoh tf 4, 7, 8,12. so that the 
annul will become proportions! 7 
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12. What number must be added to eaoh of o, b, m, ft. so that the 
Sums will become proportional ? 

18. What number must be deduoted from eaoh of 8, 10,17, 22, BO 
that the differences will become proportional ? 

14. Wbat number must be deduoted from eaoh of a, b, m, ft, so that 
the differences will become proportional ? 

219. If a : b :: b : c, then a : c :: o 2 : 6*. 

For * l “o' -b'c 

Thus, if three quantities are in continued proportion, the first it to 
the third in the duplicate ratio of the first is to the second, 

Note. Similarly, if a : 6=6; e=e: d, it can be easily proved that a ! d**®‘ ! 6‘, 
which is left as an exercise for the student, 

220. If a : b :: c : d, then b : a:: d: c. 


a „ b _ a * a . 
b c b b 


or, 


a 

c 


■V 

b 8 


For, 


a 

b 


,«■ 

d 


!+! 


, b d 
whence, - *■ — 
a c 


Thus, if four quantities be proportionals, they are alto proportionals 
when taken inversely. 

This operation is called Invertendo. 

221. If a : b :: c : d, then a : c :: b : d. 


For - f-i 1 

a 


-■ 

bode 


or, 


a 

c 


b 

' d' 


Thus, if four quantities be proportionals, they art proportionals 
when taken alternately. 

This operation is called Alternando. 

222. If a : b :: c : d, then a+b : b :: c+d : d. 

For, 


a 

b 






or, 


a±b m e±d' 
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Thus, when four quantities are proportionals, the first together with 
the second is to the second as the third together with the fourth is to the 
fourth. 

This operation is oalled Componendo. 

223. If a : b :: c : d, then a — b : b :: c — d : d. 


For, 



or, 


a-b 

b 


<y-d 

cT‘ 


Thus, when four quantities are proportionals, the excess of the first 
over the second is to the second as the excess of the third over the fourth 
is to the fourth. 

This operation is oalled Dividendo. 

Cor. If a : b :: c : d, then a : a-b :: c : c-d. 


_ a—b c-d 
For ' 

Henoe, 

a—b b c—a 


inversely, 


b 

a-b 


d 

c-d' 



or, 


a m _c _ 

a-b c-d 


Thus, when four quantities are proportionals, the first is to the 
excess of the first over the second as the third is to the excess of the third 
over the fourth. 


This operation is called Convertendo. 


223A. If a : b :: c : d, then f 


Sinoe 


a _ o , ■ 

b d 
a+e m b+d 
c d 
a+e £ 
b+d d 
a _c m a+c 
b d b+d 


a _ b 

o " d 


[ Altemando ] 
[ Oomponendo ] 

[ Altemando ] 


Similarly it oan be proved that 
a c g-o 

b d b-d 

And | ■> | ..• OAoh of the ratios - 

This operation is oalled Addendo. 


a+o+«+p+— 
b + d+f+h+— 
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224. If a : b :: c : d, then a+b : a-b :: c+d: c-d. 

From Art. 222, - (1) 

From Art. 223, 1 —- ••• (2) 

Hence, dividing (1) by (2), j = c ~^ 
a-b c — a 


Thus, when four quantities are proportionals, the sum of the first 
and second is to their difference as the sum of the third and fourth is to 
their difference. 


This result is often spoken of as Componendo and Dividendo. 

Note. The result proted in this article is of great use in solving a certain clast 
of d?nations. This will be illustrated in some of the following examples, 

Example 1. Solve 

■Ja + x- Ja-x 

By componendo and dividendo, we have 
2 Ja + x 6 + 1 


2ja-x 6-1 


ry • X + X /& + l\* 6* + 

Hence, squaring, " 

Again, applying componendo and dividendo, 


6*+ 26 + 1 
26+!' 


2a 2(6* +1) 
2x“ 4b 


or, 


.-. x(6 E + l) = 2a6. 

Example 2. 


r, , 1 - ax 

Solve ,-v— 
1+ax 


V l + bx . 
1-bx 1 


We have 


/i+] 

V i-^ 


■to „ 1 + a x 
•to 1-ax 
Hence, by componendo and dividendo, 
1 l + a a x*. 

. ■ —-- I 


a ,- 6 “ + ! 

x 26 

, 

* 6 s + 1 


l + 6x_ l+2ax+a a x a 
l-6x l-2ax+a*x* 


to 2ax 
6d + a*x*)«2a, 

-MV 1 - 


or, 


2a 


- 1 . 



XXXII, ] 


BATIO AND PBOPOBXION 


438 


Example 8. Find the value of -—^ when tr- • 

a-aa a -m a + b 

[A. U, 1892] 

From the given relation, we have 

2a a + b ana 2 b a + b 

Hence, by componendo and dividendo, 

a + 2a a + 36, , a + 2o 3a + 6 
a-2a b-a x-2b a-b 

Henoe, the given expression 

= “ (* + 3b) ,3 a + b _ 2(a — b) — „ 
a~b a-b a-b 

Note. For a different solution of this example see Art'. 171, Ex. 8. 

Example 4. If (a + 6+c + dXa- b—c + d) 

“‘[a-b+c-d\a+b-c-d), show that a: b :: c : d. 

From the given relation, we have 
a+6+c+d _a —b + c — d t 
a+b-c-d a-b-c+d 

Hence, by componendo and dividendo, 
a + b _ a-b. 
c+d c-d 

[Altemando]; 

a—o c—a 

wbunoe by a second application of oomponendo and dividendo, 
a c 
b " d' 

Example 5. If show that 

a® - 3ma®+8a - m ** 0. 

From the given relation, by componendo and dividendo, we have 


a+ 1 m \lm +1 _ m+1 m (a+1)* _ a* +8a*+8«-f l 

a-1 \!m -1 ' m-1 (a-lp a*-3a* + 8a-l 


Henoe, by a second application of oomponendo and dividendo, 

, t» *!+ 3a . 

we have l 3a*+l ’ 

»»(8a t +l)-a , +3a, 
whence, a’-3ma , +3a-w-0. 
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EXERCISE 120 


Solve the following equations : 


, x+y m 1 « 3»-6y_l « w-ffl , jL 

!• x -y l • 3s+6y 4 ■ ' 6«+7» 7 

2 te + 3y=36 J 4®—9y —19 8®-5 y-18 

ln — r\ a tl + X ~ 2®+ J4x a ~l_, a 1“ Jl~X _ 1. 

*• “C+9 6 - i.- * *' i+ ./Fi a 

[ 0 . U. 1886 ] 

_ J36®+ 1 + V3 6®_n a 1 + ®+®* 62 1+b . 

7 ‘ </36®+l-V36® ‘ ‘ 1 -g+g* 631- g 

. J6+ J5-® r 4 a o+®+ Ja a -x a _ 6 . 

»• J5-J6-~x 5 - 10 - a+x-Jctt x 

- la - (a* - a®)^ _ ^ 
a*+{a-(a*-a®)^ 

Prove that a: 6 :: c : d 
11. If(a+36+2c + 6dXa-36-2c+6d) 

-(a- 36+2c- 6dXa+36- 2 c- 6 d). 

18. If (2a+6+4c + 2dX2a-6-4c+2d) 

—( 2 a—6+4c— 2 dX 2 a + 6 —4c— 2 d). 

“ 11 - •>.owB». 8to --^ +S a-o. 

». ii*- ^+73' 6 “ 1 “» ,,Jue 01 1 -;' 8 + *~ 

225. An Important Theorem. If f “ J “ J' ttien ot 

these ratios- p, q, r, n are any quantities 

whatever. 

Supposing eaoh of the given ratios-k, we have a- 6 k. o-dk, s-/k. 
Hen0e ' M«-|fdkP-?d"'.k" 1 .'. pa*+flo»+r-(p 6 *+?d"+r/")k"; 


9 5®-7y ri 1 

*• 5®+7y 7 


2®+ J4®«-1 _ 
2®- 7te*-l" 


6*+7v 7 
3®-5y-18 ' 

* 1- 1 
6 ‘ l+*/l^35 » 


l+g + g 1 _ 62 1+® 
l-®+®* ,, ’631-e 

o+®+ Ja*-x * _ 6 
a+e- ja a —x a a 


these ratios 


/ pa*+oc"+rc n \ ’ 

\p6* + gd»+r/*/ 


where p, 0 , r, n are any quantities 


s, po"— p(6k)*—p6".k* ) 
0c" -qldkr -0d".k" 
r«*-r(/kr-»■/*.k* ' 


, ,, Bs *+gc"+ rc" . - . . I pa~+qe ’+r«T 

whence, k ' ‘ * lp6*+0d*+j/*/ 

which proves the proposition'. 
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Cor. As a particular case, if p, g, r, ft be each equal to 1, we hare 
each of the given ratios 

Similarly, giving different sets of values to p, C, r, » several parti¬ 
cular oases may be at once deduoed. 

Note. What it provtd about for tkfn equal ratios is obviously true for os V 
number of equal ratios, namely, If then 

D] D| D| Op 

eaoh U equal to ( fev * ' th * Mme rtatoMn > b ** t 

\k t b, +k,b, +k,b, + — + kpb, / 

applicable to all casts. It is always a very good extrcise for the student, however, 
to work out independently every fresh example of this close, applying the mode 
of demonstration illustrated above. Hence, an exercise is added below with e 
recommendation to the student that he should find the result in each ease without 
using the formula established ia (Ms article. 

EXERCISE 121 

If ® ^ 1 prove that eaoh of these ratios is equal to : 

< o-c+e - g+3c-5< . 5a-7c-18a , ka+le+m . 

1> b-d+f Z • b+3d-ttf’ *■ 5b-7d-13f kb+ld+m/ 

[ 0. D. 1876) 

„ /a* + c* + « s l i - la'-W + Se*^. „ ,/ a , +e , +«\ 

*• \b*+ (!*+/*) ' U»-2d , + 8/V ’ •Jb'+d’+jr 

[C. D. 18881 


If “ - ® ® prove that eaoh of these ratios is equal to : 

a / a- 1 + <T 1 +c- 1 + o- 1 \- 1 „ * /a* - 2c* + 3a* - 4g r 

“■ \ b-' + d-'+r^ + h- 1 / V 6*-2d*+ 3/*-41.* 

in // 3a- a -7e-‘ -8T a + 15g-» \-* 

v \36 _ * - 7d~* - sr*+ 1 sr */ 

226. Miscellaneous Examples. 

Example 1. If ®: y :: m* : j»\ and 

mini: Jp*+x* i Jp*-v*> then p* :wvn »+v : *“»• 

_ . e to* p*+®* 

We have - « , “ a—« ■ 

y a* p*-v® 

«C*r*—If*)—»(*>*+«■) 


[Art. 218 ] 
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or, p M [x-y)-xy(x+y ); 

• P* ; [ A,.),, 218, Converse ] 

xv x-y 

«.«., p a : xy :; x+y : x-y. 


a 

b 


c 

d 


Sinoe, 

end, therefore, each of them 


Example 2. If a : b :: c : d, show that 

ma+nc:mb+nd:: (a 2 + e 2 )^: (6 2 + d*)^, 
ma^ ne t 
mb nd 

'tn a + n c 
mb+nd 

... a c . a 2 P 

Again, since b d ‘ •• p“p’ 

a* + c* 

and, therefore, each of them “p+^s 1 

. ma + nc ma 4 

Thus, we have mb+nd mb b 


[0. C. 1880] 


and 


a* + c“ 


a* 

'b* 


[ Art. 226 ] 


[ Art. 225 ] 


b a + d a 
Henoe, from (l) and (2), 

+ ”!? — ~ a + C which was to be proved. 
mb+nd ( b , + d »)t 


( 1 ) 

( 2 ) 


xamp e . [b-cXb+c-2a)“(c-a){c+a-%) . (a-b^a + b- 2c] 

find the value of x + y + e. [C. D. 1888] 

Let each of the given ratios “Is. 

Then, x “ W> - cX&+c -2a) “ k\{b a —c 2 ) - 2a(£>—i)t, 

y—k{c- aXc + a - 26 ) - k\(c a - o 2 ) - 26(c - a)t, 
s “ k(a ~ feXa + b - 2c) * k\(a a - b*) - 2c(a - b)\ 

Hence, x + y + * “ k[\[b a - c a ) + (c 2 - a 2 ) + (a 2 - P)t 

- 2)a(6-c) + 6(c-o)+c{a- 6)]] 

- 0 . 

Example 4. I{ ahow |hftt JL - 9 - * . 

coo a b o 

Let eaoh of the given ratios’•He. 

Then, we have (ay - i«)c - itc*, 

(cx-at)b—kb a 

{bt-cyh-ka* 
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Her oa, by addition, 

fc(a 8 + 6 8 + c 8 )«0 . . *-0 

Hence, ay-bx^O ay*bx. ••• (1) 

a b 

also, c*-az”0. oaj—az. - “ - • ••• (2) 

a c 

Hence, from (1) and (2), 

CL 0 C 


Example 5. If I m ' b - • then will 

oca 

(a-d) 8 -(6~c) 8 +(c-a) 8 + (d-6) 8 . 

From the given relations, we have 

(i) 6 8 -ac ; (ii) c 8 = od; (iii) bc=*ad. [ Art. 218 ) 


Now, (6 - c)* + (c - a)* +{d- 6) 8 

- (6* + c 8 - 26c) + (c 8 + a 8 - 2ac) + [d a + 6 8 - 2bd) 

- 2( b* - ac)+ 2(c 8 - bd) + a 8 + d % - 26c 

—a 8 + d 8 - 26c [ from (i) and (ii) ] 

—a 8 +d 8 -2ad [from (iii)] 

"(a-d) 8 . 

Example 6. If a : 6:: c : d, show that 

4(a+6Xc + d)«6d{ a £ 6 + ^i}‘- [0. D. 1874 ] 


Since, f-J. 


o+6 c + d . 
b " d ' 


[ oomponendo ] 


clearly, therefore, ® ~ b + c -~ + 

Hence, (“+-* + « + d\ 8 _2(a + 6) * *fi+d) 

I b a ) b a bd 

6d {^ + ^}‘-4(o+6Xc+ d). 
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Henoo, (i) and (ii) ^-£r~ 

Multiplying together (i) and (ii), we have 


a* + h*. p* + o“ . 




Example 8. If m : n :: p : q, prove that 

fe =* s =*>-(»+«)-a+rt 


We have 


alternately, - ™ - 


[m-nAm-j 

m 

m m f> . 
n “ q ' 

» . 

P S' 


w-n .p-8. 
n « 

w-P„n-g i 


Hence, 


Im-nAm-i 




[0. D. I860] 


['•' np-mg ] 


■ M-tCTWit g [ 

-(m+«)-(n+p). 

Example 9. I* f " ~ "" | ’ show that 

(a , +h , +c g Xh , +c*+d*)-(o6+6c+cd)*. [ 0. 0. 1887} 
Let eaoh of the given ratios "■it. 


Then, W-a* | fe*(6 , +c a +d a )-a*+6*+e*; 

k*c* m b 1 [ , g a i + h i +o 1 . , , 

also, kb-a\ .\ kb*-ab) Hb t +c , +d*)-ab+be+od ; 

ltc-6; kc*-bc ) . ,._a& + he + ed 

M-o; fcd*-cd) •• k p+ct+d? ”* (2) 

Henee, equating the value of i* from (1) and (2), we have 
a*+fc a + c 1 [ah+ha+DtiP . 
b*+o*+d* (6 a + o a + d*) a ’ 

• ia*+b* + c a X&*+o*+ d*)-{ab+be+od)*. 


also, kb-a ; 
ic-h; 
M«e; 


kb*—ab 
ko*—bc 
kd* m cd. 
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Example 10. If ^ ™ ^ ■ j 1 show that 

J(a + c + e)(b + d+f) - (o&)*+(ed)* + («/)*• 
Let each of the given ratios “* h. 


Then, a-66 i 
c-dfc 
e-fk ) 


o+c+e“i(6+d+/)! 

(n + c + eXft + d+/)—Mfe+d + Z)’' ; 


J(a + c+e){b + d+f) w ‘(b+d+f) Jk. — (1) 


Also, we have o6«6*i 
cd“d*6 
ef-f‘k 


(abfi“bjk 

(cdfi-djk 

[erf-fJk 


(o bfi + [cdfi+[effi’ m (b+d+f)Jk. “ (2) 


Hence, from (l) and (2), 

J(a +o+ efb+d+J) - {abfi +(cd)*+(«/)*. 


EXERCISE 122 

If a be the greatest of the four quantities a, b, e, d and if 
a ; 6 :: e : d, show that: 

1. 6 and e are each > d. 2. a—6>c — d, 8. a+d > 6+o. 
If a: b:: e : d, show that: 

4. ma+nb : b :: me+nd : d. 

5. mo+«6 : mo+nd :: pa-qb : pe-qd. 

0. a : b :: o+c : b+d. 7. o* : 6* :: o*+c* : 6*+d*> 

8. o“+c* : 6*+d* :: ao: bd. [C. U. 1877] 

». (a-c)* :(6-d) 8 -o*:6*. 

10. (o+o)* ite+d^-ato-e) 1 : 6(6-d)». [ 0. U. 1888 ] 

11. o*+6* : o*-*6*“OC+6d : ao—bd. 

12. o(o+c): o* :: 6(6+d): d*. .13. c: d*" > /a* + o* : V6* + d*- 

14. o+6: c+d“ s/a^+h* : ^c* + d*. 

15. o+6: c+d:: Jtot+W* : */8c* + 5d*. 

18. o*+o6+6* : a*-o6+6* ::c* + cd + d* : c*-cd+d*. 

17. o*+oc+c* : o , -oc+o # :: 6*+6d+d* : 6*-6d+d*. 
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[ 0. U. 18TR ] 


27. If 


find the value of 


If a : 5“C : d“« : f, show that 

1*. • [ 0. U. 1876} 

mc+nd d a a 

19. ac:bd\: 2a a + 3c a + 5e a : 2b a + 3d a +5f a . 

20. a a + c a + e a : b a + d a +/* :: ce \df. [ 0. U. 18TR ] 

21. pa + qc + re : pb + qd+rf:: "Jace : Vbdf. 

22. o* : b a :: ao+ce + ae : bd + df+bf. 

23. a. a + c B +e a : b* + d a +f* : ace \ bdf. 

24. Ja a c a + c V + aV : Jb a d a +dT + b a f a :: ace: bdf. 

•R +c g +e a ab + c d+ef 

ab+cd+ef~b a +d a +f a ' 

26. If a, 5, c, <2, e be in continued proportion, show that 

o : e :: a 4 : 6*. 

27. If , - , v , — f—■ find the value of 

o+c-a c+a-6 a+o-c 

(6-c)s+(c-o)» + (a-6k t 0. U. 1878 1 

28. If a : b :: c : d, prove that 

a* + c* : b a + d a :: Ja*+c*: Jb‘ + d*. 

29. If a, b, c, d be in continued proportion, prove that 

(i) a + b : c + d=a a + b a + c* : b a + c* + d a . [0. U. 1939} 

(ii) (a a -b a )(c a -d a )Hb a -c a ) a . [ 0. U. 1943 ] 

(iii) (a + 6Xc + ^)=(6 + c)*. ' [ D. B. 1934 } 

30. If a : fc-e: <2»e show that 

27 (a + &Xe+iXa+/)-W/ (“p + 'Ltd + e+/j’. 

81. If a : b :: c : d, show that ad + bc: 2 bd :: a* + c* : ab + od. 

32. If a : b :: c : d, show that 

o* + 6* : ab+ad — bc :: c* + tZ* : cd — ad + bc. 

Ita:b::b:c, show that 

83. a* + ab + b a : 6* + 6c + c® — a : c. 

84. a-2fe+c-^-^. 


t 0. U. 1878 ? 


27 (a + b)[c+dte+f) = bdf («+_ i + c ±d + e+/|” 


86. a*6*c®+ -\-j -a 8 + b a + c*. 


If a : b-b : c-o : d, show that 

16 . (6+cX6+<f)“(o+flXc+d). 37. (o+dX6+e)-(a+oX6+d)—(6-e)*, 


(a-b.a-c\ 


ld-b.d-c' 
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39 . 

40. 
II. 
42. 







a: d:: o*+6* + c* : 6® + c B + d B . 

lia\b\\c\d, show that a* + ab ■. c*+cd \: b*-2ab : d* -2ed. 
If a : b—c : d^e show that 

(o* + b a Y,ce + df )* - (e* + d*){ae + bf)* -■(«* +/ a )(ac+ bd)*. 


CHAPTER XXXIII 

ELIMINATION. MISCELLANEOUS THEOREMS 
AND ARTIFICES 

I. Elimination 

227. If there be two equations involving one unknown quantity, 
they will generally not be satisfied by the same value of it. For 
instance, the same value of x will not satisfy the equations x + 3“7 and 
x + 4“9. But this oannot be strictly said of the two equations k+o“ 7 
and x+ b«9, where a and b have no fixed numerical values ; the appro¬ 
priate remark in this case would be "the two equations will be satisfied 
by the same value df x if 7 - 0*9- b, or, b~ a*2". Thus, if one unknown 
quantity occurs in two equations which also involve ether algebraical 
symbols, there always exists a particular relation between these other 
symbols for which, and for which alone, both the given equations are 
satisfied by the same value of the unknown quantity. The prooess of 
finding this relation is called the Elimination of the unknown quantity 
'rom the given equations, and the relation obtained is called the 
Eliminant of those equations. 

Similarly there may be a question of eliminating two unknown 
quantities from three given equations. For Instance, the three equations 
3 ; + V“ 0 , sb+2i/“&, aj + 3 y“*c, cannot be all satisfied by the same values 
of x and y unless the quantities a, b, c are connected with one another 
In a oertain way, and this connection may be neoessary to investigate. 

A few simple cases of elimination will now be presented to the 
student, calculated to give him a tolerably clear idea of the subject, as 
also to familiarise him with some of the various ways of dealing with 
such questions. 

Example 1. Eliminate x from the equations 
Oiic+di-O, a*®+6*"0. 

From the first equation, we have and from the second 

equation, as* ~ ' 
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Evidently, therefore, both the equations will be satisfied by the 
same value of x if — — > or, oxbg-ogbi. 

flx a a 

Thus, Oi ba “dabi is the required eliminant. 

Example 2. Eliminate x from the equations 

»i!r s + 6ia:+Ci“0, o*»* + h s x + es«0. 

Let a be the value of x which satisfies boil- l ie equations. Tbtn. 
we must have 

Oxa* + fcia + Ci“01 
a*a* + 6»a + c*“0 / 

Hence, by cross multiplication, 

_a*__ a ^ 1 

bxCa~baOi Oifeg — o 1. - 

_s*_ x ._i_(_?. ; 

&iC*-6gCi Chba~dabi — eg',-, 1 

whenoe, ( biC a - baCiXdiba -a*6i)“(cia 8 - CgOi)*, 
which is the required eliminant. 

Example 8. Eliminate x and y from the equations 
OiS+diy+Ci-O j 
Og®+fc g y+c»“0 r 
a»« + & g y+Cs-0 > 

From the first two equations, by cross multiplication, we have 
_*_„ V _L_ ; 

bxCa-baCt CiOg"**cgUi Aitg >>p Agti 

— biCa ~baOi | Ciflg-Cgfli i 

Qiba~ Ctabi ttibg- - Og6i 


If the third equation also be satisfied by these values of x atd y. 
we must evidently have 

**e&**-s 3 £» + *-* 

or, Og(6iCg - baCi )+MciOg - Cgai)+Cg(oi&* - ogii) -0, 

whioh is the required eliminant. 


Example 4. Eliminate e, y, s from the equations 
ox _ by 1 

bu+OM et+ax e+y 2 
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We have 


Alio, 


ax _ 1, 
by+ou 2 

2ax-by+cg, or, SSaa-hy-cs-O. 

M _i. 

cm + ox 2 

Qby—et+ax, or, a®-26y + e*-0. 


( 1 ) 


( 3 ) 


Hence, from (1) and (2), by cross multiplication, we have 


x 


-6c-26c -ca~2ca -4 ab+ab 


x y t 
-36c -3co"-3o6 


or, 


be ca ab 


Supposing each oi these ratios — k, we have 
e-k.6c, y-k.ca, t m k.ab. 

Substituting these values of x, y, s in the third equation whioh is 
2s— x+v, we have 

2k.a6—Jf{6c+ea), or, 2a6- be+ae, 

■■ + b 

e a b 

which is the required eliminant. 

Note. It may b« noticed in this example that the three given equations Boa - by 
—o«-0. ax-iby+ct“0 and Br-e+y virtually involve too unknown quantities 

instead o/ threat for they are. respectively equivalent to Ba^^-b^j-e—0, 
a^J-86 and a “(^j) + (^)' inwhieh the only u riknoum quantities 


are — and 


M. 


H it owing to this disguised character (so to speak) of the three given agnations 
(hat we have been able to eliminate from them the three unknown quantities s, y, «t 
otherwise a fourth equation would have been required for the purpose . 

N.B, The numbtr of equations required to eliminate any number of unknown 
(uantiMn is afi* more than the number of unknown quantities to b« eliminated. 

Example 5. Eliminate ce from the equations 

b , + |-4(o , + 6 8 ), 3* +A"4(a , -6*). 

X w 
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Adding together the equations, we have 

x*+3x+ | +i“8a®, 
x x 

or, (* + ^) “(2®)*- 

x+ ^ “2a, ••• “• (1) 

X 

Subtracting the second equation from the first, we ha\ e 
i*-3s+- --\=8fe 8 , 

X X 6 

°r, (®~ j) ~(2o)\ 

x~l~%. - ( 2 ) 

From (1) and (2), by addition, 

2sc‘“2 (a + b), or, x^a+b; 

2 1 

and by subtraction, “2(a-6), or, - “a- b. 

x x 

Hence, (a + 6)(a- A)=® * —"l. 

x 

Thus, a“ - b? “ 1 is the required eliminant. 

Example 6. Eliminate a:, y, t from the equations 

an-y + z**a (1) 

2 {yz + zx + xy)“b a — (2) 

®’+v 8 +« B “c s ••• -• (3) 

3* yz-’d* ••• ••• (4) 

Since, e* + y * + «* ={x + y + z) 9 - 2(vz + zx + xy), 

from (1) and (2), ® 8 +y* + z 9 “a 9 -& 9 ••• (5) 

Now, since E 8 +y 8 + z 8 -3!ryz 

’ m [x+v + etx a +v* + e a -ye-zx~xy) 

- lx +y+*){(**+v®+«*) - (vz+ sx +®v)K 
from (3), (4), (1), (6) and (2), we must have 

e 8 - d* - ««a B ■- b *)- i& 8 t -a 8 - Ja6 8 , 
or, 2a 8 -3a& 9 -2c 8 +2d 8 -0, 

which is the required eliminant. 



XXX ui.} 


ELIMINATION 


445 


Example 7. Eliminate x, y, z from the equations 
(i) x*[y+z)-a* ; (ii) y\x+z)~b* ; 

(iii) **(x+v)-c* ; (iv) xyz^abc. 

Multiplying the first three equations together, we have 

x*y*z*(v+z)(z+x)[x+v)*‘a*b*c*. ••• (A) 

Henee, Irom (A) and (iv), [y + *X*+ ®X® + v) ” 1. («*) 

But (y + *X*+ ®X® + y )“ [y+ s)|a*+ a&y+z) + yz\ 

“B*(y + z)+x(v a + z* + 2yz) + yz(y + z) 

«= x*{y + z)+y*{x+z)+z*(x+y) + 2xyz, 
and .‘. from the given equations, (y + z)(z + x^x +v)=a* + 6* + c* + 2o6e. 

Henee, from (a), we have a s + h* + c* + 2ai>c“l, as the required 
eliminant. 


EXERCISE 12S 


Eliminate x from the equations : 


1. aV-^-Ol 

cx-d “OJ 

3. mx* -n “0 1 

px*-q “0 / 

5. te*+TOa!+7V“01 
ax + b “0J 


2. o x‘-b “01 

cx* — d “0 / 

4. ax* + fer+C“0 1 
x+d “0/ 

6. air s + 6a:+c “01 
Za: s +j»a;+tt“0 / 


7. 


*+ - *a+6 
x 



8. 2a + |“5p+7 5 

X 

2m — | “5p-7q 

X 


9. aix * + biX + 0i “0 1 

o*x* + 6*®+Cs“0 / 

11. Ox* 3 4 5 + 6i® B +Ci-01 

Ob * 4 + &*»*+«* “0 / 


10. fli!T 8 + fc 1 ®*4-Ci“0 1 

Oa® 8 +6a®* + Ca“0 / 

12. ax* + bx +c“0 ••• (1)1 
ir*+»nse+n“0 ••• (2) / 

[ Multiply (3) by ax and subtraot (1) 
from the resulting equation ; we thus get 
aTOe*+ (an-bls-c-O. Now eliminate x bom 
this equation and (3). ] 


18. o®* + 6®+e“0l 
®»+as , +8-0j 
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Eliminate x and V from the agnations : 


14. 

ax + by— m j 

15. ax- rr- — oy 5 


bx-ay- n f 

aiV + bi-0iX f 


x 4 +y * — 1' 

x a fy* -1 > 

Eliminate x.y.zl 

Erom the equations : 

17. 

_X. 

vmh — e 


y+z a 'z+x 

‘x+v c ‘ 

1(5. 

y-s z-x 

y + z a ’z + x 

h 'x+y C - 

19. 

V + z z 

+ *- bi * + V „ c> 

z y x 

Z V X 

20. 

x\y-z)-a, y 

a (z-x)-b, z a {x-y)—c. 

21. 

Eliminate a, l 

i, c from the equations 


16. ax + by —01 

Ix*+M*F + »V , “0 i 


[Examples, Art. 1T1, may 
be oonaulted with profit. ) 


bz + cy —a, az + ox—b, ay+bx—c. 


II. Miscellaneous Theorems 

228. Theorem. If the sum of the squares of. any number of real 
quantities be zero, then each of the quantities is aero. 

Let A a + B a + C a + D a + .-0, where A, B, C, D, - are real 

quantities. 

To prove that 4-0, B- 0 , C-0, D- 0 ,... 

Proof. If the sum of any number of quantities be zero, evidently 
they must be partly positive and partly negative unless eooh of them 
is aero. 

Hence, A, B, C, D, etc. being real, their squares A*, B*, 0*. D*. eto. 

are all positive. Hence, the sum of A t +B*+C a +D t + . oannot be 

zero unless each of A*, B a , C*, eto. is Zero ; 

4*«0, B*-0, C*- 0 , etc., 
t.e., A-0, B— 0, 0-0, etc. 

Example 1. If o*+ 6 * + c*— bo-oa-ab— 0, prove that a—b—c, 
a, b, o being real. 

We have, o , + 6 s +c*-fec-ca-a 6 -ii( 6 -c) t +(o-a) , +(o-i} , l“ 0 . 

Henoe, i-c—0, c-a—0, and a—b m 0, t.e., a—b—e. 

Example 2. If x.y, a and b be real, solve (®-o)*+(y— 6 )*—0 

Since, x, y, a and b are real, \x-a) and (y-b) are both real, 
from the given equation, we have 

*-o- 0 , t.e., e-o, and y-5-0, tA., y-b. 
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Example 8. Show that il (x*+y *+**Xo*+6*+e*) 

•*{ax+by+cz) a , then ^ 

0 0 C 

From the given relation, we have 

a*(y* + z*) + 2>*(x* + z®) + c*(x* + v®) - 2 abxy + 2acxs + 2bcys. 
Henoe, by transposition, (a*y* + &*x*-2a6xy) 

+(a*z* +c*x* - 2acxz)+ (6®z® + c’y* - 2boyz) mm Q. 
or, [ay-bx) a +(az- cx) a +{bz-cy) a — 0. 

Hence, oy-te-O; 

az-cx”0; 
bz-cy—O; 

Thus, we have - ™ % ■ ~ ‘ 
a b o 

EXERCISE 124 

[ Al.fi. Latters stand for real quantities in the following examples .} 

1. If (x + a)* + (y + b) a - 4(xa + yb), prove that x - a, y - 6. 

2. If (x + a)* + (y +1))* + (z + c)* <■ 4(xa + yb+ac), prove that 

x-a, y*6 and *“c, 

3. If a*+b* + c* + £>c + ca+ab“0, prove that O“h“O“0, 

4. Solve (x* + y a )(a a + b a ) - (ax + by) a + (y - 6)* -0. 

5. Solve x»+y* + 2-(l+a:Xl+y). 

6. Solve x*+2y*+a*“2y(x+a), 

7. Solve 2(x + y-l)-x*+y* + z*. 

8. Solve l+ax+6y** «yi(l+x*+y*Xl+a*+6*)|. 

229. Inequalities. If a and b be two real quantities, a is said 
to be > b, when a-b is positive. 

Thus, 7 > 5, Binoe7-6«+2; 

-8 >-8, sinoe (—3)—(— 8) — +5 ; 
a* + l > 2a, sinoe a , + l-2a“(a-l) , “a positive quantity. 

An Inequality a > bis, therefore, established, if a-b can be prosed 
to be positive. 


x y 
a b 
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Theorem. If x and y be real and unequal, then x a + v* > 2a:v. 

(a:*+ y a ) - (2xy) -a:* - 2xy + y 8 

“(a;-!/) 8 =a positive quantity ; 
x a +y a >2xy. 

Hote. If i t = y, (i’ + |/*)-(2a:y) = (x-y)*>=0, 
a’+y’-aas. 

Hence, x'+y' is never less than 2xy. 

Most of the results in Inequalities may be obtained by the application of the 
above theorem. 

Example 1. If x, y and z be real and unequal quantities, show 
that a: 8 +y 8 + s 8 > yz + zx + xy. 

We have a; 8 +y 8 > 2xy, 

y a + z a >2yz, 
and g 8 +a: 8 >2aa:. 

Adding, 2(a: 8 +v 8 + g 8 ) > 2(a^+y« + zx), 

or, x‘+y a +z a > yz + zx+xy. 

Otherwise: x a +v a + z a -{yz + zx + xy) 

" 4 [(y - *) 8 + (« - a:) 8 + (a; - 1 /) 8 ] - a positive quantity ; 
x a + y a + z a > yz + zx + xy. 

Example 2. If a, b, c be positive, real and unequal quantities, 
prove that 

(i) (6+cXc + aXa + fc) > 8abc, 

and (ii) o 8 (6+ c) + i> 8 (c +a)+c 8 (a +6) > 6o6c. 

(i) We have b+c**{Jb) a +{Jc) a > 2jbjc. 

Similarly, c+a>2jcja, 

and a + b>2jajb. 

Multiplying, (b + cXc+ oXa+ b) > (2 Jb -Jc){2 Jo Ja){2 Ja Jb), 
i.e., > Babe. 

(ii) Also, {b+eXc+aXa+b) 

™a*(6+c)+6 8 (c+a)+c 8 (a+6)+2o6o >8a6c; 

/. a*{b+ c)+6*(c+a)+c 8 (a +b)> Gabo, 
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EXERCISE 125 

( N.B. Letters stand for real, positive and unequal quantities in the following 
examples, ] 

Prove that: 


1. o*-a&+6*>o6, 

. a+b ^ 2 ab 
1 ^2 a+b' 


2. a*+b* > abia + b). 
5 


3. b + - > 2. 
x 


« + 6+o>^+®?°+M. 

fl + c c + a a + fc 


6. (a + 6 + cXfa + ca + ab) > 9afa. 7. a* + 6*+c“ >3afa. 

8. (a+6+c)*-a 8 -6*-c* >24afa. 


9. (6 , -fa+c*Xc*-ca+a*Xa*-a&+6*) >a*6*c*. 

10. o(6 + c}“ + b(c + o)* + c(o + 6)* > 12afa. 


230. Theorem. If the fractions | 1 ^ ' y ' etc. fa unequal, then 

j j- j |-- TTTf|tlT 

b +(j+^+.. .:.;.7. ** ffreotcr than ffa feast and fess ffian the greatest of 
them, the denominators b, d,f, .being positive. 

Let | be the smallest of the fractions. 


Hence, ^ |^ ^ • and so on. 


Let ; and soon. 

Hence, a m bk, c> dk, e> fk, etc. 

Adding, o+c+e+. >bk+dk+fk+"' 

>(6+d+/+.)£; 

• o+c+e+. . 

•• b+d+f+ . 

*.e., > the least of the fractions. 

Similarly, oan be proved to be less than the 

greatest of all fractions. 

231. Maximum and Minimum Values of Expressions. 

Example 1. Find the maximum values of 6-2x-b* (t.s., find the 
algebraically greatest value of 6-2cc-x* for various values of g), 


»—19 
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Tho given expression'* ! 5-2x-x*==6-(l+2x + x , )'“6-{x + l) , 

«6+Mx + l) s h 

Since, (x +1)* cannot be negative, 

i-(x + l)*i can never be positive. 

Henco, whatever real values x may have, the given expression can 
never be greater than 6. 

Evidently, tbe given expression=6, when x + l”0, 
i.e., when i=* — 1, 

Hence, we notice that the expression oan be equal to 6 but oan 
never be greater than 6. 

the maximum value of the expression“6. 

Example 2. Find the minimum value o! 4x* + 12x +18 (*.e„ find 
tho algebraically smallest possible value of 4x s + 12x + 18 for various 
values of x). 

The given expression “(2x+3)* + 9. 

Siuoe, (2x + 3)“ cannot be negative, the given expression oan never 
be less f an 9 but oan be equal to 9, when 2x + 3=“0, i.e., when »*■ -14. 

the smallest value required “9. 

EXERCISE 126 

Find thu maximum value of: 

1 6x-x*-1. 2. 6+8x-8x*. 8. 6 + 4x-4x*. 

4. 3 + 5x-2x*. B. 17+8x-x*. 

Find the minimum value of: 

6. K a +^ s + 4. 7. 2x"-7x + 6. 8. 4x*-9x+5. 

9. 3x*-5x + 4. 10. 2x*-13x+22. 

11. Divide 32 into two parts so that their product has the 
maximum value. 


III. Miscellaneous Artifices 

282. We shall now work out some examples whioh require for 
their solution either the application of some principle with which the 
student is not already acquainted or some speoial artifice. 
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Example 1. Express (x + 3aX® + 5aX® + 7aX® + 9a) as the difference 
of two square quantities. [ 0. U. 1687 ] 

The given expression 

)(x + 3aX®+9a)l \{x +6aXx+7a)) 

Hx* + 12ax + 27a“Hx* + 12a® + 35a*) 

- )(x* + 12a®+31a*) - 4a*f i(x* + 12a®+31a*)+4a*l 
«(x* + 12ax + 31a*)*-16a\ 

Example 2. A man receives -ths of Bs. 10 and afterwards K ths 

V tv 

ol Bs. 10. He then gives away Bs. 20. Show that he oannot lose by 
the transaction, [ 0, U. 1881 ] 

The man reoeives altogether | ^ ^ j- 10 rupees and gives away 

90 rupees. 

Clearly, therefore, he loseB 

1, (« + *)' 10 < a0 ' 

ii ^ ^ < a. 

V X 

».e„ if ®*+y*<2xy, 
i.e., if ®*+y*-2xy<0, 

if (®-y)* be a negative quantity. 

But whichever of ® and y may be the greater, («-y)* can never be 
negative. 

Hence, the man oannot lose. 

Rote. It may be observed that there it always a gain in this transaction eaeept 
when x-y. 

Example 3. I£ blc + ah m ^a prove ‘ hat 
0 * + c*—2i>*. or, a + b+c—0. 

From the given relation, we have 

o _ b m _b _ o ' 
b+o o+a o+a a+b 
o(a-b)+a a -b a _ a(b-e)+b a -o a . 
or ' (6+oXo+fl) (o+oXa+W 
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(a-6Xe + a+6).(6-cXa + 6 + c) 

or ' 6+o 1+6 

or, (a*-6*Xa+6+c)--(6*-c s Xo + 6 + o), 
or, (a + 6+eH(a* - 6*) - (6* - c*)| -0, 
or, (a + 6 + cXa“ + c*-26*)”0. 

Therefore, either, a + 6+c-0, or, a* + e , -26 , -0, 
and a*+c*“26*. 

Note. It may be observed in this connection that whenever any relation of 
quality ie reduced to the form xp “*p, [or, x(p-p,)^0 ], it is obviously satisfied 
ither (i) when *-0, or, («•} when jp-p,, and that of these two alternative results toe 
annot accept one as the only conclusion to which we are led anises it ie known that 
ke other ie impossible. 

In the present example, we have got (a'-b')(a+b+c)-(b’~c’Ma+b+c) as 
lie of the steps in the solution, and it ie not difficult to see from this that it would It 
mietahe to remove the common factor a+b+e from both sides and set down a'- b' 
■b* —e* as the next step ; for the above relation may be true not on account of a' - b' 
ting equal to b'-c', bat on account of a+b+e being equal to *sro. We might 
tmooe a+b+e from both sides of the equation, however, if we know that owing to 
irtain restrictions on the values of the letters a, b, c, the expression a+b+e could 
st possibly vanish. 

Bence, the only legitimate conclusion from the relation xp-xp, [or, te(p-j>,)- 0 ) 
‘either, *-0, or, P m Pi but not simply 'p-p,' except when x ie known tc It 
st equal to *«ro. 

Example 4. Show that if ^ + -“-+^“1. and a-6+o is 

ot-0, then J | + J • [0.D.1876] 

From the given relation, we have 

. 6-c M a-6_|.c+a i a-6+c ji 6(o-6)+o(e+a) 

a o b ‘a bo 


Bence, either, a-6+e-O, 

or, - m^-~. [ See Hote, last example, ] 
a oo 

But by hypothesis, a - 6+c is not aero. 

Therefore, we must have ^ ^ + c 


(o-6+cX6+c ) 

6e 


6(a—6+c)+c(c+a —6) 
bo 
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Example F. If a+fc+o“0, show that 

2(a 4 +6 4 +c 4 )“(a*+fe* + c*)*. 

From the given relation, we have 

a+b' m — o, o*+2 ab+b %mm o* \ 

a* + fe*-e*- -2afe ; 

(a* + 6* -e*)*-4o , 6 , 1 ! 

or a 4 +fe 4 + c 4 + 2a*fe*-2a*c*—2fe*c*’“4a*6* ; 
a 4 + fe 4 +c 4 “2(a*fe* + fe*e* +c*a*). 

Hence, 2(a 4 + fe 4 + e 4 ) * a 4 + fe 4 + c 4 + 2(a*fe* + 6*c* + o*a*) 

«(a* + &*+c*)*. 

Example 6. If a + 6+c-0, show that 

fe» + e*-a* c*+a*-6* a*+fe*-o* Ul 

From the given relation, we have 

a+6"*-c: a*+2afe+fe*”C* ; 

a*+fe*-c*“-2afe. 

Similarly, 6*+ o*-a* ■■-2fec, and o* + a* ~fe*“ -2ca, 
Henoe, the proposed expression 

1 , 1 , 1 _ a+fe+c _0_o 

” — 2feo — 2ca — 2afe —2a fee — 2afeo 

Example 7. If a+fe+c“0, show that 

q* . fe*_ , _ e*_ m 1 

2a*+fec 2fe* + ea 2e*+afe 

We have 2a*+fee ** a* +a.a +bo 

■■a*-a(6+e)+fee [V a^-lfe+e)] 
-(a-feXa-c). 

Similarly, 26“+ca~ 6* -fe(a+c)+oa , *(fe—oXfe—a). 

and 2c*+afe “ c* — <Xp> +fe)+afe “ (e—aXe—6). 

Henoe, the proposed expression 

a* , fe* . e* 

” (a - >)(a - e) (b-cXb-a) (o-aXe-fe) 

a* , -fe* , e*_ r 

^(a-bXa-o) (fe-cXa-fe) (a-cXfe-e) 
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a*(b - c) - 6 9 (a - c) + e*(a - b ) 

*” [a-b){a-c)(b- c) 

a*(b— c ) + fc a (c-g) + c* (a-fc) (a — fc)( o — eXb - o) , 

" (a-bj(a-cXb-c) (a-bXa-cXb-o) 

[ Art. 139] 

Examples. Prove that (g+-jj + ( V+ J) + (* + *) 

“ 4 + ( a:+ n)( , ' + v)(* + »)’ ilxyami - 

(«+ ;)’+(»+J)‘-(* ,+ 2+i.) + (» , +2+J,) 

■ 4+ (' + «)(* l ' + i ) 

■ 1+ (» + «)(i + ')' 1 v “ v '" n 

the given eip. -‘ + (| + j)(«+;)+(*+;)’ 

. 4 + (, + i)(i + * +f+ l) 

- 4t (* + ; K(f ♦**)♦(£ ♦ i )} 1 '-'"- 11 

- 4 + H)(’* ])(»♦])• 


Example 9. If gy+ yz +** ■*> 1, show that 


g 

i-g* 



t 

1 -** 



Since, gy+v* + xx -1, we have 

gy+y*“l-*g, or, y(g+*)«l-*g ••• (i) i 
y* + «r-l-gy, or, e(y+a:)-l-gy ••• (ii) [ 
«g+gy-J-y*, or, gt*+v)-l-y* •« (Hi)/ 
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Now, the given expression 

dl - v'Xl -s*)+w(l —g*Xl-a*) + s (l - a*)(l" 


of which the numerator 

- HI - (y * + z' ») + v + y\l - (g* + a*) + * VI + sfl-- (»* + V s ) + * VI 

*»(a+ y + g) - v*(z +a) - g*(a+p) - g*(v + ®)+ xyz[yz+zx+xy) 

—{x+V + z)- y\ vie + a)l ~zlz(x + v)\ ~ x\dv + s)l + xyt.l 
—{x+v+z)-v(1-x)-z{1-zv)-x[1-vb) + xvz 

[ by (i), (ii) and (iii) ] 

“ (a: + v + *)- (y + s + a)+ 3<ryr + xyz — txyz. 

Hence, the given expression^X1 — g *)' 

Example 10. If x-a be the H. C. F. of aV + fcia + Ci and 
i«e* + bgx+ On, prove that 

Cjfl« ~ C tOi . 
aibi~a%bi ' 

and (ii) (&iC s -6»Cj.)(ai6g-fl E 6i)’“(cias-c»a l )*. 

Since, x~a must be a factor of each of the expressions a x x* + 6iB+ 0i 
and Os** + 6*x + Ci, we have by the factor theorem (Art. 155), 

aia^ + bxa + Ci^O, 
and a s a* + 6so + c B “0. 

Hence, by cross multiplication, 

_a*___a__ _1_ . 

6i.Cs — bgCt CiOs"“Cgfli dibs ~Ggbi 
• q m Clflg " " Cgfli t 

ctiba ciabi 


^j B0 a* y 1 / a \* r 

1 6iCg-6sCi dibi—'&ubi \cx0>»~~czcixf 

whence, (6iC S -6sCiXoi6s~ a»bi)’^(c 1 a t -c # ai)*. 


Example 11. By performing the operation for extracting the 
square root, find the value of a, whioh will make a* + 6a* + 11a* + 8a + 31 
a perfect square. 

a*+6a* + 11a* + 3a+81 / a* + 8a+l 

_ \ 

2a*+3a 6a* + 11a* 

6a* + 9a* _ 

2a*+6a+l \ 2a* + 3a+31 
) 2a*+6a+ 1 
-3a + 30 
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Now, in order that the given expression may be a perfect square 
the remainder (-3x + 30) must be ”0, and, therefore, 3®—30, or, «—10 
Henoe, when a; “10, the given expression is a perfect square. 


Example 12. If tr(b-c)+y(c-a) + «(a-b)“0, 
bz-cy cx-az ay-bx 
b~c c — a ab 

We have tr(b-c) + y(c-a) + *(a-b)"0' 

and identically also, a(b - c) + b(c - a) + o{a - b )■ 
Hence, by cross multiplication, 

b-c c-a a-b , bz-cy _cx~az 

ey-bz a*-ctr bx-ay b-o c-a 


■°\ 

■ 0 / 


ay -bx t 
a-b 


Example 13. Solve x+y+z^a+b+c 


? + V + * 
a b c 

i+V+1, 

_ a • i a T o 


1+i + i. 

a b o 


( 1 ) 

( 2 ) 

(3) ) 


(tr-a) + (y-b)+(s-c)“0. 


From (1), 

From (2), 

Henoe, by cross multiplication, 


~(tr-a)+ r(v-b) + ^(s-c)-O. 
a b e 


x-a v-b m z-c . 

1.1 1 _ 1 1 _ 1 ' 

c b a e b a 

and supposing each of these fractions “It, wo have 


tr-a-4 


b-c 


y-b-k 


c-a. 

be ' u ca ' *' " ab 

Now, from (3), - a)+^,(y -b)+p(z - o) “0. 


*-C“lt 


a-b 


(a) 


Substituting in this equation the values of x-a, y-b, z-c, found 
above, we have 


*{' 


b-c 1 , c-o 
be a* 


ca 


,1 + a ~M\-,Q 

b* + ab c*J 0l 


or, 


, bc(b-c) + ca(c-a) + ab(a-b)_ n 

1 k -?P?-°' 

, (b-c Xa-bXa-c) _ n . 
* a^Fc* ' 


t Art. 129 ] 


lt“0, 


sinoe, a, b, o being impliedly unequal, none of the factors b-o, a-b, 
0,-0 is zero. 
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that 


Henoe, from (a), 

g-a*"0, or, g~a 
y-b^Q, or, y—6 • 
z-c-0, or, b~c , 


Example 14. If g—cy+ 6a, y-oa + cg 
g* y* b* 

l-o*" 1-6* 1-c* 

and b 

-6g+oy 

From the given relations, we have 



g—cy-6z~0 

... 

- U) 

cg-y + OB“0 

• •• 

... 2 

6g+oy-B“0 


~ (8) 

From (1) and (2), by cross multiplication, 



g V s 



—oc — 6 —be —a —1 + c* 



g V B 

18 ac + 6 6c + a 1 —c* 

... 

- (4) 

Similarly, from (2) and (3), " 00 +6 ' 

- (5) 

and from (l) and (3), a £ + 0 “ \- b * ” 

8_ 

6c + o 

(6) 


N ow, from (4) and (5), 

x m * , 

oo+6 1-c* 
j g _b . 

and l-o* oc+6 

Again, from (5) and (6), 


i-o*’"o6+o' 


and 

Henoe, 


i*rrV> 

g* v* t 1 

l-o* 1-6* 1-c* 


whence, 


whenoe, 


g* 

l-o* 


g* 

i-o* 




Example 15. Show that if ax+by + cz^O, and 

«■ + - + - -0, then will 

XV* 

og* + 6y* + o«* + (o +6+cXgy + v* + Bg) m 0. 
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l CHAP. 


From the given relations, we have 

gx + by + cz^O 1 
and ayz + bzx + cxy * 0 / 

Hence, by cross multiplication, 

_a _ — _ b __c 

x[y a -z a ) y(z a -x a ) z(x a -y a )’ 

and .'. each oi these ratios 

__,_ ax* + by * +cz a _ 

x a (y a -z a )+y a [z a - x*)+ * 8 (x a - p a ) 

“ a “"»■ 1 Art - “> 

Thus, we have * 

x (V - e a ) + iru* -x a ) + z a (x a -y a ) 

_ a + b + c 

x[y*-z*j+ y{z*-x*) + z{x a -y a )' 

Hence “ x * + $£±SL* - xHv*-z*) + y*( e * - x >) + *»(*• - „*) 
a + h + c x*(z - y) + y a (x-z) + z a (y - a;) 

^{y-ztx ~z)(x -y)(xy + yz + zx ) 
~(v~ztx-z\x-y) 

[ See Arts. 140 and 129 

“ ~(xy+yz + zx ); 

whence, ox* + hy * + c* a + (a + i+ c&xy + yz + zx) -0. 

Example 16. If - — \ ■ show that 
a b 

g , + g B . V s + b * (x + y) 8 +(g + fe ) a 
x a + a a y a +b a (x + v) a +(o + 6p' 

Let each of the given ratios-* fc. Then, we have x-ak and y-bk. 

Hence + V* + b' _ a a {k* + 1) , b a (k a + 1 ) 

' x a +o* + v a + fc a a a ik a + l) + b a (k a + l) 

_ a(h a + 1) Hk'±l) (k a ±lXa + 6) 

t*+i i a +i ■ k a +r~ 

ik' + lXa + b)* k a {g + b) a +(a+ b) a 
(k*+lXa+W k a (a + b) a +(a+W a 


(ka + kb) a + {g + b) a (x+y) a +( g + b) a 
(kg + kb)*+(a + b) a (x + v) a +(o + 6j*' 


Example 17. 8how that (bed + oda + dgb+gbe) a 

-o bcd{g+b+o+d) a ’~[be-ad)[ea-bd)(ab-o&). 
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W8 h&ve { bod + oda + dab+abc)* ** }cd(a+ b) + aUfi +d)} 8 

- c*d*{a + b )* + 2 abcd{a + fcXc + d) + aV(c + d) 8 ; 
and (a+&+c+d)Ma+6) 8 +2(a+6Xc+d)+(c+d) 8 . 

Hence, the given expression 

“C*d*(a + 6)* + a *b a (e + d) a — abcd[a + b) a — abcd[c + d) 8 
" Me + d) a (ab - cd) - cd(a + b) a [ab - cd) 

- (ab - cd)\ab(c + d) a - cd(a +b) a \ 

" [ab— od))ai(c 8 + d a )—ed[a a + b*)\ 

" (a& - cd)\adbc - ad) - bd{bc - ad)\ 
m [ab- cd)[bc - a dXac - bd). 

Example 18. Show that the following expression is an exact 
square: (x 8 - ye) 8 + (y 8 - ex) 8 +(e 8 - xy) 8 - 3(x* -yeXy 8 - exXe 8 - xy). 

Putting a for x 8 -ye, b for y 8 -ex and e for e 8 -xy, we have the 
given expression 

-a 8 + 6 8 + c 8 -3aic 

“(a + 6 + cXa 8 + f> 8 + c 8 -fcc — ca — ab) [ Art. 128] 

“J(fl + 5+cH(a-5) 8 +(5-c) 8 +(c-o) 8 t. (l) 

Now, o-6“(x 8 -ye)-(y 8 -*x) 

- (x 8 - y 8 )+e(x - y) - (x - yXx+y + e). 

Similarly, &-c*“(y-sXx+y + e), 

and c-a**(e-xXx+y+e); 

whenoe, (a-6) 8 +(&-c) 8 +(c-a) s 

- (x+y+e) 8 i(x -y) 8 +(y - e) 8 +(e - x) 8 f 
-2(x+y+s) 8 (x 8 +y 8 + s 8 -ye-sx-xy). (2) 

Also, a+&+e*»x 8 +y 8 +e 8 -ys-ex-xy. *** (3) 

Therefore, from (1), (2) and (3), the given expression 
*■ i{x 8 +y 8 + e 8 - ye - ex - xy) 

x {2(x+y+e) 8 (x 8 +y 8 +e 8 - ye - ex - xy)} 
H(x+y+sXx 8 +v 8 +s 8 -ye-ex-xy)} 8 

- (x“+y 8 + e 8 - Sxye) 8 . 

Example 19. If a + b + l ”o+i+c' Bhow that 

\a b el - 0 t»+i +i *iM-i +0 *«+i 

where n Is any positive Integer. 
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[ CHAP. XXXIII. ] 


From the given relation, we have 
6o +o(6 + c) 1 , 

a be o+6 + c 


(a(6+o)+6cMa + [b + c)( - abc - 0. 

Now, the left-hand expression. 

- o 8 (6+c)+ a(b +e)* + 6e(6+c) 

“ (6+c)(o 8 +o{6+c)+ be\ “ (6+cXo+6Xo + o); 
(6+cXo + 6Xo+c)-0. 

Hence, either, 6+C“0, or, o + 6**0, or, o + o—O. 
Taking 6+o*"0, we have c~ -b. 


( jii \*»+i 

o + 6 + c) 




A+A 

b o 



1__1_ 

0 *«+i a sii»+i 4. _ jl»+i 


1 

" a ,n+1 + 6 >B+1 +c** +1 

[ V e*** 1 - (- 6) 8,1+1 — - 6 9B+1 ; see foot-note, page 136 ] 


Example20. Having given x—bv + og + du, vox + c* + d* 

M-ax + bv+ du and n-ax + bv + os, show that 


l+o 1+6 1+c 1+d 1 
Putting P for ox+bv + cs + dtt, we have 
x+ox“(6v+cs+dw)+ox 
"P, or, xd + oJ-'P; 

V +by “(ax +c*+ du)+by 
-P, or, v(l + 6)-P; 
*+c*«*(o®+6p+d«)+c* 
m P, or, *(1+<5)“P i 
u + du “(a® + by + cs) +du 
“P, or, itd+dJ-P ; 


1 X^ . 

1 + 0 P ' 
1 + 6 P 

-L-* : 

l+o P 


_1_« . 

l + d P ' 


- (1! 

- (Si 

- (8) 
- (4) 


Hence, from (1), (2), (3) and (4), we have 

o.b.c.i oac.6 u.es.dw ox+6v+es+<i«_ 
l+^ + iT6 + r+o + i + d“P + P + P + P'" P 


1 . 
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1. 

*--l. V 
2 . 

3. 

4. 

6 . 

6. 

7. 

8 . 


Find the value of J(x a +v* + *){x-v-3t)-+ X/xy*t a , when 
--3, i-l. 

Simplify 3a - 2(6—c) - i2(a - b) - 3(c+a)l — i9c - 4(c - o){. 

Resolve into factors 8(a + b)* - 2(a* - 6*) - a(a+ b). 

Divide 2® 4 - 10®*y+25®*y* - 31®y*+20y 4 by x * - 8®y+4 y*, 

... b ab ab a 
Simplify a + 

Solve the equation —- - *vv ^ + 
x —a x+b x 


If (*+~) “3, prove that ®* + K **0. 
Simplify «$=#■ 


II 

1. Find the value of (2a + fcXa -b)+{2b +cXb - e)+(2c+aXo - a), 
when a~l, 6 “2, c- -3. 

2. Divide 1+8a-24a*+ 8®* by 2 k*+ 3*-1. 

3. If ®* + 7® + e is exactly divisible by e + 4, what is the value of c ? 

4. Simplify 2j7-3j2~2J7+3J2 

5. Find the H.O.F. of 

a 4 - 3a* -2®* +12®-8 and ®*-7®+6. 

«• 8iDQ P lify ( 1+ A'AHs ~xh + ^' 

. „ , ,, e+1 , 3a-l 6®-7,,_7®-6 

7. Solve the equation - g- + —g-jg— +1 — - — • 

8. If «- ^ -1, prove that ®* --4-4. 


m 

1. Find the value of k»*(6* - c*)+6*(c* - a*)+c*(a* - i*)( 

-*-(&c+oa+at), when a—8, h— — 2, c—4. 
• si 1+® . 1-® 1 + b* 1-b* 

2. Simplify i_ (r + i+ a .'"i- fl .*~i+ a ;*’ 
t. Resolve into faotors a* - b* + 6bo - 9c*. 




m 
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Find the H.O.F. ol 

x*+6ox*-5a 8 x-a* and 5x B -3ox*-5a*x+3a*. 

Find the L.C.M. of x*-5x+6, x*-4x + 3 and x*-8x+2. 

x* + 5x* + 8x B + 4 x % 


6. Reduce to its lowest terms 


’• .VA-A- 


x B + x‘+8x B +8x 


8. If a : b :: x : y, show that ab : xy :: a*+6* : x*+y*. 

IV 


1 PimnKfx- Jx a ~V a + X Jx a +V a ~V 

1. Simplify J x » +y » +v + x - 

2. If the product of two expressions be x 8 +x*y* +y B and one of 
them be x a -xy+v a , find the other. 

3. Resolve into factors ; 

(i) x B +x*-x-l; (ii) a*6*-a*-&*+l. 

4. Show that (ox+ by)* +( bx-ay) a “(a*+b a Xx a +y a ), 

6. Find the L.C.M. of 8x* + 27,16x B + 36x* + 81 and fix* — 6x — 6. 
'3. 


- c , 3x-4 , 2 

6. 8olve —— + 


4x + 3 
7. Find x and y, if 

»• H a + ir c ~a-f+ c "b+f^a' 8how tha ‘ eaoh of * he8a tra °- 


x+y + g 

tions-— 

o+o+c 


l. Simplify 


'-25y* 


r* — 


4y* 


x* + 3xy-i()y , x*-8xy-10y* 


2. Divide a B (b-c)+b a (c-a)+c a (a-b) by a+b+o, and find the 
factors of the quotient. 

CP* “"V* 

8. Find the value of ^r^yi' when x—a+8, y-a-8. 


4. Find the square root of 24+^ + g|p-xy 


X 
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6. Show that (a® + b a + c 8 Xz 8 +y a + z a )-[ax + by+cz) a 

“ [ay -bx) a +(bz- cy) a + (<w - as)*, 

«. Subtract) \' 2 ^| from 

7. Solve 2* x 4“-321 

g*+gv». 3 J‘ 

8. If a : b :: c : d, show that (a 8 +c 8 X& 8 +<£*) =— (a6+cdf)*. 


VI 

1. Beduce to its simplest form the expression 
2 a(l-3 ! 8 ) 8 + (1 +g) 8 (l — z) 2ay 8 (l-z) i 


yz 


b a , a* 


2. Multiply a + 6+~+~ by a-6 + w a -^- 

S. Divide » 4 -2&z*-(a 8 -f> 8 )z 8 + 2a 8 &r~a 8 & 8 by x a ~(a + b)x + ab. 
4. If a“V+*i b^e + x, c-z+tl, then 

a a + b a + c* -bc-ca-ab*x a + y a + z a -y»- tx-xv. 

5*“ - 14z 8 +16 


6. Beduce 


3z*-2x 8 + 16x-48 


to its lowest terms. 


Solve 2 + ^ 
x y 


•29. 

x y 


7. Solve 2* + 3y-8s + 35-0, 7z-4y + «-8-0, 12z-5y--3* + 10“0, 

8. If a : 6—c : d—e : f, prove that 

a : 6:: Jm t a t + n*c a -p*e* : Jm a b a +n a d a -p*f a . 

VII 

1. Divide -2z*v“ 8 + 17z 6 v"*-5z T -24z*y* 

by -z 8 v"* + 7z B v -l + 8z*v 8 . 

2. Find the H.C.F. of 

« 8 *a*+e**-a*-l and e 8 *a 8 + 2e ,t a 8 -« 8 ®-2«“+'0 8 -l. 

» m In.. ■■ a* + 6 8 -c 8 -(f 8 (a+e + ti-6X6+c+ti-o} 

3. Show that 1 2(06+ cd) -- %ob^d) -' 

i nimviHfTr ab[x a +y a ) + xy{a a + b a ) 

4. Simplify 

c n „i™ g-4 z-5 z-7 z-8, 

6. Solve x _ 5 £C _ 6 J.-8 a;-g 

6. Show that if each of the expressions * 8 + p*+e and x a +p'x + q' 
be divisible by x+tn, then 
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7. A bill of £100 was paid with guineas and balf-srowns, and 
16 more half-crowns than guineas were used ; find how many of each 
were paid. 

8. If a : b :: o : d, prove that 4a®+56®: 4c® +6 d* :: a*b* : c®ei®. 

VIII 

1. Bhow that (ax + by + cz)* + {cx-by + aa)® is divisible by 
(b + oXb + s). 

2. Besolve into faotorB : 

(i) (b+c)*-6a(b+c)+5a* ; (ii) ®*+2®y-a*-2ay, 

S Rimnlifv (fl + b)l(g + b)* ~C *L , 

8 . Simplify 4 6 * c s_( a s_ 6 *_ c *)s 

4. If a+b+c—0, show that a*-bc—b*-ca”C*-ab. 

6. Solve S(m + 8)® + 5(a+6)* »* 8(®+8)*. 

6. Extract the square root of 25®“*-12® +16a - * + 4a:*— 24®~*. 

7. Find the value of ®, v, a, if ya-4, a® “9, ®y-26. 

8. If a : 6:: c: d, show that a{a + b+c + d)“(a + bXo- + c). 


IX- 


1. Find the value of la* - (fe-c)*( - lb* -(c -a)*f - )c* -(a-b)*f, 
when a"l, 6-2 and c- -3. 

2. Simplify “ g, + 1 )« ~ (x »_ !)»• 

3. Besolve into factors a* - 6* + Sab+1. 


4. 


Solve 


4®+8 . 7®-29 8®+ 19 . 
9 6®-12“ 18 


5. Show that + t b- x + z 4- v ) V 

6. Solve x+v : ®~V“5 : 3, ®+6y“ , 86. 

7. Find the time between 8 and 9 o'clock, when the hands of 
a elook are at right angles to aaoh other. 

8. If a : b :: b : e, show that (a+b+cXffl“b+c)“a , +b , + c*. 


X 


1. 

2 . 
S. 

4. 


Divide 27a* - 8b* - 27c* - 64abc by 8a - 2b - 3c. 
Find the H.C.F. of ®* + ll®*-64 and ®‘ + ll®+12. 
Besolve into factors [a* - b*X®*+V*)+ 2(a* +b*)®V. 


Simplify 





MISCELLANEOUS E7.HBOISBS VI 


460 


5. Show that a®(6+c)+4“(o + a )+ o*(o + b) +abd{a +b+o) 

“(a* + 6* + c *X&c + oo + ab). 

B Solve ,/9 + to- Jte-Yi+te' 

7. One man and two boys can do in 12 days a pieoe of work 
which would be done in 6 days by 3 men and 1 boy. How long would 
it take one man to do it ? 

8. If a : b : : b : c, prove that 

a* + a V + c* - 6 s - 1 + b ^j (a* + 6* + c*). 


XI 


1. Show that ( x a +xy+i/ a ) a -4xv[x a + v a )*‘[x a -xv+v a )*. 

2 . Resolve into factors : 

(i) a* - b a - c a + d* - 2 {ad - be ); 

(ii) x* -y a -z* + 2yz + x+y-e. 

3. Extract the square root of + 9x a ~li ~5x + ^' 

4. Solve a; + 2y + 3s*6, to+4y + g-*7, 3a;+2y+9g-14. 

5. Find the H.C.F. of a;*y-a; 8 v*-15a; , v s +38a^ 4 -14y* and 
t* - 7<e*v + 21 a; V - 34a;V + 28*v*. 

6 . A man buys 570 oranges, some at 16 for a shilling and the 
rest at 18 for a shilling ; he sells them all at 15 for a shilling and gains 
three shillings ; how many of each sort does he buy ? 


7. 

8 . 


Simplify 




If a : b”C ; <f “« prove that 

(<i* + c*+ e*X4 s + d‘ +/*) - {ab+cd + «/)* 


XII 

t. If x“a + d, v^b+d, z^c + d, show that 

x a +v a + z a -yz-zx~xy‘ c a a + b a +o a -bc-ca-ab. 

■ o- rf v + * x _x a:+y 

?. Simp lfy -xe)(t»-xy) {z*-xy){x a -yz ) + {x a -yz\v a -x•) 
B. Resolve into factors : 

(i) aj f -2oa:-6* + 2a6. (ii) x a +{a+b*o)x+ab-*-ae. 

4. Find the H.C.F. of 6«‘-to 8 + ra; , +to-4 and ftr*+80a:»-9. 
6aH 13 3a;+5 to, 

15 5a:-25" 6 


5. Solve 


* 0 . 


1—30 
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6. A and B can together do a work in 12 dayB; A and 0 in 
16 days ; B and C in 20 days ; find in how many days they will do the 
work, all working together. 

7. Simplify 4jli7-3 ^75-6^1 + 18^*^. 

8 . Show that, if x : y :: a : b, then will 

x* + a* + y a + b* _(x + y) a + (a +_b) a , 
x + a y + b x+y+a+b 

XIII 

1. If 2s = a + b + o, show that 

a(b -cXs-a) a + b(c -oXs - b) a + c(a- bXs - c)* —0, 


2 . 


Show that x® + :r 8 a“ + a® is divisible by ir^ + !r^a® + a^, 


a o- x m -yz , y -zx . z —xy 

lmp i y {x + vXx + z) (y + zjv + xl (z + xjiz + y)' 


x a - a* , x* - b a 


r* - C* 


4. Solve -- *-+*- , +-—“ =a + 6+c- 3x. 
x-a %-b x -c 

„ 5- Find how many gallons of water must be mixed with 
80 gallons of spirit which cost 15 shillings a gal’on, so that by selling the 
mixture at 12 shillings a gallon there may be a gain of 10 per oent. on 
the outlay. 

ft m, l Mfu 

#. Simplify {^; x ^ x oy 

7. Simplify 3 Mm - + 2 V54- 

8. If o fc :: 6 : c, prove that o* + ab + b* i 6* + be + c * :: a : e. 

xrv 

1. If a + fe + c — 2s, and a* + 5* + oi+s*“2s{a + 6), show thst 
(a - «)* + [b - «)* + (c - s)* ” s*. 

2. If x + a be a common factor of x*+px+q and x M + lx+m, show 
that o" 

„ a: 7 + 3J5.7-3J5 

3. Simplify 7 -^ + 7 + 3 ^' 
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6. A can do a pieoe of work in 20 days, which J9 can do in 
12 days. A begins the work, but after a time £ takes his place, and the 
whole work is finished in 14 days from the beginning. How long did 
A work 7 

7. Express (® + a)(x + 2aX* + 3aX® + 4a) as the difference of two 
squares. 

8. Show that if a(y + z) - biz +*) - e{* + y), then 

-z _ z- x _ x-y 
a{6-c) 6(c-a) c(a - 6) 


XV 


1. For what value of 6 will ®* + 2a r 8 + (a* + 8)®“ + (4a + ab)x +46 
be a perfect square 7 


2. Prove that (6 - c)(l + ab){l + ao)+ (c - oXl + 6c)(l + 6a) 

+ (a - 6)(1 + caXl + c6) - (6 - c)[c - aXo - 6). 

• O- _2®*_+2 x_ 1 X 1 1 

. lm P 1 y J.4+J.S + 1 x ~+ Jx + l x- Jx + 1 x*-x+l 

4. Find the H.O.F. of 

2®* + (2a - 86)®“ - (26+ 3ab)x +36* and 2®“-(36-2o)*-36o, 

a* 6" a*+6" 

6. Find the value of 2w a» ^® + 2«6» -W when 2~~’ 


6 


Solve 


20®+ 36 ,5®+20 4® .86 
25 9®-16“ 6 25' 


7. A vessel is filled with a mixture of spirit and water, 70 per oent, 
of which is spirit. After 9 gallons are taken out and the vessel is filled 
up with water, there remains 68$ per cent, of spirit; find the oontents 
of the vessel. 


8. If x-t : y-t :: ®* ; y\ show that 

»+*:»+*:: f+2: £+2. 

V x 
XVI 

t. Find the H.O.F. of 

«*+2®*-5®*-7®+3 and 8e“-8®*-18a*+®*+2®+8. 

2. Solve 

8. If (o+6+cXr , *(-a+6+c)K , “(a-6+o)«“(a+6-o)Wi show that 

i + l + Ul. 

y t v> X 
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4. Solve + 

x y 

3 Jx-y _ H «/s- y_ i 
y x 5 j 


6. Resolve into factors asiy* + 6 s ) + by[bx a + a % y). 

6. Find the continued product of Ja + Jb + Jo, Ja + Jb — 
Ja- Jb+ Jo, Jb+ Jo- Ja. 


7. 


If 


o + 6 
o-6 


c . , ... o* + o6 

d 8hcw thai 06 - 6 * 


c*+cd 

cd-d a ' 


Ja. 


8. Each of two vessels contains a mixture of wine and water; 
a mixture consisting of equal measures from the two vessels contains as 
muoh wine as water, and another mixture consisting of four measures 
from the first vessel and one from the second is composed of wine and 
water in the ratio of 2:3. Find the proportion of wine and water in 
each of the vessels. 


xvn 

1. Find the H.C.F. of X s + ®* + 2®+ 2 and x* + ®* +1. 

Jv~ Jv~x=* JVQ-x 


1. Solve 


Jy-x : J 20 


° JVD-x 1 
-x: :3:2J 


8 . Find the value of + (®+l) ' when ®~ + 

, «, . a B ( 6 *-c*) + 6 8 (c*-a*) + c'(a*- 6 s ) , . 

4. Show that a *(6 - c) +- fe*(c - a) + c 8 (a - fe) ~ ab + bc + 0 *- 

6 . If a +6 + c”0, show that 4(6 s c* + c*a* + a* 6 *)“(a s + 6 *+c*)*. 
Hence, prove that (y - z) a [z - x) a +(z- x) a (x - y) a +{x- y) a [y - *)' 

- (a* + y a + z * - yz - zx - xy) a . 

6 . One of the digits of a number is greater by 5 than the other. 
When the digits are inverted the number becomes f of the original 
number Find the number. 

7 Rimnlifv 3 g * + X a ~5x + 21 , 

7. Simplify fo. + 23 x » + 26® - 21 

8 . If 8 (a* + 6 * + c*)“(a + 6 + c)*, show that a“ 6 —c. 

XVIII 

1. 8how that )(® - l/) s + (v - *)* + (r - ®}’l * 

- 2](® - y) 4 + (v - z)* +(r-®)*(. 

2. Solve * + - 4^ -W2( 

x— Jx a -or l >/®+o+ Jx—oi 



MISCELLANEOUS BXBBOISBB VI 


469 


S. Resolve into factors : 

(i) lfe*-87s+5. (ii) {1+o)*(l+o*)-(1+c)*(l+a*), 

(iii) w*-n‘ + 2n(w 8 + »*)-(»» + n) a (m - n) 9 . 


4. A baker oharges 9 Id. tor a loaf whioh he represents as weighing 
4 lbs., but which really weighs 3 lbs. 12 oz. After he has sold a certain 
number of loaves, he is detected and fined £5, and thus loses 5 shillings 
more than he has cleared by selling short weight. How many loaves 
did he Bell ? 

6 . Simplify fa - i)( a _ c ) + Q > -c'ib-a ) + 


- t. a-b _ b-e 
1 ay + bx bz + cy 


c-a 
cx + az 


a + b +o 
ax+bv+ez 


then each of these 


wtios “~ + ^r a ’ supposing a + 6+c not to be zero. 

7. Solve x(x + y + z)=*2&, y[x + y + z)-4&, z(a:+y+z)“72. 

8 . Eliminate x from the equations a + c- \ -dr, a-o“ f ~bx, 

X X 


XIX 


1 . 


*. 

3 . 


Solve (a:* - 


Show that 


2aa: + 3a 9 ) 4 + (x* - 4ax +5a 9 ) 4 

- [x* - 5 ax + 7a 9 ) 4 + (a: 9 -7ax+ 9a 9 ) 4 . 
a(a + feXfl + c) ,b(b+aKb+ c) . c(c + aXc + b) m 
(a-b)(a-c) {b-aib-c) (c-aXc^bf 


a+b+o . 


Simplify 


(6 - c)a 8 +(c - a)fr 8 + (a - fr )c 8 . 
c‘ -bc-ca + ab 


4. If m gold ooins are equal in weight to n silver coins and p of 
le former equal in value to g of the latter, compare the values of equal 
eights of gold and silver. 


5. If (c-6+e, y-o+a, z-a + b, show that 

as 8 + y * + z' - 3xyz * 2(a 8 + b‘ + c“ - 3abc). 


* H ¥(a^) + aHb^) " ab(a -V-3’ pr0Ve thftt 

i | i ■ or, a 9 + fc 9 — ab. 

1. Simplify 

8 . Eliminate x and y from the equations 

{b+o)x+[o+a)v+{a+b) mm 0, (c+a)*+(a+b)v+(6+e)“0, 
(a+b)«+(6+c)tf+(o+a)-0. 
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XX 

1. Show that a (6 + c)* + ttc + a)* + 0(0 + 6 )* - 4a6c 

**( 6 +cXc+aXa+ 6 ). 

2 . I! ir+o be a factor of oV -b a x a + ac a x+3a a bc, and if o is net 
equal to zero, show that a B + 6 B + c B ”3a6c. 

8 . Simplify + w -«*X 6 »-c*) + c(c* -fc*X<>*- a*) 

4 . Divide a *(6 - c) + b*(c - a) + c*(a - b) by (a - 6 X 6 - cXe - a). 

5. If a + 6+c“0, show that a a + b a + c a,m 5abc(c a -ab). 

«. Solve =2- 

7. Solve ax + bv + ex—a + b + c, j^ + ^-1. ^ c + a + c ~ „ + f' 

8 . A person starts to walk at a uniform speed without stopping 
from Outtaok to Jobra and back; at the same time another Btarts to 
walk at a uniform speed without stopping from Jobra to Cuttaok and 
baok. They meet 2J kilometres from Jobra and again, an hour after, 
1| kilometres from Cuttack. Find their rates of walking, and the 
distance between Cuttack and Jobra. 

XXI 


1 . 


t. 


8 . 


4. 


5 . 


S. 


8how that 

\{b+ c)*+(e+o)*+(a+6)*f * )a*(6 - c)+ 6*(c - a)+c*(a - 6)1 
— 2)a*(6 - 0 )+6*(e - a)+c*(a - 6)1. 

Showlihal (a-^-b ) + (a - b)(b=c) + (i-cXc-S 3> 
Ha+6+c-0, show that a'+ab+b'-P+bc+c^-c'+ea+a*. 


If s—o + 6 +c, prove that 

(t - 8 a)*+(* - 36)*+(«-8c)* - 3l(a - 6 )*+{ 6 -c) , +(c-a)»f. 
Resolve into factors a* + 2a6—2ac—86*+26c. 

Find the H.C.F. of ** - 2a* + 5x : * - ix + 8 and 

2 a;* — a; B + 6 a;*+ 2 ®+ 8 . 


7. Find the condition that ax* + bx + e and a'x* + b'x + o' may have 
a common factor of the form a;+/. 

8 . If a : 6 “* 6 : 0 "*c: d, prove that__ 

a: d- Ja‘+6V+aV : Jb*o+d*+b a ed*. 
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XXII 

1 . Show that a[b~ cXl + ofcXl + ac) + b(c - aXl + 6eXl+ ba) 

+ da - iXl + eaXl + cb) * abda - bXa - cXb - e). 

2. Jf o + i+c^O, show that ct T + &’ +c* = 7a5c{c* — ab) % . 

8. Show that it ax® + bx + c and a'x* + b'x + d have a common factor 
of the form x+f, then will {ac - a'c) a ~(bc'-b'cXab' - a'b). 


4. A and B run a race ; B has 50 metres start, but A runs 
90 metres while B runs 19. What must be the length of the course that 
A may oome in a metre ahead of B ? 


5. Show that _^+^-^+r).(l>-.3+r)' t 

P~Q P Q PQ 

. x , . (a*-6*)®+(6*-c®)® + (c»-a*)® , n 

* Show that L (a-6)* + (5-c)® + (c - a)“- (a + bXb+cXc+a). 

7. Solve x + y + *-2a + 2i + 2c, ax+5y + c«=2£>c+2ca+2a6, 

(b - c)x+{c - a)v + (a - 6)* “0. 


8. Eliminate x, y, z from the equations 

ax+cy+bz’eQ, ox+by+az^O, bx+ay + ce^O. 


XXIII 

1. Show that (6 - cXl + a*5Xl + a*c) 

+ (c - aXl + 5*cXl + b*a) + (a - f>Xl + c®aXl + c a b) 

“ abc{a + b + cXa — bXa — cXjb—c). 
t. Find the L.O.M. of 

21x®-13x+2, 28x*-15x + 2 and 12x*-7x+l. 

8. Show that (a + vY - x f - y r is divisible by (x* + xv + y *)*, 

4. If 2*“a + 6+c and 2l®“a* + 5® + c®, show that 

(f ® - a*Xf * - 6*) + (t® - 6*X«* ~ c»)+(<• - c*Xf* - a*) 

- 4r(s - aXs - bXs - c). 

5. If (l+®x' + yy')*“(l+» , +y*Xl+x'*+y'*), show that 

x**x' and y-y\ 


• nw.iiK *b(a-bXa , + b , )+bdb-cXb* + c*)+calc-aXo*+a M )_ 
*• 81mphfy a»i*(a - b)TWc'(b -c) + c®a*(c-al 

7 If a+i + c-0, prove that fi' + ** 
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8 . Eliminate x and V from the equations 

ax + bv= Ja* + b a ' *« + V g * -~a + b a‘ ** + v* -1. 

XXIV 

1. Solve x + y + z^a + b + c, bx + cy + az^cx + ay + bz—ab+bc + oa. 
2 ; Divide 243 into three pirts such that one-half of the first, 
one-third of the second and one-fourth of the third part shall all be 
eqnal to one another. 

8 . If i[a a + b a + c a + d a )-[a + b+ c + d) a , show that a**b”C~ l d 

4. If 2s“a+6+c, show that 

a(b - cX» - o) s + U.C- a){s - b) s + c[a - b)(s - c) a —0. 

5. If bz + cy^a, az + cx = b and ay + bx = c, prove that 

a a _ m b a _ _c a _, 

l-x a 

6 . Eliminate x and y from the equations 

ax + by=x+v + xy=x a + y a -l"‘0. 

7. If ax a -bx+c and dx* -bx + c have a common factor, show that 
a* - abd + cd a =0. 

8 . If a 8 +6* + c“ “(a + 6 + c) 8 , then will 

a an+i +b an+i +c s»-n = ( a + & + c )*» +1 , 

where n is any positive integer. 


XXV 

l. If sr-a®-i>c, y^b a -ca, z**c a -ab, prove that 

*'-V*.V a -**^ rV„ (a + 6 + cXx+y + <)i 


2. If 2s“a + £ + c + d, show that 

4 (be + ad) a ~(b a + c* - a* - d a ) a - 16(s - aX* - &X* - «X* ~ d) 

8. Prove that {J + c - a) 8 + (c + a - &)“ + (a + & - c)" 

-3 (b+c-a){c+a - b){a + b- c)“4(a® + 6® + e* -3abe)‘ 


4. 


6 . 


8how that, if a + 5 + c=0, then 


lb-c.o-a 

V a + 6 


+ 


a ~ h \( « + k + e \ 

e l\b-c e-a a-bl 


-9. 


If x : a—y : b“=z : c, prove that 

a^+fl^ ^y* + 6* t s*+c* — ( a;+v + g) 1 +(a■^^fr+c) , 
w+a y+b z+o “ *+w+»+a+6+o 
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4 Prove that, i! ax + by + cz“0 and - + - + - -0, 

x y z 

at* +by* +cz* + (a+b + civ + *X* + x X* + y )« 0, 

1. Eliminate x, y, z from the equations : 

(i) ax + hy+gz^Q ) (ii) a(v + *)—a: 

hx + by + fz *0 t Hz+ cr)-y 

gx+fy + cz^O 1 c(x+y)**z 

8. Eliminate l, m, n from the equations 
al^bm^cn 
I* + m* + n*“ c l 

a*^ + i*w R +c*n*«a'*m'*TO+c'*n 


CHAPTER. XXXIV 

QUADRATIC EQUATIONS AND EXPRESSIONS 


We have already explained in Chapter XX what quadratic equa¬ 
tions are and how easy types of such equations can be solved. We shall 
in the present article consider some examples of a harder type. 

1. Pure Quadratic Equations 

. 233. Such equations may, after suitable reduction and transfor¬ 
mation, be expressed in the standard form 

OX a “C. 


the required solutions are 

X “ ± Ja' 

The following examples will serve as illustrations 
Example 1. If - 17 -^. find sr, 

By transposition, we have 


5a:*±7 61 -toe 35-Jte 16. 
6 a:*-7 9 ” 9 " 9 ’ 

5a:* 16 + 9_25 . 


7 — — j i [ oomponendo and dividendo 

«“ — 5 ; t“±J& 
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Jr.*-9\ , ,./ 22i + X 8 \ ,, 
Bxample 2. Solve 3| a ., + 3 / + 4 \ ** + 9 f L 


By transposition, we have 


11) 111 BUOJ'UDJUJV/LI! -- 

)• 

a x = 3 x —^ — ; 

or ' 4 V + 9 x 8 + 3’ 


3 2 . 

[ removing the factor 18 

•• ® 8 +9”x 8 +3 ’ 

from both sides ] 

3a; 8 + 9 “ 2x 8 +18 ; .'.x 8 -9; •' 

. a:** ±3. [ arguing, as before ] 

_ , „ ti . , llajl + x*' 

Examples. If 0 + 6 -—- 

find X. 

We have (a + &Xx + \/l + x 8 )“2fl >/l + x* i 

(o + 6)x-(o-6) s/T+x 8 , 

or, (a + 6)*x 8 -(o-h) 8 (l + x 8 ). 

x 8 l(a + fc) 8 - (a - 6) 8 l = (a ~ i)*, 

or, x 8 .4a&-(»“&)* i 

. E (o-&) 8 

'’ * 4 ab 

, a-b 
•• *“±2 


Example 4. If find * 

Put y for Vs 8 - ! y 8 -lforx 8 -2. 


mu u 1+V _ V“1 _ JL. 

Thus, we have 2ay y 8 -1 V +1 

Therefore, (l+y) 8 =»l + 2ay, or, l + 2y + y 8 -l + 2ay; 

y + 2“2o, or, y-2(a-l); 

».«„ ,/£*"-l-2(a-l); fl5»-l-4(a-l)*; 

• x«± n/1 + 4(o-1) 8 . 

Bxample5. Solve (a + x)^ + (a-x)^"6. 

Sinoe Ka + x)^ + (a-x)V 

-{a+ *) ■+ (a - x)+ 3(a 8 - x 8 )*l(a + «)*+(a - x)*l 

-2a + 3(a 8 -x 8 )^x6 ; ( because (a+x)^+(a-x) 4 ”6 ] 
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therefore, onbing both sideB of the equation, we get 

2a + 8(a*-z , )*x6-& l, 1 or, 3Ua 9 -»*)*-fc*-3a ; 



Example 6. Solve 


a+x 


a-x 


a^+(o+*)^ o^+(a-flj)^ 

8inoe, (a++ (a - ■» aha + x) + (a + xft (a* - a*)^, 

and (a - a)Jo^ + (a+ a)fy - a^(a - x) + (a - *)^(a* - a“)^ ; 
therefore, olearing the equation of fractions, we have 
00* + (a* - a*)fya + xft + (a - a)^l 

- {a^+(a+a)fya^+(a - x$\ 

- a^[a + a^l(a + xfi + (a - a)fy + (a* - ®*)^] 

■* +a|(a+ xfi +(o - + aha 9 -x')h 


a 

Hence, removing a* from both sides and transposing, we get 
afya - (a* - a 8 )fy - |(a+ x)^ + (a - a)^l x la - (a* - a 9 )fy ••• (A) 

whenoe a^-(a + a)^ + (a - a)^ ; 
squaring both sides, a—2a + 2(a* - x 9 fi, 
or, ; 

4a*"*3a* ; 


Note. It mint be observed that the above equation admits of another solution 

abhieh has been overlooked; for o-fa*-*’)^ being a factor common to both sides 
of (A), if (Ait be taken equal to eero, the given, equation is evidently satisfied. Bene «, 

•fa* —«’)^-a, or, 2-0 is another solution . The same remark applies to eaample 4 , 
-eehieh the student toUl very easily tee far himself. 
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EXERCISE 127 

Find the value of x in each of the following equations 


1 . 34 x+l-lfx. 

X I 


, 8®i+10 - 60 + 4** 
Z ‘ 15 * * 25 


3. 

6. 


14®* +16 2®*+8 


21 


8®*-11 
® 8 + l 


2 ®* 
1 X 


4. 


® + 7 »-7 


{x - i) a (® + D* 


6 . 


7. (l+® + ®*)W-(l-® + ®*A 


8. 


(x-afx-b) D ( ® + oX® + b) 

( x-maXx-mb ) (x + matx + mb) 


10. (a + ®)^ + (a-®)^=3(a*-®*) 4 . 


x(x - 7) x(x + 7) ®*-73 
_1 _+ 

Vi-* + i s/i+^-i x 
[ Rationalise both the terms of the 
left-hand side and then prooeod. ] 


g a x +1 -I- (a *®* -l) 4 — b*m 
o® + l ~{a*®*-l) 4 ® 


t1 5® a + 17,14® a -117 
11 ®*-ll 2®* - 9 ’ 


■12. 12. 


®* -1 _ ®* - 5 ®*-2 _ ®* — 6. 
®*-4 ® a -8 ® a -6 x*~ 9 


18. la+(a*-®*)M + ia-(a a -®*)^ 4 


a+x 


i 


a + (o 2 -® a ) 4 ' 

[Sinoe, o-Ho *-*') 4 -<- a + I V + l a --?)± 2 l° , J-^J 4 »>•+ <»- 4 * 1 * i 

and similarly, a - (a’ - »»)i - 4 4 = J«r . ? )*} ; 

the left-hand side = " s/ 2 (o+®) 4 . 

Henoe, squaring both sides, io. ] 

(l - 2®r +1 (l+2®r-i 

II. Solution of Adfected Quadratic Equations 
by factorisation 

■ 234. Adfected quadratic equations can, by suitable trand'orma- 

tion and reduction, be expressed in the standard form 
o®*+6® + C"0. 
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D the left-hand side can be easily factorised, then by equating to 
■on either of these faotors, we get a solution of the quadratie. 

the following are the illustrative examples. 

Example 1 . Solve 10(2* + 3Xx - 3) + (7 *+ 3)*= 20(a + 3X* -1). 

We have 10(2** - 3* - 9) + (49*» + 42* + 9) - 20(** + 2*- 3); 

49**-28*-21-0 ; .'. 7**- 4*-3-0, 

or, (7a’-7*) + (3a-3)=0, or, (7* + 3X*~ 1)=0. 
Hence, either 7*+ 3=0 \ or, *-1=01 

and *=-?/ and * = lj 

Thus, - I and 1 are roots of the equation, 

Example 2. Solve (7-4 ^3)** +(2- J3)* = 2. 

Sinoe, 7-4J3=(2-^3)*, 

we have. (2- N /3)***+(2- J3)x=2. 

Hence, putting z for (2- J3)x, we have 

** + *-2=0, or, (* + 2X*-l)“0, 

Hence, either, z + 2= 01 or, *-1=01 

and *=— 2] and * = 1 J 

Thus, -* = 2-^3 “ ~ + ^ 

or ' “2-V3‘ 2+ J3 ' 

Example 3. Solve VSx*^?*^*)- — (1) 

We have identically 

(3*»-7*-30)-(2**-7*-5)=**-26 .(2) 

4.#., this relation is true for every value of *, and hence it iB also true 
(got the particular value which a has in the proposed equation. 

From (1) and (2), by division, 

(3a*- 7*-30)-(2*»- 7*-5)_ * s _-25 . 
v/3**-7*-30- >/2**-7*-5“ a-5 ' 
or, ,v/3x*-7a-30+ n/2x*-7*-5=* + 5. ••• ••• (3) 

From (1) and (3), by addition, 2 N /3**- 7*-30”2* ; 

3a*-7a-30=a\ or, 2**-7*-30=0, 

or, (r<r + 5Xx-6)=0; *=-$, or, 6. 

IV. B. Wt might at util at hate subtracted (1) from (S) and got the same result . 
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Example 4. Solve (^}(^ + ( a+c J a+ T) 


__1_. 1_ r , 

(a + c](x-c) (a + bXx-b) 


LL, i ] 

_ JLJ. 

_l_L\ 

l® - b a + cj 

a+b\. 

t-b a + cj 


Therefore, either, —t- — 0, 

x —o a+c 


or, 


1 _ 1 , 
x~c a+b 


whence e—q+b+ 

whenoe also ®—o+b+ 


Thus, the equation has got two equal roots. 

Example 5. Solve fl ~t f + x \ + a + x - a 0 • 

a + c\a-x) x a—2cx 


Since, 


a + dfl + x) 


da+x) 


a + da-x) a+c(a-®) a+da-x) 
we have by transposition, 

^ a + ®){a + c(a-®) + ®}” a {a-2c® a+sXa-®)}* 
<- , a(l + o) _ da+x) 

x x\a+da~x)\ a ’(a-2cscHa + o(a-®H 
(a + gXl + c) da + x ) 
x a-lex' 

Hence, either, a+®—0, and sc—-a, 

l + c_ c . _, __ a(l + c) 


or, 


a-2c®’ whence x ~d$+te) 


Thus, -a and are the roots of the equation, 

EXERCISE 128 

Solve the following equations : 

1. ®*+9® + l8-6-4®. 2. (®-2X* + l)-208. E. e , + 8a , -4«fc 
4. * g ^ +ab—a®. 5. abx*-(a+b)ox+c* ,m 0. 

6. 12sr*+23asr-24a*-0. 7. 10(® - a)* - 41{® - a)h+216*-0. 

8. 12(«- a)*+28(*- aX* - b) - 5(e-b)* -0. 

9. 2Q&*+«(a+2b)-30(a+b)*+b«. 


10 KlO ±fJ_ 40 

1U - 96 8(10-®) 16 


11. (a-b)e , -(a+b)e+2b-0. 
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12 . 


14. 


16. 


18. 


19. 

20 . 


(ai-fciU- - 

“+J.3 ' ‘ (ab *} 2 + (a*6) * 


a?+l/ 
16 .*?. 6 , 
x* 2 .* 


io 2x(a-x) a 
13, 3a-2® 4 


15. - a + 6 - - 
x-a x-6 x-c 


~r^i?r X -K- * ■ 17> n/2* 2 + 5x-2- v / 2x s + 5x-9-1. 

a+ JZax-x* a-x 

V3x s + 7® -1 + V3x 2 + 7x-10 - 9. 

«/4x*-7x+16+ v/lr 8 - 7x -1 ■= 17. 

V , 5x a - 6x + 8 - >/5®*-G*-7 - 1. 


235. If in the process of solving an adfected quadratic by factori¬ 
sation, the factors are not easily obtained, any oue of the following 
methods should be adopted 

236. The ordinary method of solving an Adfected Quadratic. 

Bring the terms containing tlie unknown quantity to the left-band 
side of the equation, and the known quantities to the right-hand 
side ; if the coefficient of x a be negative, change the sign of every 
term of the equation and then divide every term by the coefficient of 
x* ; thus, the equation is reduced to the form x* + px*Q. 

Now, add ^ (t.e., square of half the coefficient of x) to both 
si ies, on which the left-hand side becomes a complete square and we 
get (*+ g ) ”S + |, 4 ’ whence x+ | - ± JQ + 

and, therefore, X“ - ^ t + 


EXERCISE 128 


Solve the following equations : 
t. 70x-63 - 7x*. 

[ By transposition, we have -7x’ + 70x=68. 

Binoe, the ooeffioient oi x' Is negative, ohanging the sign of every term, 
we get lx' ~70x«= -68. 

Dividing both sides by 7, x’ -10l=« —9, 

Now, adding or, 36 to both sides, 

x' - 10x+ 25~36-9*= 16, or, (x-Bl’-lB. 

Henoe, x-5- ±1, (because x — 6 is a quantity 

of whloh the square is 16 ); 

as-B+4, or, 6 — 4, i.s., *—9, or, 1.] 
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t 2® , -ii®+5-o. 

[ By transposition, 2 x* - lias - — 6 ! 

dividing both Bides by 2, a* -Vx- -1. 

Adding (V ) 9 to both sides, 

*•—V-i+(-V ) 9 = Ve - 4, it- 

x-V- ±i I as-Artl-S, or, i. ] 

3. 87 - 98a; - 30® - 16® a . 

4. 17®“ - 85® + 21G=65® - 8a;*. 5. a,8 1 | 8 -6®-x 1 -6. 

«. 4 ( 3 ;“ - 3f®) = 10{® 8 - 4§® - 6) + 3(f - 8). 

7. «5® e - 3S®)= 5(® 8 - 7® +12) + 9) 

g. 2®+'02-2'45®-® 8 . 9. 4(® 8 + 23®-24)-29®*-8«+l. 

10. (3® - 1)(® - 4) + ( x - 2X2® - 3) = 4®(® - 3) - 5. 

( The left-hand side- (3®* - 13x + 4) + (2s’ —lx +6) — fix’ — 20* + 10, 


11. 

12 . 

13. 

14. 


Henoe, we have 5*’-20x + 10 = 4x*-12x-5, 

x’ - 8 x = - 15 ; (by transposition ) 

x’- 8 x + (4)*«16-16 ; or, (x —4)* = 1; 
x-4=+l'; x«4±l = 6 , or, 3.1 

(2® - 5X3® - 7) - (® - 1X4®-5)=®*-3(® + 14), 

(3® - 11X® - 2) + (2® - 3)(® + 4) +13®-10(2® - l) 8 +1?. 

(®-iX®-4) + (®-$X®-lM®-lX®-l). 

* . 40 3(10 + ®) 

15 3(10-®)“ 95 

f _ „ 40 8(10+x) 

l ^ transposition, 3 ^^= 

2®.3®_-_50 12®+ 70 ' 

la- 15 3(10+®)“ 190 

*+4.®-4 10 
l8 - *-4 + ®+4 3 

[ 8 abt-acting 2 from both sides, we have 

(fiH-C+H-i »■ 

"■ ! Ui-,(,)• »■ "■ 


X 

15 s 


Ac, 


8 


17 


,\ **-16-48; 

x . ® +1 m 13. 

® +1 x 6 


_ JL _i, 

*-4 x+4 — 8 1 


2 x 8 1 , 

,r ' x*-16 _ 8' 

= 64 ; *-±P. ] 


[ Proceed as In the last example. J 
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id «+8 . g-3_2g-3, 
“• g+2 g-2 x-1 


19 . 

21 . 

28 . 

24 . 

26 . 

26 . 


g- 2 , g+2 _ 2(g + 3) t 
g+2 g-2 g-3 


[ Proceeding m In example 16, we get *' ~4a-0, 
whenoe (e-9)* = 4 : *-2 + 9-4, or, 0. ] 

x + 2 _ x-2 — 6 t 
x-2 g + 2 6' 


20 . 


x - 6 _ g -12 m 6 1 
g-12 g-6 6 

g + 6 g + l _ 1 . 
g + 7 g + 2”3x + l 


[ We have l) - (i+J -1) - § ■ or. to Ac. ] 

22 . 


2g-9 2x-T m 7 
2g-7~2g-9"’l2 


8i 


_2g , 2g-5 i 
g-4 g-3 * 

x _llg_ . 7 

g+5 ll®-8 6-4g 

+ _3. 

g + o g+2a g+3a g 


[ C. U. 1878 ] 


■= 0 . 


[ We have (J-- i Kt^T i W 

whenoe ll + a + K +2a + x+ia ot ' e+a + «+8a ^Ct+Sa^sB+aa)’ 

] 


whenoe 


x+to" 

x+a 


a®-*-6 a . 
' *+9a ' 


to. 


287. General expression for the roots of a quadratic. 

N. B. The root* of any equation are those values of the unknown quantity (hat 
satisfy the equation. 

As every quadratic equation can be written in the form aa’+fcz+e-O (after 
suitable reduction, if necessary), we must regard this equation as the general type of 
ell quadratics. Let us solve it. 


By transposition, ox* + Jg - - 0 . 

Dividing both sides by a, g* + ^g- - | • 

Adding^J^to both sides, 

-♦i'V-6-i- - K) ! -V 


-4oc ■ 




c _ —b± Jb*-4ac i 


1—81 
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Thus, the roots of the quadratic ax s + hx + c-0, are ^ + ^ ~ * at 

2a 

d ~ ?> v ‘‘ ~ iaC ' and, therefore, we roust regard the expression 


- 1 X /l i ,v /% 

~ V( ' -- a? tlio general expression , for the roots sought. 

2a 

B> tin application of this formula wo can find out the roots o! 
a quadrat,o equation without going through the process explained in 
Art. 236. 

Example 1. Write down the roots of 2x s -13x + 15“0. 

Cmnpimeg tins with the equation ax“ + 6x + C“ , 0, we Lave a ! »2. 
>** — IS, c— i’: 

Cer'-e, the roots of the given equation are 

_ -(- 13) A s /(- K,)- - 4 * 2XJ5 
2x2 

.13 + ^169 -190„ 131 739 13±7 

3 i i 


That is, x*5, or, 

Example 2. Write down the roots of - 3x a =* llx - 4. 
Bringing all the terms to one side, we have - 3x* - llx + 4 -“0. 
Here a“-3, fc*-11, fi=-4. 
n pfp 11) ± J( ~U P-4x ( - 3) x 4 

Ue X 2 x (- 3) 

.11 ± Vl21 + 48 = ll±^7l® 

-6 " ~ -6 


EXERCISE 130 


Write down the roots of the following equations : 

1. 3x*-17x + 24»0. 2. x* +9x + 20“0. 3. 6x*-20-7x. 

4. ~9x a + 25=6*-10. 6. 8x a «14x+15. 6. -3x’+20x-26 

7 5 + x-4x a =0. 

238. Sreedharacharyya’s (or Hindu) method of solving a 
quadratic. Reduce the equation to the form px* + qx“r ; multiply 
both sides of this by 4p {i.e., by four times the coefficient of x*j and 
then add q* to both sides; we thus get 4^> a x a + 4^>flx + c ,,, •4J»■ + fl , , 
the left-hand side of which is evidently a complete square, being equal 
to{2px+g)*. 
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Henoe, we get (2 px+q) a “Api +g*, 

or, (2px + q )- ± Jipr+q*, 
or, 2px « - q ± Jipr+q* ; 

~g± jApr+q*. 

2p 


Example 1 . Solve 5a:* -17a;+6-0. 
By transposition, 5a;* - 17a:- - 6. 


Multiplying both sides by 4 x 5 , 

4 x (5a;)* - 4 x (5a;) x 17 « - 120 . 

Adding (17)* to both sides, we have 

4 x (5a;) 3 - 4 x (5a;) x 17 + (17)* -289-120 

or, (2x5a:-17)’—169 ; 10a:-17-±13; 

,,17+13 o » 

1Q “3,or,#. 
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Example 2. Solve -8a; v + 10a;»3. 

Multiplying both sides by 4x(-8), 4x64a;*-4x8xlQir--96. 
Adding (10)* to both sides, 

4 x 64a:* - 4 x 8 x 10a: + (10)* -100 - 96, 
or, (2x8a:-10)*-4; 16a;-10-±2; 


* 16 


or, 


Example 3. Solve 6a:*+23a: - 12a;+10. 

By transposition, 6a;* + lla;-10. 

Multiplying both sides by 4 x 6, 4 x (6a;)* + 4 x (6a:) x 11-340. 
Adding (11)* to both sides, 

4 x (6a;)* + 4 x (6a:) x 11 + (11)* -121+ 240, 
or, (2 x6a;+11)*-361; 12a: + ll-±19; 

-ll±19j , 

• • 22 "»» or * *• 

EXERCISE 131 


Solve the following equations by Sreedharaeharyya's method ; 
1. 2®*+9a;-18, 2. 15a:*-28-a;. 

3. 16a:*+100a;—3a;*+a;+40. 4. a;*+60a;-102-15a;-a;*, 

6. 17a:*+19a;—1848. 6 2oa:* - acx —3(2a: - 0 ). 

7. <r*+aa:-a6(Jte+a)-2a;*, 




ALGEBRA MADE BAST 


[OHAB. 


464 


289. Equations solved like Quadratics. Some equrilons Ikough 
not aotually quadratic themselves, may by suitable substitutions, be 
expressed as quadratics, and thus solved. 


Example 1. Solve ®* -10®*+9-0. 

Putting y for »*, the equation is y* - lOy + 9 - 0, 

or, (y-lXv _ 9)“0. 


Hence, either, y-1-0, or, y-9-0, 

*.«., y-1. or, 9, 

i.e., ®*“1, or, 9, 

i.e., ®-±l. or, ±3. 

Example 2. Solve +®*—26a*. 

SC 

Multiplying both sides by ®*. 25a*+ ®*-26a*®*, 
or, ®* - 26a*a*+25a* - 0. 


Putting V for ®*, we have y* - 26a*y + 25a 4 - 0, 
or, (y-a®Xv~25a*)—0. 

Henoe, either, y-*a*—0, or, y-26a — 0, 

V-a*. or, 25a*. 

i.e., ®*-a*. or, 25a*. 

i.e., ®-±a, or, ±6a. 


Example 3. Solve (a;*+3®)* - (®*+3®) - 6 - 0. 

Putting y ior ®* + 3®, we have y* - y - 6 -0, 

or, (y+2Xy~3)—0 ; 

.*. either, (i) y+2-0, or, (ii) y-3-0. 

(i) If y+2-0, we have »* + 8»+2-0, 
i.e., (® + lX® + 2)—0, 

i.e., e--l, or, -2. 


(ii) If y - 8 -0, we have ®* + 3® - 8 -0. 

t . 

2 

- 3 + M . 


. .. -3± J2I. 

Solving the quadratic, ®-- % * 


«--l, -2, or, 


Example 4. Solve (®+2X*+3X®+4X*+6)— 24(®* + 7e+7). 
Ee-arranging the factors on the left side, we have 

K*+2X®+5)H(®+3X* +4)1 - 24(a*+7®+7), 
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or, («*+7®+10X®*+7®+12) - 24(®*+7®+7), 

or, (y + 10Xv+12)—24(y+7), [ putting y for ®*+7® ] 

or, y* + 22y + 120- 24y + 168, 

or, y*-2y-48-0; .’. (y-8Xy+6)-0. 

Hence, either, (i)y-8«0, or, (ii) y + 6-0. 

(i) Ify-8—0, we have ®* +7®-8—0, 

or, (® + 8X®-l)*0; 

®+8-0, or, a; —1—0, »--8, or, 1. 

(ii) If v + 6—0, we have ®* + 7®+6—0, 

or, (® + lX® + 6)-0; 

* + 1-0, or, ® + 6=0, t.e., ®--l, or, -6. 

®--8,1, -1, or, -6. 

Examples. Solve 3®*-4® + n/3® 8 -4®-6«18. 

Adding -6 to both sides, 3®* -4®-6+ JZx* -4®-6-12. 

Putting x for v/3^ -1^-6, 

the given equation reduces to x* + a = 12, 

*•«., ** + *- 12 = 0 , 
or, (*-3Xz + 4)=0; 
either, (i) * = 3, or, (ii)*»- 4 . 

(i) If *—3, v / 3®*-4®-6=3, 

or, 3®*-4®-6«9, or, 3®*-4®-15-0, 
or. (®-3)(3® + 5)=0; *- 3 , ori -f, 

(ii) If*--4, J 3®*-4® - 6 - -4, 

or, 3®*-4®-6=16, or, 3®*-4®-22-0. 

Solving the quadratic, ®- 4± \/l6 + 4.66 ^ 2± v/TO . 

6 3 

••• *-3, -t.or.M5. 

240. Equations of higher degrees solved by factorisation. 
Example 1. Solve ®* - 7®+6—0. 

By Inspection, ®-l is a factor of the left side. 

Hence, faotorising the left side, the equation may be written as 

(® - lX®*+®-6)-0, 
or. (*-lX*-2X*+8)-0; 


[ faotorising the auadratio factor 
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either, £- 1 - 0 , or, £- 2 * 0 , or, £ + 3 - 0 , 
£-1, 2, or, -3. 


Example 2. Solve x* + 1-0. 

Here, we have (x+lXx* - £+1) *0 ; 

either, (i)£+ 1 - 0 , or, (ii) x*-x + l= 0 . 

(!) I( £ + 1-0, £- -1. 


(H) II £* — £+ 1 — 0 , solving the quadratic, we have 


__1± J -3 . 
£- 2 —■ 


' - 1 , or, • 


Hot*. The sguart root of -8 it an impostiblt operation. Such square roett 
ere, however, frequently used in Algebra and are called imaginary quantities 

Examples. Solve x*+7x“+8x* + 7x+l-0. 

She left side of this equation is a reciprocal expression and map be 
pat into factors, as in Art. 143. 

Here, re-arranging the terms of the left side, we have 

(£‘ + D+7(£ , +x)+8x , - 0, 
or, (£* + 1)*+7x(£* + 1)+6£*-0, 
or, )(x* +1) +xH(x‘ + 1) +6x} =*0, 

or, (£*+£+1)(x*+6£+1)-0. 
either, (i)£*+£+1-0, or, (ii) x* + 6x + l»0. 

(i) If £*+£+1-0, solving we have 

x -=l±*E*. 

2 

(ii) If £* + 6£ + l—0, solving we have 

g- 7l± 2 ^~ 3 - or. -3± V8. 


241. Exponential equations solved as a quadratic. 

Example 1 . Solve 5*~ l +5 - ® - 1 J. 

Here, we have ^ +^ x - g • or, | + ^ ” 5 1 t putting y for 6 * ] 
or, y*-6p+5-0, 

or, [y - lXv - 5) - 0, whence y -1, or, 5, 

».«., 6 *—1, or, 6 , 5®—5°, or, fi 1 ; 

£- 0 , or, 1 . 
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Bxample 2 . Solve 2 *' * + 2 S “*= 3 . 

O* 08 q 

Here, we have + -, T = 3, or, J + ° - 3, I putting y for 2“ ] 

or, y*~ i2. +•32 = 0, 

or, (v-4/j/-S)=0, v-i, or. 3, 

2*-4, or, 8, i.e., 2*=2“. or 2“ : 

■ ®-2, or, 3. 


EXERCISE 132 

Solve the fallowing equations : 

1 . ® 8 - 6 ®* Hl®~ 6 «= 0 . 2 . ®*- 4 ®*+a; + 2 “ 0 . 

8 . 2a : 8 +5**-4®-3=0. 4. ® 8 + 5®*-2®-6=0. 

6 . ®*- 6® 8 t 6 a:*-5®+ 1 = 0 . 6 . ®*-5 ® 8 + 14®*-20® + 16-0. 

7. ®* + 8® 8 + 24®* + 32® - 20 * 0 . 8 . (® + 2 X® + 3X® + 4X® + 5 )- 3 fiO. 

«. (®-lX®-2X®+3X®l-4i-4=0. 

10. ®*-4® 8 -®* + 10®+4 = 0. 11. ®*- 6® 8 + 15®*-18® + 5«0. 

12 . 2® 8 -5® < -3®*+9®*-®-2-=0. 13. ®*-l» 0 . 

14. ®*-37®* + 36«0. 15. 3* -s + 3 B "*«4. 16. 7*- 8 + 7 »-«»-ij ( 

17. 2*-2 8 ~**°=7(l-2 1 ~ g ) . 18. ®*-l- 0 . 19. 11“+ ir g « 121 , 4 ,. 

20. 2®* - 5® - 6 J2x a - 5®+ 3 - - 8 . 

21. 9® - 4®* + Jix* 9 ^+ il=5. 

22 . 2{®*-3® + l)* + 5(®’ , -3®+l) + 3”0. 

23. (®+4X®+l)+ v'{® + 5X®-3) = 3® + 31. 

24. 10®* - 63® 8 + 52®* + 63® +10=0. 


242. The Nature of Roots of a Quadratic. If a, ft denote the 
roofcB of the quadratic equation ax* +&r + c = 0 l we have by Art. 237, 

a _lb+ JJ*-lac d 

2 a 2a 

Three distinct eases do, therefore, arise according as the expression 
Usder the radical (b — 4ac) is (1) zero, (2) positive and (3) negative. 

Case I. Equal Roots. If 5* - 4ac - 0, Jl* -iac - 0 ; 




- 6-0 _ _ b t 
2a 2a 


Hence, the roots of ax*+bx + c~0 are real and equal if £*-4ac~tJ. 
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Example. Examine the roots of 4a:* - 12a:+9"0. 

Here, a = 4, ft=-12 and c—9 ; 

.'. ft* - 4<zc=(-12)* - 4.4.9 -144 -144 - 0. 

Hence, the roots of 4a;*-12a:+ 9=0 are real and equal and are 
found to be f, j. 

Case 11. Real and Unequal Roots. If ft* - 4ac is a positive 

quantity, 7ft* -4 oc is real. 

a and P are real but unequal. 

Hence, the roots of ax a + bx + c =0 are real and unequal if ft* -4ao 
is positive. 

(i) If ft* - 4ac is a perfect square , 7ft* - 4 ac is rational and real. 

In this case, tho roots are also rational, real and unequal. 

(ii) If 6* —4ac is positive but not a perfect square, 7ft*~ 4ao is real 
but irrational. 

Hence, the roots are also real, irrational and unequal. 

Example 1. The roots of 2a:* + 7a?— 4=0 are real and unequal at 
well as rational, since 7* — 4.2.(-4) = 49 + 32 = 81 is positive and a perfect 
square. The roots are found to be i and - 4. 

Example 2. Tho roots of 2*“-9a:+ 8=0 are real, unequal but 
irrational, since, (-9)®-4.2.8=81-64 = 17 is positive but not a perfeot 
square. 

Thus, the roots are • 


Case 111. Imaginary roots. If ft*-4ac is negative, 7ft*~4ac 
■■the square root of a negative quantity, whiob is an impossible 
operation. Such square roots are however, frequently used in Algebra 
and are called imaginary quantities. 


Hence, if b a — 4ac is negative, the roots of ai* + ftx + 0“0 are 
imaginary quantities. 

Thus, tho roots of s*-x + l=0 are imaginary, sinoe (-1)*-4.1.1 
- 8 and is, therefore, a negative quantity. 


1± 7(-l)*-4.1.i. .. . 117-3. 
The roots are —-—---g— -' *•«•> —g— 

EXERCISE 133 


Examine the roots of the following equations : 

1. 3x* + 2Qs-19«0. 2. 3s*-18s+9-0. 8. « , + 5s + 4-0. 

4. 4x*-12s+9-0. 6. -3x*-2s+6-0. 6. -4s*+5«-8-0, 
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7. Zx % + 1x+B-0. 8. 4®*-8a+(4-o , -6 , )-0. 

9. (a-h)®* +2(a + &)a;-(a-&)**(). 

10. For what value of m will the equation 2x* + 8x+m"0 have 
equal roots 7 

11. If 4x*-px+9“0 has equal roots, find p. 

12. For what value of m will the equation x* -2(5 + 2m)a 
+ 3(7 + 10m)-0 have equal roots 7 

[ By the oondltion of the problem, 

< - 2(5 + 2 m)}’ - 4.1.3(7 +10 ml - 0, i.e., 4(5 + 2m)’- 4.3(7 + 10m)-0, 
or, (25 + 20m + 4m’)-8(7 + 10m) = 0, or, 2m’-5m + 2 —0, 
or, (2m-l)(m — 2)=0 ; m-J, or, 2.] 

1 4 1 9 

13. Find the greatest and least values of + + 3 * or rea ' vft * ues 

of x. 

[Let * ” m - Than «’ + l4x + 9-m(ai’ +2i+3), 

tc +ax + o 

or, (1—m)x’ + 2(7-m)x+8(3 —m) = 0 ; 

• , = - 2(7 — m) ± Ji W 1 m)’ - 4( 1 - m ).¥3^mj 

2(1 — m) 

The expression under the radical sign 

— 4(49 — 14m + m’) —12(3 - 4m + m ’) 

- — 8(m’+m — 20j- -8(m—4)(m+5). 


Slnoe x Is real, the expression must be positive or aero, 

-8(m-4)(m + 5) must be posltivo or aero. 

,\ m oanuot be greater than 4, but mag he equal to 4 (slave for an* value OS 
m greater than 4, say 5, the expression is negative), 

Henoe, the groatest value of the expression - 4, 

Blmllarly, m cannot be less than -5, but mag be equal to (-6) (since lor anjr 
value of m less than -5, say -6. the expression Is negative). 

Henoe, the least value required - -6. ] 


14. Prove that 3 ,s_g :r + g must lie between 1 and - A for all real 
values of x, 

IB. Prove that the value of x + must not lie between —8 
and 8, if x be real. 

[ Let and proceed as in Ex. 18.) 
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16. If a: be real, prove that 4^+2 ** oanno * Me between 
-6 and 3. 

17. If ie be real, prove that c cannot lie between 2 

b;r- 14 

and -V. 

18. If ie be real, tbe value of — .( does not lie between 

. . <X-A\X + l) 

I and 1. 


*243. A quadratic equation cannot have more than two roots. 

Let oa-“ + ?a + c“0 be any quadratio equation. To prove that it 
cannot have more than two rootB. 

Proof. Since ax* +bx + c 


m a 

“a 

—a 




4ac)l 


!Kr-^ 


• m a(x-a)(x~p), 


[ factorising ] 


[ putting a lor ——and p for —— ~ 1 

1 2a Sa J 


and since a is not zero, we have ax* + bx+c=~ 0, when and only when 
any one of the two factors x-a, x-p is zero, 

when and only when x m a, or, p. 


Thus, the quadratic equation ax* +bx + c**0 has got the two roots 
a and P and no more. 


244. If a Quadratic equation in x is satisfied by three different 
values of x, the equation will be satisfied by every value of t. 

Let the quadratic equation oie* + &e + c“ 0 be satisfied by three 
different values a, ft, y of x. 

aa* + 6a + c“0, (1) 

aP* + bp + c—0, «• (2) 

and ay* + i>y+c=0. (3) 

Subtracting (2) from (1), we have a(a s -P*) + b(a~ 0)«O, 
or, (a-0))a(a+/i) + fi| “0. 

Now, a~P is not zero ( a and P being different), 
o(cr + 0) + &«O (4) 
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Similarly, from (1) and (3), 

ofa + tO + b—0. ••• (6) 

Bence, subtracting (&• from (4), 
o(0-y)-O. 

But, 0-y is not zero ( since 0 and y are different). 
a- 0. 

Bonce, from (4), O.(a + 0) + 6=O, f>-0. 

Sinoe, &-0, 6—0, we have from (1), e=0 

aa;*+ 6x + c—0.x* + 0.sr + 0—0/or every value of x. 

846. Relations between foots and coefficients of a quadratic. 

If a and 0 be the roots of toe quadratic sx* + te + e—0, to prove that 

ih c 

a + 0 —-ane 20 — 

a a 

Solving the equation at in Art. 23?, we have 

~b+ y > ’ , ~ iir 


and 

2 a 

Bence, by addition, o+ 0 — ~ a ' 

j v ,• ,• - f _ 6+ «/6* - 4ae)( _ - Jb*-4ac) 

and by multiplication, a; =----- 

m {~b)* ~ [b* - 4ac) _ 4ac _ e _ 

4i* 4o* a 

Since, the equation ax s + 6x + c—0 can also be written as 
b c 

e*+ -« + - -0, we may express the results as follows : 

In a quadratic equation of the form x*+px + q-0 (».e., where the 
s oeffioient of x* — 1 and the terms are all on one side), 

(i) the sum of the roots — - the coefficient of x ; 

(ii) the product of the roots — the constant term, 
t.e., the term independent of x. 

Example 1. If a, 0 denote the roots of the quadratic x* +6®+ 9-0 
prove that a + 0 - - 6 and a0 - 9. 

Here, the coefficient of x s -l and the terms are all on one side. 

Hence, we have a + 0— -the coefficient of x— -6 and a0—the 
constant term—9. 
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Example 2. If a, p be the roots oi 3x* -17*+19-0, prove that 
« + £-¥ and ap- 3 #. 

Re-writing the equation in the form X* + (- + V “ 0, so that 

the coefficient of x* “ 1, and the terms are all on one side, we have 
a + 0” -the coefficient of X" -(-V)”V-, 
and aP —the constant term “ V. 


Example 3. If a, 0 are the roots of x*+px + g-0, find 
(i)a-0; (ii) a® +/5* ; (iii) a -l + 0~\ 

We have a + -the coefficient of x in x* +px + q— -p, 
and aP * the constant term ” q. 


(i) Since (a-(5) a -(a + |3)*-4ad“(-p) s -4?“p , -4q. 
a-(3“ ± Jp*-iq. 


(ii) a® + 0®* 

(iii) a~ l + P 


■ (a + p)* - 3a3(a + 0) = (-p) 8 -3g(-p)- -p*+ 3pfl. 
-i* 1 + I 

a P aP Q 


246. Formation of equations with given roots. 

Let a, 0 be the given roots and let x*-px+g”0 be the equation 
sought. 

■ \ a + 0” -(the coefficient of x in x®-px+q)“ _ (“P)"Pi 
and a0*“the oonstant term = g. 

Substituting for p and q in x 1 -px+q^O, 
the required equation is x*-[a + p)x + ap*“ 0, ••• (A) 

or, (x-aXx-0)*O. (B) 

Otherwise : The expression ( x-a\x-p) is zero, if any one of its 
factors x-a, x-p is zero, 

if x has any one of the values a and p. 

Hence, the equation whose roots are a, p is (x-aX*~^)’“0- 

[ Evidently the equation haa no other roots ; for, if the left-hand side ll aero, 
one of its faotors must be zero, so that x must have one of the values a or p. ] 

Note. Similarly, the equation who to roof* are a, P, y is (a— o)(a-0)(a-vl 
** 0 , and so on. 

Example 1. Form the quadratic whose roots are 4 and -5. 

By (B), the equation is (x-4)ix-(-5)i =0, 

(x-4Xx + 5)**0, 
or, x* + x-20**0. 
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Example 2. Form the quadratic whose roots are 3+ J5 and 

I- n/6. 

Binoe, {8+ j6)+[3- */5)«6, 

ana (3+^5X3-v'5)-3»-5*=4; 
by (A), the equation sought is a:*-6a: + 4-0. 

Examples. If a, 0 are the roots of oa^ + fer + c-O, form the 
equation whoBe roots are f and ^ • 

p a 

By (A), the required equation is 

X '-{p + ~a ) X+ 5’S “ 0l ° r ' + l = 

be 

Binoe, a + 0 — — - and a|3 — - 1 we have 


a ' + 0' 
a0 


/_M S _o.C P _ 2c 

^ (a + Pp-S aP^ X al a a*_ a _ b a - 

a0 c c a* 


o 
a 

s _h*-2oc 


2ttc 

ac 


Henoe, the required equation is «*--—"“^-ai + l-O, 

ac 

or, aca;*--(i s -2ac)a; + ac—0. 

Example 4. Form the quadratic whose roots are the reciprocals 
of the roots of the equation a;* + 3x + 4*0. 


Let a. 0 be the roots of a;* + 3a; + 4 —0. 

Find the equation whose roots are 1 and ~ 

o p 

By (A), the equation required is 

-(MKS*-o. 


or, 


i _°±2 


! z + A=0. 


( 1 ) 


a0 a0 

But since a, 0 are the roots of a;* + 3a:+ 4-0, we have a + 4- -3 
and o0-i. 

■ o+J _ -3, 1, 

’ • ap 4 antl o0 4 

Henoe, from (l), the required equation is a;*-(-f)a: + l-0 t 
or, a^ + jir + i-O, or, 4a5* + ?a!+l-0, 
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247. Common Root of two equations. 

Let a “the common root of the equations OK* + i«r + 0"0 ant 
ft'** + b'x + c' <“0. 

We have aa* + {ni + e*0, and a'a* J -b'a + c' m 0, 

By cross-multiplication, 

o* a 1 . 

- -- mt -~ f - Mi 7 -7“ , 

be - be ea - ca ab -a b 

, © be be \ _ cd Co* % 

. . a *“ —ft ,, ana a— ,, "• Uj 

ab - ab ab - ab 

be'-b'c /ca -c'a\* t 

ab'-a'b \ab~a'b) 

ot, (ca - c'a) a “(be 1 — b'cfjab' -ah) ••• (2) 

Which is the condition that the equations shall have a common root. 

From U), the common root 
bc'-b'c 

a® ab'-a'b_bc'-b'c_ ca'-e'a 

a ca -ca ca-ca ao-ab 

ab' - a'b 

EXERCISE 134 


Form the equations whose roots are : 

1, 3 and 1. 2. Send -7, 3. 3 and i, 

4. (i) i + v5 and 4- J5 ; (ii) 2 a+ Jb and 2a- Jb. 

5. Find the sum and the product of the roots o' , 

(i) 2 ; , -5a: + 6=0; (ii) *®+9a;-13«0 ; 

(iii) -3a:* + 20x+15“ ; 0 ; (iv) 5x*“7®+3 ; 

(v) 3»+l“ -15a;*. 

6. If o and 0 are the roots of the equation »*+i)a:+0“O, form the 
equation whose roots are ; 

(i) a* + ap and 0* + aP ; 

[ (a * + a0) + (0 ’ + «0) “ a * + Sa0 + 0* - (a + 0) ’ - (*, 

»nd (a*+o0)(0* + a0!«^o(a + 0)0(o+0) = a0(o+0) , «j! , j; 

linoe, a+0 “—}> and aflmg. 

Bence, the required equation Is i’-p’«+.p*5“0. ] 

(ii) a*+0* and 2a0; (iii) o~*+0"* and — i (Iy) a+ i and 0+ 
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7. If the equations x* + te + ca“0 and x‘ + cx + af>-0 have » 
common root, their either roots will satisfy the equation x* + ax + 6c — G. 

[ C. D. F. A. 1879 ] 

[ Let a = the common root oi the two equations. 

Then, a* + fco + ca = 0, — (X) 

and o* + co+of>“0. 

Subtracting, (6 - c)a + a(c - b) •» 0 
Dividing by —r), o-a = 0, a—a. 

Since, the product ot the roots of the first equation ^ co, and one o l theic 
root..-- a. 


the other root ol the 1st equation = 


ca 

a 


» e. 


Si mi I,; Iy, toe remaining root of the 2nd equation - ^ 

Houoe, the required equation ha., the roots o an I c. and is, therefore, 
x % -{b+e)x+bc = 0. — — (2) 

Since, a = a, we have from (’). 

a’ + bo+ea^O, i.c., o(a4 ! + o) = 0, or, a + t + c—0, 

,\ Ir.’n !2), we have 4 * 4-cx r bc-0. ( V u+c=-o, )] 

OT® n « 

w -. 1? x be real, show that , , - , can have any real value, 

1 +x l-x 

[ M. D. 1883] 


t bet the given expression = ? 
, m'( l-i) 2 

' - " 1 —X* 


or, 

Solving, 


px’ -(m , +n”)x-(p-». , + n’) = C. 

a m ’ +n ’ ± Ji m’ + n*)' 1 + 4ph -m’-t n’i 
iV 


Sinoe, x is real, the expression under the radical sign must tie positive, 
or, [m'+n*)*— 4y(m'-n’)+ip' Is positive, 
or, (n»* — *»’)’ — «’) + 4p’ + tei’n’ Is positive, 

or, (m*- 2p)’ + 4m*n’ must be positive. 


This condition oan evidently be satisfied by giving any real value to p, i.(., te 
the expression. ] 


9. If the equations x* + px + q“ 0 and x* + p'x + ff'—0 have a 
common root show that it must be 


either. 


PS’-p'S, 

q-q' 


or, 


9 “S’. 
P'~P 


10. Form the equations whose roots are the reciprocals of the roots 
of (i) 3ar*+8x+91-0 ; (ii) ox* + 6x+c-0. 
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11. If one root of the equation ax* + fer+c“0, be the square of the 
other, prove that b B + a*c + ac* — 3abc. 

12. If a^ + te + c^a'a^ + b'se + c', when x-183, 281 and 397 respec¬ 
tively, prove that a *o', b=b' and c*=c'. 

t V (oi’ + 6a:+c)-(o'i’ + b'x+c')«0, 

i.e,, (a - d)x * + (6 - b')x + (c — c') = 0 for three distinct values of ». 

by Art. 244, a —a’ = 0, b — b' = 0 and c—e'**0. ] 

13. Find a, b, c, if (a - 12)x a + {b- 31)x“ 181 - c for any value of x. 

14. Find k, if the roots of 5x* + 7for + 3=0 be the reciprocals of the 
roots of 3x® + (8 - k)x + 5=0. 

15. Find a and k, if the roots, of 3x* + 2fcr+fc+2“0 be the 
reciprocals of the roots of 2ax a + (lc + a)x + 3= c 0. 


CHAPTER XXXV 
EQUATIONAL PROBLEMS 

248. What are .eggs a dozen when two more in a shilling's worth 
lowers the price one penny per dozen ? 

Let a:—the number of eggs we get for a shilling. 

12 

Then the price of each egg « —- pence, 

X 

and .'. the price of a dozenpence. ••• (1) 

X 

If two more were obtained for a shilling, i.e., if (x + 2) eggs were 
worth a shilling, the price of a dozen would, for a similar reason, be 
144 

* 4-2 penoe ' 

But by the condition of the problem, the latter price is one penny 
less than the former price, hence, 

14 4 m 144 . . 
x + 2 x ’ 

** + 2a:-288, 
x* + 2x + l-289 ; 
s+1-17. 
os “16. 

Hence, from (1), the price per dozen*“9i. 
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.249. Find two numbers, whose ditlerenoe multiplied by the 
difference of their squares“ 160 ; and whose sum, multiplied by the sum 
of their squares gives the number 580. 

Let x + y and x-y be the numbers. 

Then, by the 1st condition of the problem, 

2y.(4xy)-160, 


or, xy*”20. 

~ (1) 

By the 2nd condition of the problem, 


2®i2(®* + y s )}”580, 


or, ®(®* + v s }” 145. 

”• (2) 

From (1) and (2), by subtraction, 



se®“125”5* ; 

.'. ®”5. 

Hence, from (1), xy * * 5.v“ ” 20, 

y*-4; 

V-2. 

X”5, and »”2. 

Hence, the required numbers are 7 and 3. 

250. A sets off from London to York and B at the same time 
from York to London, and they travel uniformly ; A reaches York 
.6 hours and B reaches London 36 hours, after they have met on the 
■oad. Find in what time each has performed the journey. 



Let L and 7 represent London and York respectively, and M the 
ffaoe where the travellers meet. Let m, n be the measures of Ljff, MY 
respectively in kilometres. 

Now, since A travels ft kilometres (i.e., from iff to F) in 16 hours 

If? 1C 

he travels 1 kilometre in - hours and m kilometres in • m hours; 

n n 

16 

lenoe, the time in whioh A travelled from L to if” — m hours. 

0 

Similarly, the time in whioh B travelled from F to iff” • m hours. 

Yl 


1-32 
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Now, Binoe they started at the same instant, the time in which 
A travelled from L to M is evidently equal to the time in which 
B travelled from Y to ilf. 



36 , m 

— n, whence — 
n n 


3 

2 ' 


Hence, the time in which A performed the journey 
- + hours=40 hours ; 


and the time in which B performed the journey 
“(^•«+3 g) hours=60 hours. 

261. A fraudulent tradesman contrives to employ his false 
balance both in buying and selling a certain article, thereby gaining 
11 per cent, more on his outlay than he would gain, were the balance 
true. If, however, the scale-pans, in which the article is weighed when 
bought and sold respectively, were interchanged, he would neither gain 
nor lose by the transaction. Determine the legitimate gain per cent, on 
the^article. 

[ In a false balance If any weight be placed on one of the eoale-pana, the weigh) 
to be pat on the other pan In order tc make the beam horizontal will be different 
For Instance, If In baying rloe a five-kilogram counterpoise be put on the pan, th 
quantity of rloe put on the other will be either more or less than 6 kilograms. 
Buppose when the five-kilogram counterpoise is put on the scale-pan A, we are repaired 
to put on the pan £, a quantity of rloe whose real weight Is greater than 6 kilograms ; 
but whatever may be Its real weight, as its weight now Is supposed to be equal to the 
weight of the counterpoise, we take It to be 6 kilograms. Thus, we take for S kilograms 
what is really more than 6 kilograms. Henoe, If the merchant oontrlves to put the 
counterpoise on A and the artiolo bought on £, he will evidently take away mote of 
the article than he is supposed to do ; lot the supposed weight of tha artiolo, so 
bought, be w kilograms ; If then W kilograms be the real weight of the .article, w Is 
less than W. Again, in selling the article if ho puts the counterpoise on B and the 
ar'. cle on A and If W be the wolght of the counterpoise, then W is greater than 
W, By this contrivance then the merchant buys W kgs. of the article at the price 
of to kgs. and sells away these W kgs. again at the price of W kgs. Henoe, In suoh 
a transaction the merchant's gain is two-fold, he buys more of the article than ha 
pays for and the whole quantity thus bought he sells away at the price of a still 
greater quantity. ] - 

Let w and W' be the apparent weights of the artiole when bought 
and sold respectively. 
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Then, evidently w is less, and W' greater, than the true weight. 
Let p — prime oost of unit of weight, 
x~the legitimate gain per cent. 

Then, the selling price of a unit of weight 

“P+x hundredths of p“p 11 + ]_qq)‘ 


Hence, the price paid by t^e merchant in buying the article, i.t. 


his outlay “w.p, and the price realised by selling it — W.p 
by the condition of the problem, 




-ty.p+(z+ll) hundredths of w.p. 



If the scale-pans were interchanged, the oost of buying the artiole 
wo *ld be W.p and the price realised by sale, w.p. (l + I henoe by 
the 2nd condition of the problem, 




( 2 ) 


From (1) and (2), 


. . x+11 

1 ioo „ 1+ 

, . x 1 100 

1 100 


1 X a , .x + ll, 

01, 

100. ^00 

or, 

/* y+j?. + 1.11 

\100/ 100 4 100 

or, 

* + 1\* J6\* • 
\100 2/ \10/ ’ 


x 6 1.1. 

100 10 " 2 10 ' 



as-10, 

i.t., the legitimate gain is 10 per cent. 

252. A body of men were formed into a hollow square, three 
deep, when it was observed that with the addition of 25 to their number, 
a Bolid square might be formed, of whioh the number of men in each side 
would be greater by 22 than the square root of the number of men in 
each side of the hollow square. Bequired the number of men in the 
hollow square. 
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[ A number of men ere said to be arranged In a solid square when they are 
arranged In parallel rows and the number of rows is equal to the number of men In 
eaoll row. The following diagram, In whloh A„ C,, Ac, represent men, will 
slearly Illustrate the matter. 

A, B, 0, D, E, F, G, H, 

A, B, 0, D, E, F, G, H, 

A, B, 0,-Dt—E,-F, G, Ht 

a. s. 1. d.— a. a. a, h, 

I I I I 

A, B| 0^ Di“I| Fj G| Hj 

i 

At Bt Ot - D t -E,- F, G# H, 

At B> Ot D, Et Ft Gt H, 

A, B, 0, D„ E, F, G, H, 

The above diagram represents an arrangement in whioh there are 8 rows, each 
containing 8 men. This Is a solid square. If the square C,F,F,C, be removed 
from Inside, the remainder will be a hollow square two deep having 8 men In each 
•lde ; If, however, the square D t K t E,D, be removed, the remainder will be a hollow 
square three deep. 

Henoe, the number of men In a hollow square two deep having x men in eaoh 
side-*’-(x-4)’ ! In one three deep“x’-(x-6)* ; and so on j thus, the number 
ol men in a hollow square n deep having x men In eaoh slde«-c , -0t-3n)’ > . ] 

Let ®- the number of men in a side of the hollow square; then 
the whole number of men-®*-(®-6 )* — (1) 

Henoe, by the 2nd condition of the problem, 

®*-(®-6)*+25-(®*+22)*, 

or, 12®-11-a:+ 44®*+484. 

11®-44®*-485, 
or, ®-4®*-46. 

/. e-4®* + 4-49. 
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x^-2“7; whence it-81, 

Henoe, from (1), the whole number of men 
“81* - 75* “ 156 x 6 “ 936. 

253. E engagos to play a game of chess with B on the following 
condition that B should name a certain number and put into jfT8 
possession twenty-four rupees together with as many rupees as equal to 
the square of this number and that at the conclusion of the game E 
should return to B only a number of rupees equal to eight times the 
number named. What number could B name with the greatest advantage 
possible to himself ? 

Let jr“the number which B should name ; then he has to deposit 
with E, (24+ x*) rupees and get back at the end of the game only 
8 x rupees ; 

henoe. B has altogether to lose (x*+ 24-8x) rupees, 

x must be such that this loss may be as small as possible. 

Now, since x*-8x + 24“(x-4)* + 8, whiob is always greater than 
8 except when x“4, the loss will for all values of x be greater than Be. 8 
except when x has this value. 

Hence, in order that the loss may be a minimum B should name 
the number 4. 

254. With the object of examining a student of the 1st year 
as regards his progress in Algebra, I undertake to engage in a oertain 
oontract with him, which is as follows : he is to give me a oertain 
number of books, each worth as many rupees as the number of books, 
and to get from me in return six times as many rupees as any of those 
books is worth and also 21 rupees more. How many books should he 
bring me, with the greatest possible advantage to himself ? 

Let a:“the number of books that the student brings me ; then, 
since the price of each book is % rupees, evidently I get x s rupees from 
him ; and in return I give him (6x + 2l) rupees. 

Hence, his gain (or loss as the case may be)“(21 + 6x-x*) rupees, 

Now, 21 + 6x-x*“21-(x*-6x)«30-(x*-6x + 9)“30-(x-3)*. 

Evidently, therefore, the student is a loser if x-3 be greater than 6. 
i.e., if x be greater than 8 ; and he is a gainer if x be 8 or less than 8. 

But not only should the student be a gainer but his gain must be 
the greatest possible, which evidently is the oase when (x-3)* is the 
least possible, i.e., when x—3. 

Henoe, the student should bring me only three bocks. 
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255. Rama, Lakshmana and Bharata went to visit a Bishi and 
brought their wives with them. The Bishi knew the wives’ names to be 
Drmila, Mandavi and Bita, but forgot whioh was the wife of each hero. 
They told the Bishi that they had given presents to PanditB, and that 
each of the six had rewarded as many PanditB, as he or she had given 
gold mudras to each Pandit. Eama had rewarded 23 more Pandits than 
Urmila, and Lakshmana had rewarded 11 Pandits more than Mandavi, 
likewise each hero had given away 63 gold mudras more than his wife. 
The Bishi having thought on what they said, dismissed them with his 
blessing, naming correctly the wife of each hero. Prom the conditions 
given, do you also find out the names of the wives ? 

Let x “ the number of Pandits rewarded by any hero, 
and y**the number of Pandits rewarded by his wife ; 
then the number of gold mudras given away by the hero“X* ; 
and the number of gold mudraB given away by his wife*!/”- 
Hence, by the last condition of the problem, we have 
e s -v a “63, or, (x+y)(x-y)=63. 

But 63*63x1, or, 21 * 3, or, 9x7 ; 

benoe, since x+y and x-y are positive integers, and x + y is necessarily 
greater than x-y, we get the following three pairs of values for x + y, 
and x-y and no other. 


(1) x + y-63 1, 

(2) x + y-211, 

(3) x+v-91 

x-v-1 / 

x-y*3 / 

x-y-7/ 

Hence, we have the following three pairs of values for x and y : 

(l)x-32 \, 

(2) x-121 

(3) *:;} - U> 

V-31 / 

V-9 / 

the 'wife 

of the hero who rewarded 

32 Pandits, rewarded 

11 Pandits ; 



the wife of 

the hero who rewarded 

12 PanditB, rewarded 

8 PanditB; 

... 

*” (a) 

and the wife of the hero who rewarded 8 Pandits, rewarded only 

one Pandit. 

... 

•" (3) 

Now, let us find out the names of the wives from the other oondi- 


lions of the problem. 

The number of Pandits rewarded by Bama may be 32,12 or 8 ; but 
sinoe he is known to have rewarded 23 more Pandits than somebody 
else, the number of Pandits rewarded by him must be 32. 

The number of Pandits rewarded by Lakshmana may then be 
either 12 or 8, but as he is known to have rewarded 11 more Pandits than 
somebody else, the number of Pandits rewarded by him must be 12. *•* (a) 

Hence, the number of Pandits rewarded by Bharata must be 8. — (6 
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Again, since the number of Pandits rewarded by Urmila is 23 less 
than the number rewarded by Bama, it must be 9 ; hence, by (a) and (a), 
Urmila is the wife of Laksbmana ; 

also, since the number of Pandits rewarded by Mandavi is 11 less 
than the number rewarded by Lakshmana, it must be 1 ; and, therefore, 
by [&) and (b), Mandavi is the wife of Bharata; evidently therefore, 
Sita is the wife of Bama. 

Thus, we have 


Bama 1 

Lakshmana V 

Bharata 1 

Sita / 

Urmila / 

Mandavi J 


EXERCISE 135 

1. A person bought a certain number of oxen for £80 ; if he had 
bought 4 more for the same sum, each ox would have cost £1 less ; find 
the number of oxen and the price of each. 

2. A gentleman sends a lad into the market to buy a shilling’s 
worth of oranges. The lad having eaten a couple, the gentleman pays 
at the rate of a penny for fifteen more than the market price. How 
many did the gentleman get for his shilling ? 

3. The plate of a looking glass is 18 centimetres by 12, and is to 
be framed with a frame of equal width, whose area is to be equal to that 
of the glass. Required the width of the frame. 

4. A and B lay out some money on speculation. A disposes 
of his bargain for £11, and gains as much per cent, as B lays out; B‘a 
gain is £36, and it appears that A gains four times as much per cent. 
as B. Required the capital of each. 

5. A boat's crew row 3j kilometres down a river and back again in 
1 hour and 40 minutes. Supposing the river to have a current of 2 kilo¬ 
metres per hour, find the rate at which the crew would row in still water. 

6. What two numbers are those whose sum multiplied by the 
greater is 204 ; and whose difference multiplied by the less is 35 ? 

7. What two numbers are those whose sum added to the sum of 
their squares is 42 and whose product is 15 ? 

8. A and B distribute £60 each among a certain number of 
persons. A relieves 40 persons more than B does, and b gives to eaoh 
6s. more than A. How many persons did A and B respectively relieve 7 

9. The product of two numbers added to their sum is 23 ; and five 
times their sum taken from the sum of their squares leaves 8 ; required 
the numbers. 

10. A horse dealer buys a horse, and pays a certain sum for it; he 
afterwards sells it again for Bs. 171, and gains exactly as much per cent. 
as the horse had cost him. How muoh did he pay for the horse 7 

11. The small wheel of a bicycle makes 135 revolutions more than 
the large wheel in a distanoe of 260 metres ; if the oiroumferenoe of eaoh 
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were one-third metre more, the small wheel would mate 27 revolutions 
more than the large wheel in a distance of 70 metres. Find the circum¬ 
ference of each wheel. 

12. By lowering the price of apples and selling them oae penny 
a dozen cheaper, an apple-woman finds that she can soli fiO more than she 
used to do for 5s. At what price per dozen did she sell them at first ? 

13. There is a number between 10 and 100 ; when multiplied by 
the digit on the left the product is 283, if the sum of the digits be multi¬ 
plied by the same digit the product is 55 ; required the number. 

14. A and B are two stations 303 kilometres apart. Two trains start 
simultaneously fro n A and B, each to the opposite station. The train 
from A readies B nine hours, the train from B reaches A four hours, 
after they meet. Find tho rate at which each train travels. 

15. By selling a horse for £24, I lose as much per cent, as it costs 
me. What was the prime cost of it ? 

16. Find three numbers, such that if the first he multiplied by the 
sum of t.lie second and the third, the second by the sum of the first and 
the 'third and the third In the sum of the first and the second, the 
products shall be 408, 480 arid 504 respectively. 

17. There are two square buildings that are paved with stones, a 
metre square each. The side of one building exceeds that of the other by 
12 metres, and both their pavements taken together contain 2120 stones. 
What are the lengths of them separately ? 

18. There are three numbers, the difference of whose differences 
is 5 ; their sum is 44, and continued product 1950 ; find the numbers 

19. A train A starts to go from P to Q, two stations 240 kilometres 
apart, and travels uniformly, An hour later, another train B starts 
from P, and after travelling for 2 hours, comes to a point that A had 
passed 45 minutes previously. The pace of B is now increased by 
5 kilometres an hour, and it overtakes A just on entering Q. Find the 
rates at which they started. 

20. A square court-yard has a rectangular gravel walk round it 
inside. The side of the court wants 2 metres of being 6 times the 
breadth of the gravel walk ; and the number of square metres in the 
walk exceeds tho number of metres in the periphery of the oourt by 92. 
Required the area of the court. 

21. Divide the number 26 into three such parts that their squares 
may have equal differences, and that the sum of those squares may 
be 300. 

22. The number of soldiers present at a review is such that they 
could all be formed into a solid square and also could be formed into 
four hollow squares each 4 deep and each containing 24 more men 
in the front rank than when formed into a solid square ; find the whole 
number. 
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23. A and B run a race round a two-kilometre course. In the first 
hit B reaches the winning post 2 minutes beiore A. In the second 
hit A increases his speed 2 kilometres an hour, and B diminishes his by 
the same quantity ; and A then reaches the winning post 2 minutes 
before B. Find at what rate each ran in the first hit. 

24. From a vessel of wine containing a gallons, b gallons are 
drawn off and the vessel is filled up with water. Find the quantity of 
wine remaining in the vessel when this has been repeated 4 times. 

25. A wall was built round a rectangular court to a certain height. 
Now the length of one sido of the court was two metres less, whilst 
three times the length of the other was 25 metres greater than 8 times 
the height of the wall ; and the number of square metros in the court 
was greater than the number in the wall by 178. Required the dimen¬ 
sions of the court, and the height of the wall. 

26. A person bought a number of £20 railway shares when they 
were at a certain rate per cent, discount for £1,500; and afterwards 
when they were at the same rate per cent, premium sold them all but 
60 for £1,000. How many did he buy and what did he give for each 
of them 

27. The sum of 4 numbers is 44 ; the sum «f th° product of the 1st 
and 2nd, and ‘li\l and 4th is 250 ; of the 1st and 3rd, and 2nd and 4th is 
231; and of the 1st and 4th, and 2nd and 3rd is 225. Find them. 

28 To complete a certain work A requires m times as long a time 
as B and C .together ; B requires n times as long as A and C together , 
and G require' p times as long as A and B together. Compare the timee 
in which each would do it and prove that, 

1+1 + 1 -! 
m+1 n+1 p+1 

29. In a certain, village there lived in the year 1872 a number of 
families each consisting of as many members as there were families. 
Ten years afterwards it was found that during this interval there were 
670 births in the village and that on the average 50 lives wero lost per 
family. Prove that the number of persons, living in the village at the 
time of this calculation, oould not be less than 45, and if this number 
be actually 45, find out the number of souls that lived in the village 
in the year 1872. 

30. Suppose you agree to give me out of your landed property 
a square plot of ground and receive in exchange a circular plot of land 
whose area is 76 square metres and also a rectangular plot, one of whose 
sides is 36 metres and the other is equal to a side of the piece of land you 
give me. What must be the area of the plot you give me, so that you 
oan profit most by the exchange. 



CHAPTEE XXXVI 

GRAPHS OF QUADRATIC EQUATIONS AND EXPRESSIONS 
AND THEIR APPLICATIONS 


256. The graphs of XY**0, X and Y being expressions of the 
first degree in x and y. 

Example 1. Draw the graph of the equation a;*=25. 

The equation a:*-25 may be written as 
a:*—25=01 
or, (a; — 5X*+5) •= 0 / 


Evidently, the given equation is satisfied (i) by all those points 

which satisfy the equation x -5=0 ; 


1 

•■at 

!£!!; 

::n! 

:lisi 

!■•■! 

Stitt 

•hi! 

m 

H3! 

ns: 

nn 

E 

illlf 

(ii) by all those points which satisfy 

1 

■■■■i 

•■at! 

t>£v 

isiii 

lain 

nui 

•■Sat 

::nn 

SEES 


il 

the equation a; + 5=0. 


• ■■Mg 


(' 

!!!!! 

!>jk 

Um 

HIM 

ssssss 

SB 

li 

ISSEj 

:»!! 

ill 

jjjji 

ifsii 

■ mi 

lll|H 

ns: 

•■•■ 

152* 

& 

SSSSfi 

Will 

iii 

Hence, the required graph 
consists of two straight lines, one 
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a side of a small square as unit of 
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Example 2. Draw the graph of the equation a:* —3a:-28=0. 


Factorising the left-hand tide of 
the equation, we have 
(a;-7)(a;+4)=0. 

Hence, proceeding as in example 
1, we notice that the required graph 
consists of two straight lines, one 
o eing the graph of the equation 
*-7=0 and the other being the graph 
of a:+4=0, as shown in the diagram 
with twioe the length of a side of 
small a square as unit of length. 
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Example 8. Draw the graph of the equation p® =■= 4a:*. 

From the given equation, we have 
V*-4ai*-0l 
or, (l/ + arXl/-2a;)-0/ 

. Clearly, the given equation is satisfied by (i) all those points which 
satisfy the equation y + 2a=0, and also (ii) by all those points whioh 
satisfy the equation y — 2^=0. 

Hence, the required graph consists of two straight lines, one 
being the graph of the equation y + 2®“0, and the other being the graph 
of the equation y — 2x^0. 

Hence, the required graph is as shown below with twioe the length 
of a side of a small square as unit of length. 



Example 4. Draw the graph of the equation 2®* + xy -y*- 11a 
+4P+5-0. 

Factorising the left-hand side of the given equation, we hava 
(« + y - 6X2* - y -1)-0, 
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ObviouBly, tho given equation is satisfied (i) by all those points 
whioh satisfy the equation x+y-5—C as well as (ii) by all those points 
whioh satisfy, the equation 2x-y - l^O. 

Hence, the required graph consists of two straight lines, one 

being the graph of the equation x+y-5=0 and the other being the 
graph ol the equation 2x-y-l=0, as shown in the diagram with twioe 
the length of a side of a small square as unit of length. 



257. Thus, it is clear from the above examples that whenever 
a quadratic equation can be expressed in the form XF“0, where X and 
Y are expressions of the first degree in x and y, the graph consists of 
a pair of straight lines, which are respectively the graphs of the 
equations X*= 0 and F-0. 

When, however, a quadratic equation cannot be expressed in the 
form XY“0, its graph is a curve. We shall now proceed to consider 
a few graphs of this nature. 

258. The graph of a quadratic equation in which the coefficients 
of :t s and V s are equal and positivo and there is no term involving the 
product of * and y, is a Circle. The equation of this type of graph is 
generally of the following forms : 

(i) x * + v*-a , l (ii) (x-fe)*+ (?-£)*•>'a*, 

(iii) x* + p* + as + irt/ + c“0. 
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Draw the graph of the equation x*+y*-a*. 

The process of drawing the graph is being explained, with 6 for 
the value of a. 

®* + y*-36, or, v 2 =36-a: 1 ‘. 

It is evident that for every value of x, there will be two equal and 
opposite values of y. 

(i) If «“0, 36, 

If” ± \/36” ±6. So the points (0,6), (0, -6) will be on the 
required graph. 

(ii) If ft” ±6, V“0, 

the points (6, 0) and {-6,0) will be on the required graph. 

(iii) If*” ±2, v“”32, 

y mm ±ij2— ±4x1*414—” ±5'656—” ±57. 

Henoe the points (2, 57), (2, -57), (-2, 57), (-2, -57) are on the 
required graph'. 

(iv) If *”±3. v*“27, 

p- +3 ±3 x 1732—” ±5196—” ±5'2. 

Hence the points (3, 5'2), (3, -6'2), (-3, 5'2) and (-3, -5'2) are on 
the required graph. 

(v) If *”±4, p*-20, 

.'. p-±2n/5”±2x2'236— -±4*472— -±4*5. 

Hence the points (4, 4*5), (4, -4‘5), (-4, 4’5) and (-4, -4*5) are on 
the required graph. 

The corresponding values of * and y may be tabulated as follows : 


X 

0 

0 

6 

-6 a a 

-a 

-a 

3 

8 

-8 

-8 

4 

4 

-4 

-4 

1 

1 

-6 

0 

B 

flfe 

B 


IhdB 


-5-3 

D 

i 

1 

m 


Let five times the length of a side of a small square represent the 
unit of length. , 


Plotting the points tabulated above and drawing a free-hand and 
continuous curve, we obtain the required graph as Bhown in the diagram 
at page 510. 

Nate. In the diagram on page 510, if a circle is drawn with the origin 0 at 
itrUre and radius equal to 6 units of length with the help of a pencil compass, it will 
he found Mat the circle almost coincides with the free-hand curve. Thus the accuracy 
of the free-hand drawing ean be verified by drawing a circle. 
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Take any point P on the circle, and let itB co-ordinates be denoted 
by w and y ; evidently then x* +y a — OP 1 ■* 36. But if a point, snob 
as Q, be taken anywhere not on the circle, it is easy to see that its 
oo-ordinates will not satisfy the given equation. 



Thus, it is shown that the co-ordinates of every point on the olrolei 
and of no other point satisfy the given equation. Hence, the oirola 
drawn is the required graph. 

259. Draw the graph of the equation (x -*)*+(y - ft)*- c*. 
With different values of h, k and a the process of drawing the graph 
of the equation (x-h)*+(y-ft) a “ o* is being explained. When h-3, 
k m 2 and 0“5, the equation becomes (x-3) , + (y-2)*“26 l 
(a-3)*+(v-2)*-26, 
or, (y-2)*-25-(x-3)*; 

y-2-±V26-(x-3)*; . 
y-2t */25-(s-8)*. 
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The corresponding values of x and y in the equation 
,/25— [x- 3)* may be tabulated as follows : 


X 

0 

0 

8 

3 

- 1 | 1 

i 

-2 | 

6 1 ' 

1 

T 

8 

y 

' 6 

-2 

7 

-8 

jlK 

1 1 

2 i 

1 _1 

: 

6 -2 

6 

1 

-1 

2 


, , Taking five times the length of a side of a small square as the unit 
ot length, let us plot the. points tabulated above on squared paper. The 
continuous curve line joining the points is the required graph. 

k „ point (3, 2). With centre A and a radius equal to 

O.units of length describe a circle as in the diagram below. Then this 
oirole and the curve passing through the points will be the Bame. Thus 
tine accuracy of the free-hand drawing can be verified. 



Take any point P on the circle, and let its co-ordinates be denoted 
by x and y. Now from the diagram, it is clear that AP is the hypo¬ 
tenuse of a right-angled triangle of which the sides are (a:-3) and 
(»-2) units of length respectively. 
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Hence, (x-3) a + (i/-2) i: “.dP 2 *25, which shows that the co¬ 
ordinates of P satisfy the given equation.. But if a point, such as 
<2, be takeD anywhere not on the circle, it is easy to see that its 
co-ordinates will not satisfy the given equation. 

Thus, it is clear that the co-ordinates of every point on the 
circle and of no other point, satisfy the given equation. Hence, the 
circle described is the required graph. 

Note 1. Tht graph of (x+ 2 )“+(y+ 5)’-49. Draw the graph after ploUirg 
the points as shown at page 511 and verify its accuracy by drawing a circle of which 
the centre is the point ( — 2, —5), and the radius is equal to 7 units of length. 

Note 2. The graph of x*+y*-8*+10y+25K0. The equation x' + y'-Bz 
+ 10y+25 = 0 can be easily reduced to the form, (x —4)’ + (»+6)’ = 16. Bence, its 
graph is a circle of which the centre is the point (4, — 6) and the radius is equal to 
4 units of length. 

Example 1. Solve graphically ®* - 6® -12 *0. 

The equation may be written in the form 

(sr*-6®+ 9)+ 4-25, i.e„ (a:-3)*+2“-25. 

.'. the roots of the given equation are the abscissas of the points 
where the line y =0 (i.e., the x-axis) cuts the graph of the equation 
'®-3)* + (y-2) a = 25 [ for, putting y-0 in the equation of the circle, we 
have (x - 3) a + (y - 2) a - 25, (x - 3)* + 4- 25 ]. 

Hence, drawing the graph of the equation (a; - 3) a + (y - 2)* - 25 as in 
Art. 259, we notice from the diagram that these abscissas are 7'6 and 
-1‘6 approximately. 

.'. the required roots are 7'6 and —1'6 approximately. 

Example 2. Trace the graphs of (i) ®*+y*.—169 and (ii) ®+y —17. 
Find the co-ordinates of their points of intersection. 

®*+y*-169, or, y*-169-s* ; y-± -s/169-®*. 

The corresponding values of % and y in the equation y— ± s/169-2;* 
may be tabulated as follows : 


as 

1 1 ! 

0 1 0 ! —13 18 

6 

6 

-8 

-5 

13 

19 

-12 

-13 

V 

: 

IS j —18 j 0 j 0 

13 

-18 

IS 

-12 

-8 


8 

-8 
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Similarly the corresponding values of x and y in the equation 
x + y »17 may be tabulated as follows : 




Taking twice the length of a side of a small square as the unit of 
length and drawing the graphs of the two equations we shall find that 
they will intersect at P( 12, 5) and Q(5, 12) as in the above diagram. 

Note. To to lot graphically the equation! 
jc’+y“ssl69 1 
*+ys» 17 J 

tot notice that the co-ordinates, of each of the-above points P and Q satisfy both the 
equations and are, therefore, the'required solutions. 

Thus , the roots are k« 12 1 and «■= 5 1 

y- 5 ) y—12 J 


1—33 
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Examples. Show that the graph of 3® + 4i/“25 touches that of 
b* + 1 /*» 25 i and find the oo-ordinatesof the point of contaot. IG. U. 1911 J 



a*+j/*"'25> °r, V* ”25-2!* ; v m ‘±>j26—x t . 

The corresponding values' of x and y in the equation y m ± 
may be tabulated as follows : 


1 | i : 

* 0 | 0 5 -5 

s 

s 

-3 

-8 

* 

4 

-4 

-4 

" i l ! j 

« 6 i -5 0 i 0 

* l ! i 

4 

-4 

4 

-4 

a 

-8 

8 

-8 


3 a5+4y=“25, 

or, ; the corresponding values of x and y of the equation 

may be tabulated as follows : 


X 

7 

5 

-1 

-8 

V 

1 

2'5 

7 i 

8-8 
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EXERCISE 136 

Draw the graphs of the following equations : 

1. ** + y a »81. 2. (m - 5)“ + (»- 6) a -49. 

3. [x + 6)* + (y-7) a »100. 4. *“-I-j, a - Sm — 14y + l—0. 

5. x a + y a + 14a;-16s/+ 32—0. 6. a: ,, + p I, + 12x+18p + 92-0. 

7. x a + y a — 10x+ 16y-55»*0. 

Solve graphieally : 

8. x a +y a “100 1 9. x a + y a -25 \ 

x + y - 14 J x -y - 1 J* 

10. x a + y a -4x—6y — l2*‘ 0 1 11. a;*-4x-12**0. 

X + V —12 /* [The roots are the abscissse of the points 

where the x-axis outs x* +y'-ix-Gy-13 
••0, etc. ] 

12. sE*-6a:-16»0. 

13. Draw the graphs of a;* + p*“36 and 3x - 4p ~ 30. Show that 
they touoh at (3‘6, - 4 8). 

14. Draw the graph of x s + y*-4x-6p-23«0 and find its tangents 
parallel to the co-ordinate axes. 

15. Draw the graph of x 2 + y a - lOx- lOy + 25 *0 and show that it 
touches the co-ordinate axes. Find the co-ordinates of the points 
of contact. 

16. Draw the graphs of the following equations : 

(l)x*«16; (2) x a -5x+6-0; 

(3) 5x B -3x-2-0 ; (4) y a -3y~0 ; 

(5) xy ~0 ; (6) x a -3xy + 2y a -0 ; 

(7) ® , -y a + 4p-4**0 ; (8) (x + 3)**'4(p-5)*. 

17. Draw the graph of 5x a -24xy-‘5y a “0 and show that they are 
two perpendicular straight lines. 

18. Find the angle between the straight lines whioh represent 
the graphs of: 

(i) xy -0 ; (ii) (x-8Xi/-2)-0 ; 

(iii) (3*—2y+5X2a;+3p+2)**0 ; (iv) (7s-6i/ + 3)(6a:+ 7y + 8)**0. 

260. The graph of a quadratic equation in whioh the coefficients 
of x 9 tud n* are positive and unequal is a curve oalled an Ellipse. 
The equation is generally of the form a a x* + b a y a —c a . 
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Draw the graph of the equation 4x 2 +9y*«36. 

(1) When a—0. we have y a —4, and, therefore, y — ±2. Henoe, 
the points (0, 2) and (0, - 2) are on the required graph. 

(2) When y—0, we have a a -9, and, therefore, a-±3. Hence, 
the points (3, 0) and ( — 3, 0) are on the required graph. 

(3) When a— ±1, we have 9y 2 — 32, and, therefore, y - ± t v ; 2 

- ± 4 X1 414 -- ± ^| 6 -- - ± 1*885- • — ± 1*9 approximately. Hence, the 

four points (1, 1'9), (1, -1'9), (-1, 1'9) and (-1, -1'9) are on the 
required graph. 

(4) When a:* ±2, we have 9;/ 2 -20, and, therefore, y - ± f N /6 

- ± 2 X 2 ’ 236 ' •' - ± 4 47 3 — - ± 1*490.- ± 1'5 nearly. 


Henoe, the four points (2,1’5), (2, —1'6), ( — 2,1*6), and (-2, —1*6) 
are on the required graph. 

Corresponding values of a and y may be tabulated as follows : 


X 

0 

0 

8 

-3 

1 

1 

-1 

-1 ! 2 

i 

2 

-2 

-2 

y 

2 

~ 2 

0 

0 

1-9 

- 1*9 

1'9 

M3 

T—( 

Ci 

tH 

1 

- 1*8 

1,6 

-1-6 
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Let us now plot the twelve points as found above (taking 10 times 
the side of a small square as the unit of length) and draw a free-hand 
ourve through them, as in the diagram at page 516. 

The ourve so drawn is the required graph. 

Note 1. Evidently the curve is symmetrical about the axis of x, i.l., every 
chord at right angles to the axis of x is bisected by it. Similarly, the curve is also 
symmetrical about the axis of y. 

Note 2. The curve lies enl rdy within the space enclosed by the four straight 
lines x**8, *■= — 8, y m 2, 2, since from the given equation it is obvious that t is 
imaginary when, y > 2 and < — 2 and y is imaginary when, x > 3 and < — 8. 

4 r ._ 

Example 1. Diaw the graph of the expression ^ J%-x a . 

Let y m ij9-x a . 

For eaoh value of sr, there will be two equal and opposite values 
of V. Thus, (1) when x = 0, }/ *= ± 4 ; (2) when sr-=±3, y«0 ; (3) when 
tr-±l, y m ±$ n/8= ±3'8 approximately; (4) when £“±2, y - ± | J5 
■ ±3'0 approximately. 
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The corresponding values of x and y may be arranged in a tabular 
form as follows: 


X 

0 

0 

S 

-3 

1 

1 

-1 

-1 

2 

2 

-2 

-2 

V 

4 

-4 

0 

0 

8-8 

— 8*8 

3-8 

-3-8 

8 

-3 

8 

-8 


Plotting these twelve points (taking 8 times the side of a small 
square as the unit of length) and drawing a free-hand curve through 
them as shown in the diagram on the last page, we obtain the required 
graph. 

Example 2. Draw the graph of 4{x - 2)® + 9 [y- 3)® * 36. 

Re-writing the equation, we have 
9(y-3)*-36-4(x-2)», 
or, y-8*» ±1 Jd— (*— 2)®. 



Hence,'for each value of ir—2, we get two values of y-S from 
wb'oh the corresponding values of x and y may be tabulated as follow ■ : 
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j x ! 
! 

. 

2 

5 

-1 

“ 

1 

1 

3 ! 

8 

i* 


0 

0 I 

. | 


5 

1 

_ 

3 

3 

4-9 

ri 

4-9 

11 

j 4*5 > 

J 1 

1-5 

4'5 

1*5 ! 


Plotting these twelve points (taking 10 times the side of a small 
square as the unit of length) and drawing a free-hand curve through 
them as shown in the diagram at page 518, we get the required graph. 

Example 3. Draw the graph of 4rr s + 9 y a - I6x—5 iy + 61—0. 

The left-hand side of the given equation 
— 4{ir* — 4r) + 9(y 2 - 6y )+ G1 
-4K* - 2)* - 4f + 9|(?/-3) S -91+61 
-4(*-2)* + 9fa-3) B -36. 

the equation is 4(;r-2) B + 9(,,'-3) B -36“0, 
or, 4(x-2) B + 9(i/- 3) B -36. 

To draw its graph see example 2 on page 518. 

261. Draw the graph of the equation X s -y 2 -l. 

(1) When £**0, we have j/ B —— 1, and, therefore, y is imaginary. 
This shows that the graph does not out the axiB of y. 

(2) When y m 0, we have x B = l, and, therefore, X—±1. Hence, 
the points (l, 0) and (-1, 0) are on the required graph. 

(3) When x-±2, we have y B -S, and, therefore, y ± JS 

-±1732.- ± 17 approximately. Hence, the four points (2,17), 

(2, -17), (-2,17) and (-2, -17) are on the required graph. 

(4) When a 1 — ±3, we have 5 /* — 8, and, therefore, v— ±2*72 

— ±2 x 1‘414.— ±2'828.— ±2‘8 approximately. Hence, the four 

points (3, 2'8), (3, -2*8), ( — 3, 2'8) and (-3, -2’8) are on the required 
graph. 


The corresponding values of x and y may be tabulated as follows : 


X 

1 

-1 2 

2 

-2 

- 2 

s 

8 

-8 

-8 

V 

0 

: 

0 I 1*7 

1 

- 1*7 

1*7 

— 1*7 

2*8 

- 2*8 

2*8 

-2*8 
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Let us now plot the ten points as found above (taking 10 times 
the side of a small square as the unit of length) and draw a free-hand 
ourve through them, as in the diagram below. A and A' are the points of 
intersection of the right and left branches of the hyperbola respectively, 
with the z-axis. 



The curve so drawn is the required graph. 

Note 1. The curve to drawn it evidently symmetrical about the axil of x and 
alto about the axis of y. 

Note 2. The curve consists of two branches, one lying entirely on the right of 
the line z—X and the other lying entirely on the left of the line *«■ -1. 

A curve of this elate is called a Hyperbola. 

Example 1. Trace the graph of (i) x a -y a **l, and (ii) ® a + y a ->l. 
Show that they touch each other. 

Draw the graph of ® a ~j/ a ”l as above and the graph of theoirole 
x a +jy a «l on the same scale. It will be found that they touch eaoh 
other at the points (1,0) and ( — 1, 0). 

Example 2. Trace the graph of (i) x a -y a ~l and (ii) z“2y. 
Find the co-ordinates of their points of intersection. 
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Draw the Hyperbola and the straight line *“2 y on the 

same scale. Produce the straight line, if necessary, to meet the Hyper¬ 
bola. They will be found to interseot at two points whose co-ordinates 
are(l'2, '6)and(-l'2, - '6) approximately. 

262. Draw the graph of the equation y-x 2 . 


Evidently the following points are on the required graph and their 
co-ordinates may be tabulated as follows : 


X 

0 

1 

! 

-A v 5 1 

i 

- 1-5 

2 

-2 

2-5 

- 2'5 3 -3 

, 1 

3*5 

- 3-5 

1 

-4 

V 

0 

1 

: 

1 2'25 

2-25 

i 4 

1 

1 

1 4 

6-25 

6‘25 9 9 

: 1 i 

12-25 

12-25 

16 

16 


Let 4 times the side of a small square be the unit of length. 


Let us now plot the points found above and draw a curve through 
them free-hand, as in the following diagram. 

The curve so drawn is the required graph. 
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Note 1. Since, y*?x*, toe have x » ± Jy; a is imaginary when y is negative. 
Hence, no point of the curve can have a negative ordinate and, therefore, no part of 
the curve can lie below the x-axis. The curve passes through the origin, lies entirely 
above the x-axis and extends upwards to infinity. 

Note 2. Every chord drawn perpendicular to OY ie bisected by it as can be 
easily verified. Ilencc, the curve drawn above is symmetrical about the axis of y. 
This it also evident from the fad that if the paper be folded about OY, the left-hand 
portion of the curve entirely coincides with the right-hand portion. 

A curve of this class is called a Parabola. 

The general equation of a parabola is y**ax' + hx+c. 

In the equation of a parabola either of x and y will be of the first degree and 
there will be no term involving the product of x and y (i.c., xy). 

In the above example, o— 1, 6=0 and e=0. 

Note S. The graph of y= The curve j/=x’ lies entirely above the axis 

of x, and extends upwards to infinity. It is easy to see that the graph of the equation 
ym-x* would be an.equal curve being entirely below the axis of x and extending 
downwards to infinity. 

Note 4. To determine the square root of a number from the graph of 
y«x*. The abscissa of any point on the curve is evidently the square root of the 
ordinate. Hence, when the graph of the equation y=*x' is drawn by measuring the 
abscissa of any point on the graph we can determine the square root of the number 
which represents the ordinate. Thus, in the diagram, the ordinates of P or Q 
represent 5. the square root of 5 <*the abscissa of P or Q«=2'25, or, —2*26 approx* 
mutely. [ 4 sides of a small square *= 1 unit. ] 

263. Draw the graph of the equation y-dx*. 

Evidently the following points are on the required graph and their 
oo-ordinates may be tabulated as follows : 


X 

0 

1 

-1 i 

-i 

l 

-1 

U 

-U 

V 

0 

1 

■ft 

i 

8 

8 1 6J 

61 


Taking 12 times the side of a small square as the unit of length, 
let us plot the points found above and draw a curve through them free¬ 
hand, as in the diagram on page 523. 
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The ourve so drawn ia the required graph. 



Note 1. Btnce y^Sx 1 , we have **»J y. x is imaginary for every nega¬ 
tive value of y. Hence, as in the graph of AH. 262 , the curve pastes through 'the 
origin, ties entirely above the x-axis and extends upwards to infinity. 

Again, it may be easily verified that every chord drawn perpendicular to 07 is 
bisected by it. Bence, the curve is symmetrical about the axis of 7. 

Note 2. The graph of y— - 3®’ can he easily seen to be an equal curve passing 
through the origin, lying entirely below the x-axis and extending downwards to infinity 

264. Draw the graph of the equation -5x 2 . 

Evidently, the following points are on the required graph and theii 
oo-ordinates may be tabulated as follows : 


X 

0 

i 

-i 

! 

-I 

4 

-1 


-4 

1 

-1 

V 

0 

-4 

-1 

-4 

-4 

-it 

-14 

-84 

-34 

-6 

-6 
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Taking 10 times the side of a small square as the unit of length, let 

us plot the points found above, and 
draw a curve through them free-hand, 
as in the diagram. 

The curve so drawn is the required 
graph. 

Note 1. Since ym—Bx', toe have 
z’ « - ly. .'. * it imaginary for every potitive 
value of y. Hence, no point on the curve can 
have a positive I ordinate and, therefore, no 
part of the curve can He above the x-axis. 
The curve passes through the origin, lies entirely 
below the x-axis and extends downwards to 
infinity. 

Note 2. It may be easily seen that every 
chord drawn perpendicular to 07' is bisected 
by it. Hence, the curve is symmetrical about 
the axis of y. 

Note 8. The graph of the equation y «* 8*’ 
can be easily seen to be an equal curve passing 
through the origin, lying entirely: above f the 
x-axis and extending upwards to infinity. 

265. It is clear, from Arts. 262, 263 and 264, that the graph of 
any equation of the form y = ax*, where a is any numerical constant, 
positive or negative, is a curve which (i) is symmetrical about the axis 
of Vt (ii) lies entirely on one side of the axis of x, and (iii) extends up to 
infinity on that side. A curve of this class is called a Parabola. 

If a be a positive integer, the ourve will be as in the figure of 
Art. 262 but will rise more steeply in the direction of OY. [ See the 
fig. of Art. 263. ] If a be a positive fraction, we shall have a flatter curve, 
extending more rapidly to the right and left of OY. If a, be negative, as 
in Art. 264, the ourve will lie below the *-axis and will be steeper or 
flatter than the graph of y m x*, according as a is greater or less than 
anity. [ See the fig. of Art. 264. ] 

In every case, the axis of x is a tangent to the curve at the origin. 

266. We shall now discuss the graphs of some quadratic func¬ 
tions of the form az* + bx + c. It will be seen, as in the next artiole, 
that the ourve is always a parabola, differing in shape and position 
according to values of a, b, c. 

267. Draw the graph of the expression 8-4Jf -2 jc*. 

The required graph is the same as that of the equation 

y-3-4 e-2® # . 
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easy to see that the following points are on the required 




a- 1'5 
V— -7*5 



}• 


*«* 

v m 


-2 

3 





b--3‘5 \ 

v — 7-5 r 
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Take twenty sides of a small square as the unit for m as tiring z, and 
two sides of a small square as the unit for measuring y. 

Let as now plot the above points and draw a carve through them 
free-hand, as in the diagram on the last page. 

The curve so drawn is the required graph. 

Note. The graph of any expression of the form ax' + bx+c is a parabola, 
provided the numerical value of a is not zero. 

268. Graphical solution of Quadratic Equations. 

Example 1. To solve graphically the equation 3- 4rr-2®*"0. 

Draw the graph of y= 3-4*-2®* us in the l .st arti le. 

From the figure it is evidont that y m 0, whence is approximately 
equal to '6or -2'6. Hence, 3-4*-2cr a —0, when or -2'6 approxi¬ 
mately, in other words, the roots of the equation 3-4cr-2x***0 are 
'6 and -2'6 approximately. From this it is clear that the roots of the 
equation 3— iz- 2a:*”0 are the abscisses of the points where the graph 
of the expression S-ix-Qx* cuts the axis of x. 

Example 2. Trace the graph of y—x a -x from x m -l to x**2 
and therefrom obtain an approximate solution of the equation 

W-cr. [0.0.1917] 

The following points evidently lie on the graph : 


X ! 

-l 

-4 i 

o j 

4 

l 

14 

3 

V 

■ 

2 

t 

1 ° 

-i 

0 

! 
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Taking 16 sides of a small square as the unit of length, the graph 
will be as shown in the diagram on page 526. 

If we now put y* 1, the equation y“ s x*—x becomes I**®-*. 
Henoe, the roots of the equation 1*3;®-* are the abscissa* of the points 
P and Q of the graph of y = x*-x, at which the ordinate is 1. P and Q 
are evidently the points where the line y = 1 meets the graph. From 
the figure, we find that the abscissae of P and Q are 1'6 and —’6 
respectively, which are, therefore, the required solutions. 

Example 3. Trace the graphs of (i) y m 3*® and (ii) j/“2*+1, 
and determine the points where they meet. L C. U. 1916 J 

Deduce the roots of the equation 3*® *23;+1. 

Evidently the corresponding values of x and y on j/“3** may be 
tabulated as follows ; 


X 

0 

i 

1 

WH 

wfea 

-S 

i 

-1 

u 

-ii 

V 

0 

i 

i 5 

1 

i 

3 

3 

5i 
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issHiiSD 

EE 
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Also, the points z-0 \ 1 and x^i 1 

j/-l J y-f i y-2 / 

lie on the straight line y^2x+l. 

Taking twelve times the side o{ a small square as the unit of length 
the graphs will be as shown in the diagram on the last page. 

Let the straight line meet the parabola at P and Q whose co-ordi 
nates are found from the diagram to be (1, 8) and ( —i, i) respectively. 

The abscissai of the points common to the graphs of and 

y«2z +1 are evidently the roots of 8a ,2 =2x+l. But, from the figure, 
these absciss® are 1 and -i, which are, therefore, the required roots of 
3x*=2x+l. 


269. Draw the graph of y 2 =x. 

We have j/-± Jx. The corresponding values of x and y may he 
tabulated as follows : 



•25 ; *25 1 

! i 

1 

I 1 1 

2*25 2-25 4 

4 

6-25 ! 6-25 

•5 - -5 1 

-1 

l'S ! — 1*5 2 

! 

-2 

2-5 - 2-8 



Let eight sides of a small square be the unit of length. Now 
plotting the points found above and drawing a curve through them 
free-hand, the graph will be as in the diagram. 
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Note 1. Since /or every point of the graph, y=± Ji and is, therefore, imagi¬ 
nary when s is negative, it follows that no point of the graph can have a negative 
atacuM, i.e., no part of the graph lies on the negative side of the x axis, This 
graph, therefore, Jtes on the positive side of the x-axis and extends to infinity on that 
tide. It is easy to see that the curve is symmetrical about the x-axis. 


Note 2. The graph of y“— — x is evidently an equal curve turned in the 
opposite direction on the negative side of the x-axis. 

270. Maximum and minimum values of quadratic expres¬ 
sions. 


Example 1. Show graphically that the expression 3-4® —2a:* is 
positive for all values of x between -2'6 and '6 and find its mmim nm 
value. 

Let y”= 3-4a:-2a;*. 

Drawing the graph of y = 3 - 4a: - 2a:* as in Art. 267, we find that 
for all values of a; between - 2'6 and '6 the curve lies above the x-axis 
and the ordinates are positive, and for values of x greater than '8 
and less than -2’6, the curve is below the axis of x and the ordi¬ 
nates are negative. But the ordinate ( 2 /) = 3-4x-2x*. 

Hence, 3-4x-2x“ is positive for all values of x between — 2'8 

and '6. 

Also, we notice from the figure that the ordinate is greatest at the 
point P (— 1, 5), its greatest value being 5. 

.'. the maximum value required “=5. 

Example 2. Show graphically that the expression x* - x is negative 
for all values of x between x=0 and x*l. Find its minimum value. 

Let !/~x*-x. 


Drawing the graph of p=x*-x as in Art. 268, Example 2 (see the 
diagram on page 526), we find that for ail values of x between x~0 and 
®—1 the curve is below the x-axis and the ordinates are negative. 

But the ordinate {#)=*= x*-x. 

Hence, x*-x is negative for all values of x between x=0 and X“l. 

Also, it is evident from the figure that y (i.e., x* -x) has the mini¬ 
mum value - i at the point A, 

271. Draw the graph of the equation xy-1. 

It is easy to see that the following points are on the required 
graph ; 


x= 

V‘ 




x-'2 1 
v- 5 J 


■ -4 • 
=2 5 


:])■ 


■ '8 
= 125 


)■ Pi ) 1 


• 2 ’ 

■‘ 6 , 


1-34 
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Evidently also the following points are on the required graph : 


*-- Ml 

*--•21 

*-- Ml 

*--•6 1 

O 
r —4 

1 

1 

3 * 

y— - 5 ) 

y”-2‘5J 

y-- 2/ 


*”- '81 *”-11 *”-21 

y — — 1'25 J V -- 1J V --* 5 / 



Let two centimetres be the unit for measuring * and 2 millimetres the 
ttnii for measuring y. 

Let us now plot the points and draw a curve through them free- 
hand, as in the above diagram. 

The curve bo drawn is the required graph. 

Note 1. As * diminishes from 1 to sero,-y increases from 1 to infinity ; and M 
m diminishes from sera to -1. y increases from negative infinity to - 1. 
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Note 2. As x increases from 1 to infinity, y diminishes from 1 to eero ; and al 
w diminishes from -1 to negative infinity, y increases from, -1 to sero. 

Note 8. The graph consists of two branches, one lying between OX and 07 
and the other between OX' and 07. 

Note 4. The more we move towards the right or left of 0, the nearer does the 
curve approach the axis of x; whilst the more we move upwards and downwards 
from 0, the nearer does the curve approach the axis of y. But in no case does the 
curve meet the axis except at an infinite distance from 0. Bence, each of (he 
asm »* said to be an Asymptote to the curve . 

Note 5. A curve of this kind is called a Rectangular Hyperbola. 

Example. Draw tue graphs of (i) xy-8 and (ii) ts+v-S. Find 
the oo-ordinates of their points of intarsection. 
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Drawing the graph of xy = 8 by the above method and the graph 
of the straight line x + y x 9 in the same figure on the same soale, as in 
the above diagram it will be found that they intersect at two points P 
and Q whose oo-ordinates are 

and *” 0 } respectively. 

p-lJ y-8J 

EXERCISE 137 

Draw the graphs of the following equations : 

1. x* + iv* m 4. 2. 4&*+9y*“l. 3. 25**+v*-25. 





632 


ALGEBBA MADE EAST 


[ CHAP. XXXVI. ] 


4. 16x*+9y 2 —1. 6. &*-4v®“4, 6 . — 

7. 4a;*-y 8 «l6. 8. y s -9x*=9. 

9. In one and the same diagram draw the graphB of 4x s -9y*—0 
and 4x 2 ~9y 2 “36. 

10. In one and the same diagram draw the graphs of 9y 2 -4x*=0 
and 9y* - 4a; 2 * 36. 


11. Draw the graph of the equation 5i/“ —10, taking the unit 

for measuring y five times as large as that for measuring x. 

12. Draw the graph of the equation x^~ ix + 2y=*0, taking the unit 
for measuring y twice as large as that for measuring x. 

18, Draw the graph of the equation y s + x**0, taking the unit for 
measuring x equal to half that for measuring y. 

14. Draw the graph of the equation 3V** 2 , taking the same unit 
for measuring both x and y. 

15. Find graphically, correct to the first figure after the docimal 
point, the square roots of: 

(i) 3 ; (ii) 5 ; (iii) 7. 

16 . Find graphically, the minimum values of the expressions ; 

(i)x 2 +6x + 10; (ii) 4m® + 4m + 5 ; (iii) 4m 8 + 4m+1; 

(iv) 2ar s — 6aj + 7. 


17. Find graphically, the maximum values of the expressions ; 

(i) 4x-x* ; (ii) S + 6m—9m* ; (iii) 12 — 3m — ! 

(iv) l + 2x-2x*. 

18. Draw the graphs of the equations (i) xy — 4 and (ii) x + tf-5, 
and find where they intersect. 

19. Show graphically that (i) the expression 4a: - a; 2 is positive for 
all values of x between 0 and 4; (ii) the expression a: 2 + 6a;+12 is 
positive for all values of x and (iii) X s -4a:-5 is negative for all values 
of x between — 1 and 5. 

20. Draw the graphs of (i) xy--8, and (ii) x + y"2 and find where 
they intersect. 

Solve graphically: 

21. x*-4x-3. 22. 3x*«x+2. 


28 . 2x 2 -7x + 5«0. 
25 . (i) x*-y 2 -l 1 . 
x —2y j 
(iii) y * -4x 1 , 

V -2x / ’ 


24. 7x 2 -2x**5. 

(ii) xy -51; 

x+y- -6 / 
(iv) x* - y 1 
x - -2y / 



CHAPTER XXXVH 
ARITHMETICAL PROGRESSION 


272. Definition. Quantities are said to be in Arithmetical Pro* 
gression when they increase continually by a common quantity (called 
the common difference). 

Thus, each oi the following series of quantities is in Arithmetical 
Progression: 


2, 

5. 

8, 

11, 

14, 

ko, 

9, 

5. 

1. 

-3, 

-7, 

ko. 

a, 

a+5, 


a+ 25, 

a+ 35, 

ka. 

a, 

a-5, 


a-25, 

a-35, 

ko, 


In the first of the above examples the quantities increase by 3, 
whereas in the second the quantities decrease by 4 ; so the common 
differences of these two cases are said to be 3 and - 4 respectively. 
Similarly, in the third example the common difference is 5 and in the 
fourth it is - b. 

N. B. Arithmetical Progrestion is briefly written at A. P. 

273. The common difference of the terms of an A. P. is found 
by subtracting any term of the series from the term following it. 

Thus, in the series a, a+ b, a+25, a + 35,.... the common difference 
■•(a + 5)-a”(a + 26)-(a + 5)=(a + 35)-(a+25)“.“6. 

274. To find the nth term of an A. P. 

If a be the first term and b, the common difference of a series 
of numbers in Arithmetical Progression, we have the 2nd term "a+6, 

the 3rd term = a + 2b, the 4tb term ** a + 36.the 10th term ** a + 9b, 

the 21st term”a+ 205 ; and so on. Hence, the nth term=a + (n-1)5. 

Example 1. Find the 19th term of the series 10, 8, 6, 4, &o. 

The firBt term = 10, and the common difference” -2. 

Hence, the 19th term = 10 +18( - 2)=10 - 36 = - 26. 

Example 2. What term of the series 5, 7, 9,11, &c. is 25 7 

Let the rth term of the given series be the required term ; then, 
we must have 

25=5 + (r-lfc8 
“ 3+2r, whence r=11. 

Thus, tbe 11th term of the given series -25. 
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275. Given any two terms of an A. P., to find it completely. 

Example 1, The 7th and 13th terms of an A. P. are 34 and 64 
respectively. Find the series. 

Let a —the first term, 

and 5“the common difference of the A. P. 

.'. the 7th term—a+(7-l)6—a + 66—34, ••• (1) 

and the 13th term—a + (18—l)6—a + 126 — 64. ••• (2) 

From (1) and (2), by subtraction, 

66 — 30, i.e., 6—5. 

Now from (1), a + 6x5=34, or, a—34 - 30 — 4. 

Henoe, the first term and the common difference of the required 
series are 4 and 5 respectively. 

the series is 4, 9,14,19, 24,... 

Example 2. The pth and gth terms of an A. P. are c and d 
respectively. Find the series completely. 

Let a “ the first term, 

and b "the common difference of the A. P. 

.‘. the pth term—a + (p-l)6“e, ■■■ (1) 

and thegth term— a + {g— 1)6— d. (2) 

Solving equations (1) and (2), a and 6 oan be obtained. Thus, by 
subtracting (2) from (1) we have, 

( p-q)b~c-d , 6-|^~* 

Also, from (l), a+(p-l)6-a + (j?-l)*~g-c. 

• „-,r (p-1Xc —d) d(p- l)-c(g-l) 

'• a c P-g P-g 

Hence, a and 6 being known, the whole series may be written 
down. 

EXERCISE 138 

1. Find the 8th, 20th and (n~3)tb terms of the series : 

(i) 2, 4, 6, 8, Ac. (ii) 1, 3, 6, 7, &c. (iii) V, h h ~i, Ac. 

(iv) f, #, h &e. (v) 5,11,17,... 

2. What terms of the series 9, 11, 13, 15, Ac. are 65, 99 and 
Bn-13? 
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8. The firBt term of a given aeries is 3 and the 7th term 39, find 
the oommon difference. 

4. If there be 60 terms in A. P. of ■which the first term is 8 and 
the last term 185 ; find the 31st term. 

5. The 3rd and 13th terms of a series in A. P. are —40 and 0 
Find the series and determine its 20».h term. 

6. The 5th and 31st terms of an A. P. are 1 and —77. Obtain 
its 1st and 18tb terms. 

7. Find the 1st term and the common difference of a series whose 
8th and 102th terms are 23 and 305 respectively. 

8. The pth term of an A. P. ie c and its gth term is d. Find tha 
rth term. 

9. If every term of an A. P. be increased or diminished by the 
tame quantity, the resulting terms will also be in A. P. 

10. Prove that if each term of an A. P. be multiplied or divided by 
the same quantity, the resulting series will also be in A. P. 

11. If a be the first term and l the last term of a series of nnmberi 
in A. P., show that the 5th term from the beginning + the 5th term from 
the end-'a+i. 

12. In the preceding example, show that the rth term from tha 
beginning + the rth term from the end = a + Z. 

13. Is 302 a term of the series 3, 8,13, 18, Ac. ? 

[Here, the common difference*= 5. If possible, let 802“the rth term ol the 
aeries, r being evidently an Integer. 

302 — 3 804 

802 ~3 + (r-l)5, or, r-1-—y-' or, 

4 

The value of r being fractional is inadmissible. 

302 Is not a term of the series. ] 

14. The pth term of an A. P. is q and the gth term is p. Show 
that the with term is p+q — m. 

276. To find the sum of n terms of an Arithmetic Beriea ol 
which the first term is a and the common difference, b. 

Let S denote the required sum, and Z, the last term (».«., the nth 
term). 

Then, S’*a + (a + b)+{a + 2b)+(a + 3b)+ &c. + \a + (n~l)b\. 

And, by writing the series in the reverse order, we have also 
S-l + (l-b) + {l-2b) + (l-3b) + &o. + \l-[n-l)b\. 
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Therefore, by addition, 

2S“(a+Z)+(a+f)+(a+l) + &o..., to nterms■■ n(a + ll 
S“^(a + l)-- — (l) 

Thus, the sum of n terms in A. P. is « times the semi-sum of the 
first and last terms, or, in other words, n times the average of the firBt 
and last terms. 

Also, since Z=a -+ (n —1)6, 

S” 2 [« + {« + («- Dfc}]- 2 [2a + (»-1)6 ] •>* (2) 

N. B. The formulae (1) and (1) should be carefully remembered so ( hat they 
might readily be applied in any suitable case. 

Example 1. Find the sum of 20 terms of the series 5, 4$, 3|, to. 
The first term = 5, and the common did. - f. 

Hence, the required sum = %“)2x5 + (20-l)x(-|)| 

-10 (10 - 1J £*)»10( - S) - - 26|. 

Example 2. Find the value of 1 + 2 + 3+4 + &o. to 100 terms. 

The last term of the series evidently * 100. 

Hence, the required sum— 1 f**{1 +100)=50 * 101 *» 5050. 

Example 3. Find, without assuming any formula, the sum of 
1 + 4 + 7+10 +.+ 37. [0. D. 1919] 

Evidently, the common difference = 3, and the number of terms in 
the series = 13. 

Let S denote the required sum. 

S-1 + 4 + 7 +.+ 31 + 34 + 37. 

Also, re-writing the series in the reverse order, 

S-37 + 34 + 31 +.+ 7 + 4 + 1. 

Adding togother the two series, 

2S = 38 + 38 + 38 +.to 13 terms = 38xl3. 

.-. S-Afl$ia«i 9x 13 - 247. 

Example 4. Find, without assuming any formula, the sum of the 
•eries 1 + 3+5 + 7 +.to » terms. 

Evidently, the common difference=2, 
and the nth term = l + (n -1) x 2=2n-1. 

Let S—the sum required. 

S-l+3+6+-+(2n-5)+(2»-3)+(2n-l). 
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Re-writing the series in the reverse order, 

S=(2»-l)+(2n-3) + (2«-5)+- + 5+3+l. 

Adding the two series, 

2S — 2n + 2n + 2n +.to « terms — 2n.ft. 

S = M*. 

EXERCISE 139 

Find the sum of the following series : 

1. 1+2+3+4+.&c. to 25 terms. 

2. 1 + 3 + 5 + 7 +. &c. to 30 terms. 

3. - 3, 3, 9, 15,. to 14 terms. 

4. f + f + i +. to 20 terms. 

6. + if + A +. to 30 terms. 

6 . It + 1 + f + $ +. to 16 terms. 

3 +4+8 + 9+13+ 14+18+19 +•••to20terms. [0. U. F. A. 1881] 

f The gl van series - (3 + 4) + (8+9) + (13 +14)+(18 +19)+~ 

-7 + 17 + 27 + 37+.to 10 terms 

_{14 + (10-J]x_10} ^ 10=620 j 

8. 5 + 4J + 4} +.&c. to 21 terms. 

9. 13 + 12J + Ilf +.&c. to 40 terms. 

10. 2 + 7 + 12 +.&c. to 101 terms. 


11. 

n-l.n-2.n-3. . , , „ 

-+ + - - +. &c. to n terms. 

71 71 71 

12. 

a - b , 3<x - 25 , 5a - 35 , 
a + b a + fc a + b 

4o. to «terms. 

13. 

1+5 + 3+ 9 + 5+13 + 7+17+ ■■ 

■ •• • • to 30 terms. 

14. 



15. 

(a + 5) a + (fl* + 5 ii ) + (a-5) i, + " 

■••• to n terms. 


Find the sum of the following sories without applying any formula : 

16. 3 + 5 + 7+.to 29 terms. 

17. -10-6—2+2 + "* to 22 terms. 

18. (ir-y)+(2ir-3v)+(3a;-5y) +.to n terms, 

19. 6+8+11 +.+ 155. 20. 8+3-2-7-12-.toft terms. 
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277. Applications of the formulae (1) and (2) of the preced¬ 
ing article. The followirg examples illustrate some important applica¬ 
tions of those formulse. 


Example 1. The first term of a series in A. P. is 17, the last term 
— 121 and the sum 25j% ; find the common difference. 


Let the number of terms ; then, we must have 


or, 


407 37? 
16 “ 16 ‘ 


n 


407 
“ 37 


11 . 


If, then, 6 be the required common difference, we must have 

-12ft=the 11th term) = 17+106. 

••• 106= -121-17= -29|= -*t*. 

• h J35_ __5x47. 47 

'■ 0 8x10“ 5x2x8“ ~16' 


Example 2. The sum of a series in A. P. is 72, the first term 17, 
and the common difference -2 ; find the number of terms, and explain 
the double answer. 

Let «=the number of terms. 

Then, we must have 

72=|)2xl7 + ( w -l)x(-2)f 

-1 )34 - 2(n - l)i = ” (36 - 2m) = 18» - »*. 

m s -18m + 72=0, or, [n -6X«~ 12) = 0. 

»=6, or, 12. 

The double answer shows that there are two sets of numbers, satis¬ 
fying the conditions of the problem, and this can be easily verified. For 
the series to 6 terms is 17, 15,13,11,9, 7 ; and to 12 terms it is 17, 15, 
13,11, 9, 7, 5, 3,1, -1, - 3, - 5 ; now since the sum of the last 6 term s 
of the latter set of numbers=0 ; evidently, therefore, the sum of 6 terms 
of the series, is exactly the same as that of 12 terms. 
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Samples. How many terms of the series -8, -6, -4, &a. 
amount to 52 ? ' 1 

Let n*«the required number. 

Then, we must have 

52 “ g x (- 8) + (n -1) x 2} 

“|(2n-18) = «*-9n. 

• »*-9»-52*0; 

or, (ft-13X» + 4)=0 ; .’. « = 13, or, -4. 

Hence, since the number of terms can only be a positive integer, 
we must reject the negative value and take 13 to be the answer to the 
question. 

Example 4. The Bum of p terms of an A. P. is g and the sum of 
<? terms is p ; find the sum of p + g terms. 

Let a be the first term, and b the common difference ; then, since 
the sum of p terms -=g, we must have 

g-^\2a + {p-l)b\, 

or, 2g=p.2a+p(p-l)&. — ••• (i) i 

Similarly, 2p*g.2a + g(g~l)5. ••• — (2) 1 

Subtracting (21 from (l), we have 

2(g - p)- [p - g).2a+■)( p 8 - q*) - (p - g)f b 
“(p- q).2a+(p - q)[p + g- l)b. 

-2“2a+(p+g-l)6, 

Hence, the sum of (p + g) terms 

“^2 5 i2a+(p + C~l)o! 

~ £ y ? x(-2)- -(p + g). 


EXERCISE 140 

1. The first term of an A. P. is 5, the number of terms 30, and 
their sum 1455 ; find the common difference. 

2, The first term of a series being 2, and the 5th term being 7 , 
find how many terms must be taken so that the sum may be 63. 

8. What is the common difference when the first term is 1, the 
last 50, and the sum 204 ? 

4. How many terms of the series 19,17,15, &o„ amount to 91 1 
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5. The bum of a certain number of terms of the series 21, 19, 17, 
4o. is 120. Find the last term and the number of terms. 

5. How many terms of the series 54, 51, 48, 4o., must be taken 
to make 513 7 Explain the double answer. 

7. If the sum of 8 terms of an A. P. is 64, and the sum of 19 terms 
is 361, find the sum of n terms. 

S ^ w 

8. Find the series of which the nth term is ^ < and also find 
the sum of the series to 105 terms. 

9. Find the series whose rtb term is 2r — 1; find the sum of the 
series to n terms. 

10. The sum of n terms of an A. P. is 3n* - n, and the common 
difference 6 ; find the first term. 

11. The sum of n terms of an A. P. is 40, the common differenoe 2, 
and the last term 13 ; find n. 

12. Prove that the sum of the latter half of In terms of any 
arithmetical series*! of the sum of 3 n terms of the same series. 

13. If 2n +1 terms of the Beries 1, 3, 5, 7, 9, &o., be taken, then 
the sum of the alternate terms 1, 5, 9, &c., will be to the sum of the 
remaining terms 3, 7, 11, Ac., as n + 1 is to n. 

14. Prove that (i) 

and (ii) a + b). 

278. Arithmetic means. 

Definitions : (l) When three quantities are in Arithmetical Pro* 
gression, the middle one is said to be the Arithmetic mean between 
the other two. 

Thus, 5 is the Arithmetic mean between 3 and 7. 

(2) If A and B be any' two quantities and x Xl r a , r 8 , au, 4o., 
€n~t, Xn, a number of others such that A, x Xl x», x», ho., x„~i, x», B 
are in Arithmetical Progression, then x,, x t , x», ho. are called the 
Arithmetic means between A and B. 

Thus, 3, 4, 5, 6, 7 aro Arithmetic means between 2 and 8, and so 
are the numbers 34, 5 and 6! ; for both the series 2, 3, 4, 5, 6, 7, 8 and 
2, 84, 5, 64, 8 are in A. P. 

Note. It is evident from Out above example that between any two quantitiee 
the number of different sets of Arithmetic means is unlimited. 

279. To insert a given number of Arithmetic means between 
twp given quantities. 

Let a and c be the two given quantities, and n the number of 
Arithmetic means to be inserted. 
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Then, we have to find out n quantities x x , x s , x», &o., x*~g, x»-i, «» 
HUoh that a, x Xl Xg, x», Ac., x n ~i, x n , c may be in A. P. Evidently the 
aeries [a, Xu Xg, x», &c., x n -i, x», c] consists of n + 2 terms of whiah 
■ is the first term and c the last. 

Hence, if 6 be the common difference, we must have 
c=a + (w + l)6, 

whence b=° rV 
n+ J. 

Hence, Xi=a+6=a + ,?• 

n +1 

x 4 = a + 26=a + 

Ac. Ac. Ac. 

, , ,n[c-a) 

x„=a + ra6 = a + 

Example 1. Find the Arithmetic mean between any two quan¬ 
tity a and b. 

Let x = the quantity Bought 

Then, a, x, b are in A. P.; and we must have x-a*»&-fB, 

, a + b 

whence x = -g ■ 

Example 2. Insert 4 Arithmetic means between 3 and 18. 

Let *i, Xg, x», x t be the required means. 

Then, 3, Xi, x s , x B , x*, 18 are in A. P. 

Hence, if 6“the common difference, 
we must have 18=3+56. 6 = 3. 

Hence, Xi = 3 + 6“ 6 

x g = 3+26 = 9 
x„ = 3+36 = 12 
x 4 -3+ 46=15 

Thus, the required means are 6, 9, 12 and 15. 

EXERCISE 141 

1. Find the Arithmetic means between (i) 5 and 8 ; (ii) -6 
and 21 ; (iii) m-n and m + n ; (iv) (a + x)* and ( a-rr . 

2. Insert 2 Arithmetic means between (i) 8 and 12, (ii) - 6 and 14. 
8. Insert 3 Arithmetic means between 117 and 477. 

4 Insert 4 Arithmetic means between 2 and —18 

5. Insert 17 Arithmetic means between 31 and - 41j. 

6. There are n Arithmetic means between 1 and 31, suoh that 
the 7th mean : (n- l)th mean**5 : 9; required n. 
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280. The natural numbers. The numbers 1, 2, 3, kc. are called 
the natural numbers. 

(i) To find the sum of the first n natural numbers. 

Let S denote the sum ; then 
S-1 + 2 + 3+--.Hi 

(l + «)=“^- 1 -' - (A) 

(ii) To find the sum of the first n odd natural numbers. 

Let S denote the sum ; then 

S=l+3+5+7+.to n terms 

“2 |2 Hn-l) * 2f 

«2*2 n = n*. - - (B) 

(iii) To find the sum of the squares of the first n natural 
uumbers. 

Let S denote the sum ; then 

S=l* + 2* + 3* + 4* +.+ »*. 

We have, n 8 -(n-l) s = 3ra*-3n + l. 

Hence, putting 1, 2, 3, &c., for n, we have 
l 8 -0 8 »3.i*-3.1 + l, 

2* -1° — 3.2* - 3.2+1, 

3 8 -2 s =3.3*-3.3 + 1, 

4*-3* =3.4*-3.4+1, 

(n -1)“ - (n - 2)’ = 3.(n - D* - 3.(n -1) +1, 
n a - (» -1) 8 =3.«* - 3,n +1. 

Hence, by addition, 

» 8 =3(1*+2*+3* + •■• + «*)—3(1+2+3+ —+n)+n 
-38-8.^+n; 

.’. 3S“n a -n + -n(n + 1H(»-1) + If; 

8- ,n(n + l|2n + l) ... 
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(iv) To find the sum of the cubes of the first 
numbers. 

Let S denote the sum ; then 

S«l 8 + 2 8 +3 8 +.+ m 8 . 

We have, w 4 -(n-l)*=4n s -6n s + 4tt-l. 

Hence, putting 1, 2, 3. &o., for n, we have 
l 4 —0 4 = 4,1 8 -G.] 8 + 4.1-1, 

2 4 -l 4 = 4.2 8 -6.2 s + 4.2-1, 

3 4 -2‘~4.3 8 -6.3 s i 4.3-1, 


n natural 


U -1)‘ - (n - 2) 4 = 4.(n - l) 8 - 6.(n - l) s + 4.(n -1) -1, 
n* —[n~ 1J 4 = 4.n 8 — 6.n 8 + 4.n — 1. 

Hence, by addition, 

n* -4(1 8 + 2 8 + 3 8 + Ac. + n 8 )-6(1 2 + 2 a + 3* + Ac. + n ! ) 

+ 4{1 + 2 + 3 + &c. + n) — n 

_ .o g n(n + l)(2 w + l ) . «(n +1) 

“45-6. G - -4. g- n ; 

4S—n* -t-» + n(n+l)(2n + l) — 2n(n + l) 

* n[n + l)j(n* - n +1) + (2n +1) - 2} = n(n + l)(ra* + n); 

•• -{ w(w 2 + 1}*- (D) 

Thus, the sum of the cubes of the first n natural numbers is equal to 
the square of the sum of these numbers. 

Example 1. Sum the series 1.2 + 2.3 + 3.4 + &c. to n terms, 

The nth term of the series evidently = n(n +1) = n a + n. 

Henoe, putting n=1, the 1st term = I s + 1, 

» » «“2, * 2nd term*2 s + 2, 

* * n*3, * 3rd term*3 s + 3, 

and so on. 

Hence, if S denote the sum of the given series, we have 
S - (1* +1) + (2 B + 2) + (3 s + 3) + &c. to n terms 
= (l , + 2 8 + 3* + &c. + n 2 ) + (l + 2 + 3 + &c. + n) 
n(n + lX?« +1). n(n + 1) 

6 2 

_n(n + l)/2w + l , ,l_n(n + lXn + 2). 

2 1 3 l I 8 
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Example 2. Sum the serieB I s + 3* + 6* + 7* + &o. to n terms. 

Since evidently each term of the given series is equal to the square 
of the correspondiny term of the series 1, 3, 5, 7, &c., ■ . the nth term 
of the given series “the Byuare of the wth term of the series 1, 3, 5, 7, &o.; 

and the nth termHl + («-l)*2( 2 -(2n-l)*-4n*--4n + l. 

Hence, putting n“ 1, 2, 3, &c., we have 
the 1st term “4.1“-4.1+1, 

* 2nd » “4.2* -4.2+1, 

» 3rd * ■= 4.3* - 4.3 +1, 

and bo on. 

Hence, if S donote the sum of the given series, we must have 
S “ 4(1 * + 2* + 3* + &c. + n 2 ) - 4(1 + 2 + 3 + &c. + n) + n 
, n(n + lX2n + l) _ . n(n + 1) , 

1 6 2 

-|i4(n*-l) + 3t= |(4n*-l) 

Example 3. Sum the series : 

1* + (1* + 2 s ) + (1* + 2* + 3*) + &e. to n tern! 

The nth term of the given series 
■=l 2 + 2* + 3* + &c. + n* 

_ n(n + l)(2w +1) _ n (2w* + 3w 4 -1) ^ + + ^ 

6 6 

Hence, the 1st term“4.1* + 4.1* + 4-l. 

2nd - =4.2“+ 4.2*+ 4.2, 

3rd • “4.3 8 + 4.3*+4.3, 

to ••• 

and so on. 

Hence, if S denote the required sum, we must have 
S “4(1“ + 2“ + 3* + &e. + « 8 ) 

+ 4(1* + 2* + 3* + &c. + n*) + 4(1 + 2+ 3+ &o. + «) 

4 w*(n +1)* , 1 n{n + l)(2n +1) , l,n(n+l) 

“ 3' 4 + 2 6 6 2 

- )n(n +1) + (2n +1) + ll 

- -L« + 4) ( B * + 3n + 2) - *>. 
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Example 4. Bum the series 

8.7+ 6.10+7.13 +9,16+n terms. ( D. B. 19361 
The Bth term of the Beries evidently -(2 b + 1X3b + 4) 

"* s 6«* + lln + 4. 

Hence, putting «-l, the 1st term -6.1* + 11.1+4, 

* * B“2, * 2nd term “6.2*+ 11.2+ 4, 

* » B“3, * 3rd term “6.3*+ 11.3+4, 

and bo on. 

Hence, if S denote the sum of the given serieB, we have 

S“6{1* + 2* + 3*+-"B terms)+ll(l+2+3+4+*- n terms)+4 a 

6. n(« + lX2w +1), ll.»(n +1) 

6 + *' "2 +4n 

“ n(n+lX2»+1 )+^b(b+ 1)+4n 
“n|2»* + 3n+l + ^n + ^+4j 
-n(2n* + «. + - | (4w* + 17 b+21). 

EXERCISE 142 

Bum the series: 

1. 2* + 5* + 8* + Ac. to b terms. 

2. 1.2* + 2.3* + 3.4* + Ac. to n terms. 

8. 1.3+3.5+5.7+7.9 + Ac. to n terms. 

4. 2.3+3.4+4.5+Ac. to s terms, [ E. B. 8. B. 1949 ] 

6. 3*8+6xil + 9xl4+Ao. to nth term. 

[W. B. S. P. 1954 (Suppl.) ] 

6. 2.3.4 + 3.4.5 + 4.5.6+5.6.7+• • • n terms. 

7. lx3*+ 2 x 4 *+ 3x6* +.100th term. [ W. B. 8. F. 1954] 

8. I s + 3* +5* + Ac. to b terms. 

9. l+(l+2) + (l+2+3)+Ao. to b terms. 

10. (l)+(l+3)+(1 + 3 + 5)+Ac. to n terms. 

11. 1.2.8 + 2.3.4+3.4.5 + Ac. to n terms. 

12. 2.3.1+ 3.4.4+4.5.7 +Ac. to n terms. 

18. 1-2 + 8-4+5-6+Ac. to b terms. 

14. l , -2 , +8 , -4*+5 , -6*+Ao. to Bterms. 


1—35 
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281. Miscellaneous Examples and Problems. 

Example 1. Prove that if the number of terms of an A. P. be odd, 
twice the middle term is equal to the sum of the first and last terms. 

Since the number of terms is odd, let it be denoted by 2n +1. 

Evidently, the middle term is one which has n terms on either 
side of it; hence, it is the (n + l)tk term from the beginning and also 
the (n+ l)th term from the end. 

Hence, putting M for the middle term, we must have 

ilf-a + (n + l-l)&=a + n6 ••• -• (1) 

and also M m l-(n + l- l)6-i- nb. ••• -• (2) 

Hence, by addition, 2 M=*a+l. 

Example 2. Prove that the sum of an odd number of terms in 
A. P. is equal to the middle term multiplied by the number of terms. 

Let 2« + l—the number oi terms. 


Then, the sum of the terms 

-~ + 1)—^ 2 ** x [last example] 
—(2«+l)* M. 


Example 3. Find the first five terms of the series of whioh the 
sum to n terms— 5n* + 3«. 

Let ti, ft> t», iso., t n denote respectively the 1st, 2nd, 3rd, Ao., 
nth terms of the series ; 


and let s%, s., s», Ac., s* denote respectively the sums of 1, 2, 3, 
Ac., n terms of the series. 

Evidently then Si-L ; Sa-fi + f* ; + + ; and so on, 

Now, by the question, we have s»-5?t* + 3n, 

(».«., the Bum of any number of terms 3 *5 times the square of that number 
+ 3 times that number). 

Hence, putting »**1, we have Ji—5 + 3—8, 


m 

n-2, 

. * 

j a -20+ 6 - 26, 

m 

n-3, 

9 

s«-45 + 9 - 54, 

9 

n-4, 

9 

s*-80+12- 92, 

9 

»-5, 

9 

s« -125 + 15“ 140, and so on 

Hence, 

ti-*i-8, 

«*-»»-»!- 

26- 

8-18, 


** — 

54- 

26- 28, 



92- 

54- 38, 



140- 

92- 48, and so on. 


Thus, the first five terms of the series are 8, IB, 28, 38 and 48. 
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Example 4. Sum the series : 1 + 5+12 + 22 + 35+ ho. to a ter ms. 

i ^ P®° ulUrit y the serlaa Is that the auooeaaive diSerenoea ot the temi 
are m A ( x*• J 

Let 8 denote the required sum and let tn denote the nth term ol 
the senes. Then, we Lave 

S-l + 5+12 + 22 + - + t* ; 
also S-0+1+ 5+12+ — + t*-i + t n . 

Hence, by subtraction, 

0—1 + 4 +7+10+&o. +[U~tn-i)~t n 
m il + 4 + 7 +10 + Ac. to n terms} — t n . 

••• fca- | )2 + U- 1)31 

i.e., the nth term oi the given series —|.n*-in. 

Hence, the 1st term«S.l*-i.l, 

2nd » -§.2®~i.2, 

3rd » “f.3*-i.3, and so on. 

Hence, S — i(l* +2® + 3* + &o, + n®) — i(l + 2+8 + &o,+ n) 

_ 3_ n(n + l X2n + l) _ 1 n(n+l)_n(n+l) n®(f» + ll 

2 6 " 2 2 4 2 ‘' 


Example 5. Sum the series + 2^3 + + * 0, *° * tema, 

Let S denote the sum to n terms. 


Now, we have 


‘■-or 1 -1 

t _ i . 1 _ 1 , 
f * 2.3 2 3 

t _ I.1 _ I , 
ta 3.4 3 4 

Sec., &o., &c„ 


t, 


. 1 _ 1 1 
1 n(n + l) n n +1 


Hence, 5-1— 

n +1 n +1 

Example 6 . Divide 15 into three parts whL h are in A. P. and 
whose product- 120 , 

Let a-p, a and a + 0 be the numbers ; 
then, we have 

(a-0).a.(a + 0)“ 120 — (1) \ 

and (n-fl)+a+(a + 0)- 15, — (2)/ 



548 


algebra made east 


[ CHAP. 


From (2), 3a”15. a”6. 

From (1). a(a* —0*)“12O, 

6.(25-3*)”120. /. 25-0>-24. 

0 *-l. .*. 0”±1. 

Hence, the numbers are 4, 5, 6. 

Example 7. If a*, 6®, c* be in A. P., then 
rv"’ -}' 4t are in A. P. 

6 +c o + a a + o 

Evidently ^ are in A. P., 


e+o 6+e o+6 


i.e., 


_ 1 _ • 

c+o' 

„ 6-o c_r_6 

lf (c+ol(6+c) (o+6Xc+o) 
if(6-oX6+o)“(c-6Xc+6), 
if 6*-o®-o*-6®; 


but, tBs is true by hypothesis. 

ri-« > -k are in A. P. 

6 +c o+o o+6 

Example 8 . If o, 6 and c be respectively the pth, gth and rth terms 
of an A. P., prove that o(g-r)+6(r-p)+c{p-g)”0. 

Let o denote the first term and 0 the common difference of tie 
A. P., of which o, 6 and o are the pth, gth and rth terms ; then, we 
must have 

0”a+(p-l)P 

6 ”a+!g—1)0 - 

O“a+(r-l)0 

Now, we have to eliminate a and 0 from these three equations. 

Subtracting (2) from (l), and (3) from (2), we have 

o-6“(p-g)0, 

6 -c”(g-r)0. 

Genoe, (o-6Xg-r)“(6-cXp - g). 
or, o(g-r)+6(r-p)+c(p-g)“0. 

Example 9. A person lends Rs. 1000 to a friend agreeing to charge 
no interest and also to reoover the amount by monthly instalments 
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decreasing successively by Bb. 2. In how many months will the loan be 
paid up, if the first instalment be Bs. 64 ? [0. U. 1920 ] 

Let «—the number ol months required, 

the successive instalments are evidently in A. P. 

whose 1st term “64, 
and 'whose common difference “ - 2. 

8inoe, the sum of the n instalments “Rs. 1000, the sum of the 1st li¬ 
terals of this A. P.-1000, 

|i2x64+(»-lX-2)[“1000, 

or, (65n-n*)“1000, 

or, n*-65n +1000-0, 

or, (n-25)(n-40)-0. 

Hence, ft-25, or, 40 

But n cannot be 40, since in that case the 40th instalment 
“the 40th term of the A. P. 

-64 + (-2X40-l)“-14, 

which is inadmissible, as no instalment oan be negative 
« must be 25. 

EXERCISE 143 

1. The (ft + l)th term of a series in A. P. is ' required the 

sum of the series to (2« + l) terms. 

2. Find the first five terms of the series of whioh the sum to 
« terms is 2n* + 7«. 

8. The sum to n terms oi an A. P. is 3n* + lOn ; find the first term 
and the common difference. 

4. Find the 35th term of the series of whioh the sum to « terms 
is fl* + fl.- 

6. Sum the series : 1 + 3+6+10+15 +Ac. to ft terms. 

6. Sum the series : 2+5 +10+ 17 +Ac. to n terms. 

7. Sum the series : 2 + 7 + 14 + 23 + 34 + Ac. to » terms. 

8. Sum the series : (i) g 1 ^ + g 7 + j~ g + *e. to « terms. 

(ii) +B . + ki +Ac. to « terms. [ W. B, 8. F. IMS ) 

1.3 3.0 O.i 

(lll) * tem *' 
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9. Find 4 numbers in A. P„ such that their sum shall be 06, and 
the nun of their Bqu&reB 864. 

[ Let a-S/3, a-p, a + p and o + 8/9 be the numbers. ] 


10. Divide 36 into three parts which are in A. P., and whoBe 
product “1536. 

11. The sum of three numbers in A. P. is 15, and the sum of the 
squares of the two extremes is 58, What are the numbers ? 


12. There are four numbers in A. P., the sum of the two extremes 
1 b 8, and the product of the means is 15. What are the numbers ? 


18. Find Bix numbers in A: P., such that the sum of the two 
extremes may be 16 and the product of the two middle terms 63. 

[ Let a-Bp, a-3/9, a-p, a + p, a + 8 p, a + 5/9 be the numbers. ] 


14. If ( b-c )*, (c-a) 8 , (a- ft)® are in A. P., show that 


ft 


L, 

-e c-a a~b 


are in A. P. 


15. If a, ft, c be in A. P„ show that 


(1) “j 1 ^ are in A. P. (2) ft + c, c + a, a + b are in A, P. 

(3) Q*(ft + c), fc*(c + a), c*(a + ft) are in A. P. 


(6) fl (ft + l)' fc (c + o)' c (o + I) are in A - P 


(6) {fl+26-cX26+c-oXc+o~ft)“4aftc. 


[ D. B. 1931 


18. Ii a, ft and c bo respectively the sums oi p, q and r terms of 
as A. P., prove that 


|(c-r)+-(r-p)+ ®(p-ff)-0. 


17. The pth term of an A. P. is a and the qth term, 6, Show that 
the sum of the first (p+q) terms is 

^{o+ftt^}-. [M.D.1887] 

[ See Example 2, Art, 270 ] 

18. There are a Arithmetic means between S and 04, sueh that the 
8 th mean : fn-2)th mean-3: 6 ; find n, 
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19. If Si, 8„ Sa be the sums of n terms of three Arithmetic series 
Ihe first term of each being 1 and the respective oommon difference 1, 9, 
S, prove that Si 4 £» - 2Sj. 

23. If there be r Arithmetic Progressions, each beginning from 

unity, \ hose common difiorencef irt 1, 2, 3, &c., r, show that the sum 
of their n..h t -rms is = |i(M-l).r s 4 4 l;.r].' 

21. £un the series : «.l + (fc-l).24(n-2).3+(M-3!.44&c. + l.«. 

[ The rth term of tin Berios = hi- (,- -l)).r = (’i + I)r-r\ Ecnoe, the required 
ium»(K4IKX+24-34- — + n}-{l , 4-2N 3 

22. On the ground are placet' r, stones ; the distance between the 
first and second is one metro, between the 2nd and 3rd three metres, 
between the 3rd and 4th five metres, and so on. How far will a person 
have to travel who shall bring them, one by one, to a basket plaoed 
at the first stone ? 

28. A class consists of a number of boys whose ages are in A. P., 
the common difference being four months. If the youngest boy is just 
eight years old, and if the sum of tire ages is 168 years, find the number 
of boys in the class. [ C. U. Entr. Paper, 1872 ) 

24. The interior angles of a rectilineal figure are in A. P. If the 
least angle is 42* and the common difference is 33*, find the number of 
sides. 

25. If sums of the first p. g and r terms of an A. P. are x, V and t 
respectively, prove that xqr{q - r) 4 yrplr ~p) + zpqip -g)~0. 


CHAPTER XXXVIII 

GEOMETRICAL PROGRESSION 


282. Definition. Quantities are said to be in Geometrical 
Progression when each is equal to the product of the preceding and some 
constant factor. 

The constant factor is called the common ratio of the series, and 
it is found by dividing any term by that which immediately precedes it. 


Thus, eaoh of the following scries forms a Geometrical Progression : 


1. S, 4, 

1, i 1. 

1, -i l 

a. ar, nr*, 


8, 16, Ac. 

i, iSr. &o. 

~dr, A. &o. 

nr*, nr 4 , Ao. 
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In the first example the common ratio is 2, in the seoond J, in the 
third -4, and in the fourth r. 

N. B. 'Geometrical Progression' is briefly written as G. P. 

283. To find the »th term of a G. P. 

If a be the first term and r the common ratio of a-Geometrio series. 

we have the 2nd term—a.r, the 3rd term—a.r*, the 4th term —a.r 8 .. 

the 10th term = a.r®,. the 21st term=a.r 10 , and soon. Henoe, the 

nth term=a.r" _t . 

Example. Find the 6th term of the series 2, 6,18, 54, 4c. 

Here, a-2 and the common ratio—3; 

.’. the 6th term *2 * (3) e " 1 — 486. 

284. Given any two terms of a G. P., to find the series 
completely. 

Example 1. Find the G. P. whose 5th term is 81 and whose 
6th term is 2187. 

Let a-the 1st term, and r—the oommon ratio. 

.'. 81—a.r 8 " 1 -ar\ ••• (1) 

and 2187-or 8-1 ~ar\ .(2) 

Dividing (2),by (1), r 8 -Hf 1 “27. .’. r-3. 

Hence, or*-a.3* =81, 

81 . 

or, a- s *-l. 

Thus, the series is 1, 3, 9, 27, 4c. 

Example 2. If c and d be the ptb and 9 th terms respectively of 
a G. P„ to determine it completely. 

Let a-the 1st term, and r-the oommon ratio. 

.‘. c—the pth term of the G. P. 

—ar”" 1 . ••• (1) 

Similarly, d-ar"" 1 . ••• (2) 

By division, r a ~ gm ^ r = (^) 

Substituting for r in (1), we have 



Henoe, the 1st term and the oommon ratio being known, the 
complete series m# be written down. 
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EXERCISE 144 

1. Find the 8th term of the series 4, 12, 86, Ac. 

2. Find the 6th term of the series 3f, 21, lj, Ao. 

3. Find the 9th term of the series 1, 4,16, 64, bo. 

4. Find the 6th term of the series 1, -3, 9, -27, Ao. 

5. Find the 5th term and the («— l)th term of the series j, — 1, f, Ac. 

6. Find the 7th term of the series - 21,14, - 9J, Ao. 

7. Find the nth term of the series Jd+ *„ + o- /0 + *” 

V O 0 \/d 

8. The first two terms of a series in Q, P„ are 125 and 36, 
what are the 6th and 7th terms ? 

9. Find the series (i) whose 6th and 11th terms are respectively 
192 and 6144 ; (ii) whose 2nd and 8th terms are 9 and & respectively ; 
(iii) whose 5th and 8th terms are 8 and — It respectively. 

10. The pth and the gth terms of a G. P„ are c and d respectively. 
Find the nth term. 

11 If every term of a Q. P. is multiplied or divided by the same 
Quantity, the resulting series is also a Q. P. 

12 In a G. P., if the (p + g)ih term = to and the (p-g)th term “ft, 

find the pth and gth terms. [ B. D. 1888 ] 

18. In a G. P., prove that the product of any pair of terms equi¬ 
distant from the beginning and the end is constant. 

14. There are 2» terms in a Geometrio series. Prove that the 
product of the first and last terms is equal to the product of the two 
middle terms. 


285. To find the sum of a number of terms in Geometrical 
Progression. 

Let a be the first term, r the common ratio, ft the number of terms 
and S the sum required ; then 

S -a+ ar+ar* + ar B + Ac. + ar n ~\ 
fir- or+or* + or* + Ac.+or B_1 +or”. 


Hence, by subtraction, 
Sr-S-ar B -o. 

. c a(r n - 1) 

4 r-1 

a(l -r n ) _ 
1-r 


Mt 




S(r-l)-a(r B -l), 

- ( 1 ) 

- ( 2 ) 


or, 
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Cor. If l denote the last (or the nth) term of the series, we have 
l**or"* 1 ; hence, from (1), S = ^■ ••• (3) 

T~~ 1 

Rote. The formula (2) may conveniently be used in all cases except when 
r it positive and treater than 1. 


Example 1. Find the sum of I? “5 +4-Ac. to 7 terms. 
The oommon ratio“ = 


Eence, by formula (2), the sun. = ^ 


Example 2. Find the sum of 3 + 4$ + G| + Ac. to 5 terms. 

The common ratio = 4| + 3=| x |=|. 

Fence, if S denote the required sum, we have by formula (1), 


S 


1-1 i 


»3xWx2»W“39^. 


Example 8. Find, without the help of any formula, the Bum of 
the series 1 + 5+ 25 +Ac. to 10 terms. 


The oommon ration. 

the 10th term =1.5° =5’. 

Suppose S is the required sum. 

S«l + 5 + 5 ! + - + 5 # - (1) 

6 S- 5 + 5 s + - + 5» + 5 10 ••• ••• (2) 

Subtracting (l) from (2J, 

4S«5 10 -1. 

S“H5 10 -1) = 1(9765625 -1)-1 * 9765624 - 2441406. 


EXERCISE 145 

1. Sum 1 + 3 + 9+27+Ac. to 12 terms. 

2. Sum 1 + g + g\ + + Ac. to n terms. [ C. U. 1939 (Suppl.) ] 

3. Sum 81 - 27 + 9 - Ac. to 8 terms. 

4. Sum 2 - 4+8 - Ac. to 10 terms, 

6. Sum | - i + J - Ac. to 5 terms. 

6. Sum 2 - 4 + 8 - Ac. to 2r terms. 

7. Sum 2l-l + f-Ac. to a terms. 
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8 . Find without applying any formula the sum of 

(i) The scries 1 + | + Ac. to n terms. 

' [C. U. 1938 ; D. B. 1940] 

(ii) The Bories 5 + 15 + 45+ Ac. to 8 terms. 


9. Show that the sum of n terms of a G. P. beginning with the 
pth term, is r 9 ~ Q times the sum of an equal number of terms of the same 
Beries beginning with the gth term. 

286. If n be an integer and> a given proper fraction, tc prove 
that r* diminishes as n increases. 

Let r*-#. Now, since 4 of any number is undoubtedly less than 
that number, 

(4) 8 is less than 4, because (4) 2 =4 of 4 ; 

(4)* is less than (f) 8 , because (4) 8 “4 of (?)* ; 

(4)‘ is less than (4) 8 , because (4)* = 4 of (4)" ; 
and so on 

Hence, it is clear that in the series 4, (4)*, (4)". (4)*.each term 

is less than the preceding one ; which is briefly expressed by Baying that 
(4)" diminishes as n increases. 

Similarly, the proposition may be proved for any other value of r 
which is less than 1. 

Hence, generally speaking, if r has a given value less than 1. 
r” diminishes as n increases. 

Note. From the above it is quite clear that ij r be a proper fraction, r* 4s very 
email when n is infinitely large. 

287. The sum of a Geometrical series continued to infinity. 

Let ns consider the series a, ar, ar 8 , ar 8 , Ac. 

If S denote the Bum to n terms, we have 
o a (l-r*) a ar n 
i-r i —r 1-r 

If then r be a proper fraction, the larger n is, the smaller will be 
( r n and .’.) — '< hence by sufficiently increasing the value of n we oan 

make less than any assigned quantity, however small; and there¬ 
fore by sufficiently increasing the value of n, the sum of n terms of the 
series can be made to differ from ^ ~ r by as small a quantity as tvs please. 
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This statement is usually put thus : the turn of an infinite number 
of terms of the Geometrical Progression is ' or more briefly, the sum 

I — T 

to infinity is jZTy' 

Let us apply all these remarks to a particular example. 

Consider the series 1, i, i, J, &c. 

Here, a = l, r»=i ; hence the sum to n terms 

Now, by taking « large enough, S?* -1 oan be made as large as ws 
please, and therefore, o»-t small as we please. 


Henoe, we may say that by taking n large enough, the sum of 
n terms of the series can be made to differ from 2 by as small a quantity 
as we please ; or briefly, the sum of an infinite number of terms of this 
series is 2. 


N. B. It must be borne in mind that the sum of n terms of a Geometrical Pro¬ 
gression approaches a fixed limit as n increases indefinitely only when r ft lose 
Chan unity. If r ha greater than anity there ie no each fixed Umft. 


t Example 1 . Prove that in a decreasing Geometrical Progression 
continued to infinity each term bears a constant ratio to the sum of all 
which follow it. 


Let the series be a, ar, ar s , ar®, &c., where r is less than unity. 

Then, the nth term “or" -1 and the sum of all the terms whiok 
follow this 

“ ar”(l + r+ r * + r® + &o. to infinity) 



Henoe, the ratio of the ntb term to the sum of all whioh follow it 

Now, this is constant whatever value n may have, whioh proves the 
proposition. 


Example 2. Bum to infinity t -1+A - *o. 
Here, a**J, and 

Henoe, the required sum - 
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EXERCISE 146 

Sam to infinity each oi the iollowing series; 

!• i+i + i+A+Ao. 2. 1—4 + 1 -J+Ac. 8. i + i+f + A+Ao. 
4. l-|+t~Ao. 5. 3| + 2l + U+Ao. 

2 3 2 3 

6. g + gi + gg + gi + Ac, [ Split this up Into two series. ] 

7 - l+li+fs+lt + Ao. 8. J3 + js + sTa + Ao. 

9. (<s/2+l)+l+(*/2-l) + Ac. 

10. Find the common ratio of a G. P., continued to infinity in 
which eaoh term is ten times the sum of all the terms which follow it. 

288. Recurring Decimals. Recurring decimals furnish a good 
illustration of infinite Geometrical Progressions. 

Thus, for example, ‘264-'234343434. 

- '2 
+ ‘034 
+ '00034 
+ '0000034 
+ Ac., Ac. 

Here the terms after A constitute a G. P. of which the first term 

34 1 

is |Qg and the oommon ratio 

Hence, we may take ‘2W-i| + § + {l+ which 

agrees with the value found by the usual Arithmetical rule. 

289. Geometric means. Definition 1. When three quantities 
are in Geometrical Progression the middle one is called the Geometric 
mean between the other two. 

Definition 2. When any number of quantities x Xl x a , x», Ao., are 
suoh that a, Xi, x a , x t , Ac., b are in G. P., then x Xt x a , x a , Ac., are called 
Geometric means between a and b. 

(i) To find the Geometric means between two given quantities. 

Let a and b be the two given quantities ; G the Geometrio mean. 

Then since, a, O, b are in G. P., we must have, ~~ ™ 1 eaoh being 

eqnal to the common ratio. G* — db, and G— Jab.. 

(ii) To insert a given number of Geometrio means between two 
given quantities. 





668 ALOEBBA MADE EAST [ OHAP 

Let a and b be the two given quantities ; and x%, x», x t , Xt, ho., x%, 
the n means to be inserted. 

Then a, x u *». £», he., x n , b are in G. P. 

Let r denote the common ratio of the series ; 
then 6—the (n + 2)tb term—a.r“ +1 . 

•. r n+1 — - 1 and .'. r-^f'- 
a \al 

„ lb\^ T . IbV**. Ib\'&. , 

Hence, Zi-a. I - I ■ a-a-a.I-J ‘® a “ a, \o/ ■ w»d so on. 

Example. Insert 3 Geometric means between t and 128. 

Let Xi, x it x t be the means. 

Then, i, »i, x%, Es, 128 are in G. P, 

Hence, if r be the oommon ratio of the series, 
we must have 128 - the 5th term - i.r*. 

r*“ 256, whence r m 4. 

Hence, ”2) 

8 ■ 

*.-4.4"-32 

* 

290. The Arithmetic mean of any two positive quantities is greater 
than their Geometric mean. 

Let a and b be two positive quantities. 

.'. their Arithmetic mean — and Geometric mean— Jab. 

Now, jab“i\fi-2ja.jb+b]’ m i[ja~ Jb) a 

-a positive quantity. 

*y> Jab. 

EXERCISE 147 

1. Insert 2 Geometric means between 3 and 24. 

2.. Insert 3 Geometric means between 21 and t. 

8. Insert 4 Geometric means between I and -5fe. 

4 . Insert 6 Geometrio means between 34 and 404, 
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5. What are the three Geometric means between 25 and 161025 ? 

[ Pat. U. 1919 3 

6. If a, b and c be in G. P., and x, y be the Arithmetic means 
between a, b and b, c respectively, prove that 

£+£-amd £ + £-?• [P. U. 1892] 

xy X v 0 

7. The Arithmetic mean oi a and b is to their Geometrio mean aa 

m to n ; show that a : Jm'-n* : m- Jm'-n*. [ A. D. 1889 ] 

8. If the Arithmetic and Geometric means between two quantities 
be respectively A and B, prove that the quantities are 

4+ and A- 

[ list the numbers be a and b. Suppose a > b. 

.'. a+b—iA, ••• — ( 1 ) 

and Jab~B. 

Now, (a-b)*Ha+6)*-4ai“4U’-B’), 

or, a-b-2 JI’-B'. - (8) 

(taking the positive root, Binoe, a > b, 
i-s., a-b is positive.) 

Adding (I) and (a), aa-aA+a JI r -B i , or, a-A+ VA’-B*. 

Also, subtracting (3) from (1), b“ A- JA' - B 1 .] 

291. Miscellaneous Series and Examples. 

Example 1. If x < 1, sum the series 

1+2*+ 3x* + + Ac., to infinity. 

Let S denote the required sum ; then 
S-l+2a + 3a:* + 4ir 8 + &c. 

and Sx m x+2x* + 3x t + &e. 

Hence, by subtraction, 

8 ( 1 -x)~l + x + x* + x* + be., to infinity 

i. 

"l-a 


■ o_ 1 _ 

•• S (!-«)* 
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Example 2. Sum to » terms 5 + 55 + 655 + &c, 

Let S denote the required sum ; then 
S—5 + 55 + 555+&0. ton terms 

- 6)1 +11+111 + &o. to n terms} 

-ix9il+ll+lll + &c. to n terms} 

“ 119 + 99 + 999 + &o. to n terms} 

- 81(10 -1) + (10* -1)+(10 s -1) + &c. to n terms} 

- 81(10+ 10 s +10“ + &o. to n terms) - n} 

_ B (10(10^1) 1 50/_ ,\ _6n 

91 10-1 n j 81 r 1 j 9 

Example 3. Sum to n terms 1 + 5+13+29 + Ao. 

Let t» denote the nth term of the serieB, and S the required sum ; 

than 

S-1+5+13+29+- + U; 
and S-0+1+ 5 + 13+- + t«- 1 + t». 

Therefore, by subtraction, 

0“(l + 4+8+16+Ao. to n terms)-1». 
f***l+14+8+16+Ao. to (n — 1) terms} 

, 4C2"- 1 -! ) 

1 2-1 

-l+2*.(2"' 1 -l)-2 w+1 -3. 

Hence, the 1st term ”2*-3, 

• 2nd » -2*-8, 

» 3rd » “2*-3 
and so on. 

Hence, S - (2* - 3)+(2* - 3)+(2‘-3) + &c. + (2* +1 -3) 

m (2* + 2* + 2* + Ao. to n terms) - 8n 
,2i[jr-i)_3 
2-1 3 ” 

-4(2 B -l)-3n. 

Example 4. If a, b, c, d be in G. P., show that 
[a -d)* - [b- c)*+(o -a)* + [d-b)\ 

We have - ■* I “ ~ 1 each of them being equal to the oommon 

V v Q> 0 C 

ratio; 5*“cc, c*-W, and bc^ad, ••• (a) 
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Hence, (b - o)* + (c - a)* + [d-b) t 

-(6* + c* - 2 be) + (c* + a 8 - 2ca) + (d* + 6* - 2db) 

«2(£, 8 - no) + 2(c 8 - bd) + a 8 + d a - 26c 
“2xO + 2xQ + a s + d 8 -2ad. [ by a J 

“(a-d) 8 . 

gxample 5. If a, 6, c, d be in G. I\, shew that 
a*-b z , 6 a -c 8 , c 8 -d s are in G, T. 

Evidently a 8 -i 8 , 6 2 -c 8 , c 8 -d 2 are in G. P., 
if (a 2 -i 2 )(c 2 -d 2 )=(i 2 -c 2 ) 2 . 

Now, since a, 6, c, d are in G. P., we have ^ ^ • 

a b o 

ac^b*, bd = c s and ad = bc. 

Hence, (a 8 - 6 8 Xc 8 - d 2 ) = a 2 c 2 - 5 2 c 2 - a 2 d 2 + b*d* 

* — & 2 c 2 — i 2 c 1! + c 4 

=6 4 - 26 8 c 8 + c 4 = (b a - c 4 ) 8 . 
a 8 - 5 2 , £> 2 -c 2 , c 2 -d 2 are in G. P. 

Example 6. If p, g, r be in A. P., ;>rovo that the pth, gth, and rau 
terms of any Geometric series form a Geometric series. 

[ W. B. S. S’. 1962 ] 

Suppose the 1st term of tho Geometric series *a and the common 
ratio “B. 

the pth term-aB® -1 , gth term=aB 0-1 and rth term "aB 1 "" 1 , 
*B*~\ aB a_1 and aB r ~ l will be in G. P„ if 
i.t., a*B 8e ’ 8 ”a 8 B* +r ~ 8 , i.e., if 2g-2=p + r-2, 
or, 2g *p+r. 

Now, 2g-p + r, ifp, g, r areiu A. P. 

Example 7. The continued product of three numbers in G. P. 
is 216, and the sum of the products of them in pairs is 156; find tha 
numbers. 

Let ~ ‘ a, ar be the numbers ; 
then by the conditions given, we must have 
^ ’mar *216 

and ~ •« + ^ 'ar + a.ar * 156 
Prom(l), a* "216, 
r—36 



a*6. 



562 


ALGEBRA MADE BAST 


[ CHAP. 


Hence, from (2). J +l + r-~-^ 3 - Sd + r + r^-lSr, 

or, (3r»- 10r + 3)=0, or, (r-3X3r-l)-0. 

■ r“3, or, i 
Hence, the numbers are 2, 6,18. 

EXERCISE 148 

1. Find by the method of summation of infinite Geometric aeries 
the values of : 

(i) -02* ; (ii) 1145 ; (iii) '21501; (iv) '142857 

2. Sum 1 + 3a; + 5a; 8 + 7a: 8 + Ac. to infinity. 

8. Sum 1.2a: + 2.4a: 8 + 3.8a: 8 + Ac. to infinity, 

4. Sem 1.3a: + 4.0a: 8 + 7.27a; 8 + Ac. to infinity. 

5. Sum o + 2a 8 + 3a 8 + 4a* + Ac. to n terms. 

6. Sum 1— 3a: + 5a; 8 — 7a: 8 + Ac. to infinity. 

7. Sum 4 + S + & +Ac. to infinity, 

2 3 4 

8. Sum 1+2 + gs + gB + &c. to n terms. 

9. Find the nth term, and the sum to n terms of tbe series . 

1.1, 2.3, 4.5, 8.7, Ac. 

2 3 4 

10. Sum 1 + g + gg + g, + Ac. to n terms. 

11. Sum to n terms 4 + 44 + 444 + 4c. 

12. Sum tbe series '9 + '99 + '999 + 4o. to n terms. 

18. 8um the series 1 + 3 + 7 +15 + 4o. to » terms. 

14. Sum to n terms -6-4 + 0 + 8+24 +Ao. 

15. Find the sum of 6 + 9 + 21 + 69 + 261 +Ao. to n terms. 

16. Find the sum of (l)+(l + 3)+(l + 3+3*)+(l + 3+8* + 3»)+-• to 

* termSl [ a D. 1931 ] 

17. If a, 6, o, d be in G. P., show that 

(a* + 6* + c 8 X&* + c" + d*)-(ab +bc+od)*, 

( We have ■* - ^ ^ = k (any) ; 

thus, a - 6/t, 6 * ek, c- dk, 

hence a*+6*+c-i e’+cT), 
end also a*+4*+e , «*fc(a6+4e+e<i). ] 
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18. If a, b, o, d are in G. P., prove that 

(i) (&+cX6+d)**(c+aXc + d); 

(ii) (a + dXd+c)-(a+c)(fo+d)**(&-c)® ; 

(iii) a* + &*, b a + c*. c* + <2* are in G. P. [0. U. 1919 ] 

19. Three numbers whoso sum is 15 are in A. P.; if 1, 4 and 19 be 
added to them respectively, the results are in G. P. Determine the 
numbers. 

[ Let o- 0, c, a +jS be the numbers. ] 

20. Three numbers whose product is 512 are in G. P. ; if 8 be added 
to the first and 6 to the second, the numbers are in A. P. Find the 
numbers. 

21. The sum of three quantities in G. P. is 24t, and their produot 
is 64 ; find them. 

22. If a, b, c be respectively the pth, gth and rth terms of i 
Geometric series, prove that a a ~ r b r ~ D c £ ~ a ■» 1. 

23. If a, 6, o be in A. P. and x, y, z in G. P., prove thata il_ V 0 * 0-,, “l- 

24. If a, b, c be in G. P., prove that i ,' Ji’ ; are in A. P. 

O + O 20 o + c 

[D B. 1946 ; G. D. 1948) 

25. The 1st term and nth term of a Geometrio series are a and i 
respectively and the produot of the first w terms of the series is P. 

Prove that P-(aZ) 5 . [ 0. U. 1918 ; D. B. 1943 ] 

26. If S be the sum, P the product and B the sum of the 

„ is \* 

reciprocals of n terms in G. P., prove that P“ =■ 1^1 ‘ 

27. Find the sum of n terms of the series, the rth term of whid 
is (2r+l)2 r . 

28. If w4"*l+r 0 + r® B + ”*to infinity and B" i l+r l ’+r* (, +*-toinfinity, 
prove that r - (-J 1 ) ° - ('^) "• 

29. If there be n terms in G. P.. pr'-'-e that the nth root of their 

produot is equal to the square root of the product of the first and last 

terms. 

90. If n Geometrical means be found between two quantities 

ft 

a and e, show that their produot will be (ac)*. 

81. If a, b, e, d are in G. P., show that the reciprocals of o , -6 , 1 
c*-d* are also in G. P. 
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82 It Si S B| S„ Ac., S» are the sums of infinite Geometric series, 
whose first terms are 1. 2, 3, Ac., n, and whose oommon ratios are 

1, J, i, Ac., n ^ 1 respectively, prove that 

Si + Sb + S 8 + Ao. + S«* |(n + 3). 

33 . Find the sum of the infinite series 

l + (l + a)r + (l + a + a ii )r ! + (l + a + a* + a*)r* + Ac.,r and a being 
proper tractions. 


CJHAPTEB XXXIX 
VARIATION 


292. Definition. One quantity is said to vary directly as 
another when the two quantities are so related that if one of them be 
changed, the other is changed in the same ratio ; or, in other words, if 
«, a be any two values of a quantity A, and 6 , b' the corresponding values 
of a seoond quantity B, then A is said to vary directly as B whan 
a : a'-b ; l'. 


For instance, suppose the measure of the area of a triangle is a, 
when that of the base is 6; now if the height remaining unchanged, 
the base is increased to 26, then as we know from Geometry the area 
will become 2a ; if the base becomes 36, the area will be 3a ; and so on. 
Thus the height remaining the same if the base is doubled, trebled, 
Quadrupled, Ac., the area also beoomes doubled, trebled, quadrupled, Aa., 
f» e the area changes in the same ratio as the base) and so we say that 
H the height of a triangle remains unaltered, the area varies directly 
as the base. 

Note 1. The word directly is often omitted, so that when we sav A variee 
„ B, it is-implied that A caries directly as B. 

Note 2. The symbol « is used to express variation : thus, A « B stands for 
"A caries os B”. 

293 I! A varies as B , then the numerical measure of any 
value of A and that of the corresponding value of B are in 
a constant ratio. 

Let at u«. a»i Ao., b 0 fcb 0 measures of a series of values of A, and 
let 61 , 6s. bi, Ac., be the measures of the corresponding values of B. 



XXXIX. ] 


VABIATION 


666 


Then, by definition. £ A -J* I 0a - b * i *• -\ e \ and so on. 

Aa Oa As Ob Aa Oa 

Hence, ^ *■ *&c„ which proves the proposition. 

Note. Putting m for each of the above ratios, we have a, -mb,, a,-mb,, 
a, —mb,, and so on,. Thus, when A varies as B, the numerical measure of any value 
of A is equal to that of the corresponding value of B multiplied by a constrnt. This 
result is briefly expressed as follows: "If A « B, then A*=mB, w.tere m is 
a constant." 

294. Definition. (1) One quantity A is said to vary inversely 
as another quantity B, when A varies directly as the reciprocal of B. 

Thus, if A varies inversely as B, A“^' where m is constant. 

Illustration : If 20 men do a oertain work in 4 hours, 10 men 
would do it in 8 hours ; 40 men in 2 hours ; and so on. Thus, when the 
number of men diminishes, the time proportionally increases and vice 
versa. This is expressed by saying that if the amount of work to be 
done remains constant, the number of men varies inversely as the time, 

(2) One quantity is said to vary jointly as 1 a number of others 
when it varies directly as their product. Thus, if A varies jointly as B 
and C, A “wi.BC, where m is constant. 

Illustration: The monthly income of a day labourer varies 
jointly as his daily earning and the number of days he works in a month. 

(3) A is Said to vary directly as B and inversely as. C when 
A varies jointly as B and the reciprocal of C, that is, when 

B 

A^m. q 1 where m is constant, 

Illustration. The time ol travelling a distance varies direotly 
as the distance and inversely as the speed of travelling. 

2%. An Important Theorem. 

If A varies as B when C is constant, a A varies as C when B »l 
constant, then will A vary as BG when both B and 0 vary. 

Suppose Ox is the value of A v,! r, i : .'a that of B, and Ox that of 

C. Suppose also that at is the value of A when.&t is that of B and 0« 
that of C. Then the proposition will bo proved if we can show that 
Oi ! ’ bgCe* 

Now, the change of A from ai to a* is due to two causes, namely, 

(1) the change of B from bi to be and (2) the ohange oi 0 from 
•x to Ci,. 
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Hence, it is clear that if one only of these oauses be present 
if either B or C alone undergoes the supposed ohange), A will 
ohango from Oi to some value which is different from as. Let, therefore, 
a' be the value of A when ba is that of B, and Ci that of C. 


Thus, we have the value of A 

-Oi when those of B and C are respectively bi and Ci ••• (1) 
"o' when those of B and C are respectively b a and Cj. ••• (3) 
" 0 » when those of B and C are respectively 6* and c s ••• (3) 

Henoe, from (1) and (2), wo see that A changes from Oi to o', when 
B changes from hi to ba, C remaining constant (t.e., retaining the 
value Ci), and, therefore, by hypothesis, 


a b% 


(a) 


and from (2) and (3), we see that A changes from a to a* when 0 
ohango a from Ci to c*. I! ~:r iair.:ng constant [i.e., retaining the value ba) 
and, therefore, by hypothesis, 


a >> 0 i i 

fl-a Cg 

Hence, from (a) and (0), 
Oi x a^_fei „ Ci, 


( 0 ) 


Os 


x - 

O g C s 


or, 


al" tic* P roveB ^e proposition. 


Illustration : (1) Suppose that a number of plants have to be 
watered ; the quantity of water supplied for watering evidently varies 
directly as the number of men employed if the time lor watering remains 
unchanged ; and also it varies directly as the number of hours for whiob 
the men can work, if the number of men engaged remain the same ; henoe, 
if the number of men and the number of hours be both variable, the 
quantity of water will vary as tho product of the number of men anc the 
number of hours, 

(2) Tho area of a triangle varies direotly as the base when the 
height is constant, and it also varies directly as the height when the 
base is cmistu' 1 * ; bonce wh"p both the bane and the height am variahle. 
the area varies as the product of the numbers which express toe base 
and the height. 

Cor. If there be any number of quantities B, C, D, &c„ each of 
whioh varies as another quantity 4, when the rest are constant ; then if 
they are all variable, A varies as their product. 

296. Some results worth remembering. 

(1) If A « B and B * C, then A « C, 

For, let 4"m£, and B m nC, where m and n arc constants; then 
A -mnO; and as mn is oonstant, A « 0. 



ZZZIX. ] 


VARIATION 


687 


(2) If A “ C, and B x C, then A±B <*■ C, and JAB “ C. 

For, let A—mC, and B=nC, where m and n are constants; then 
-] B=(m + n)C, and (AaB) 1 *!). 

Also JAB“ JmnC*-G Jmn. JAB^C. 

(3) If A* BC, then B « ^ • ai.d C « | • 

For, let A**mBC, then B” ^ • 4 ■ B *= 4 • 

771 L/ O 

Similarly, C “ ^ ■ 

(4) If A •* B, and C « D, then AC « BZ). 

For, let A“mB, and C-nZ), then AC-mnBD ; AO « BD. 

(5) If A « B, then A B « B". 

For, let A-roB, then A B “m B B B . A B « B” 

(6) If A « B, then AP « BP, where P is any quantity variable 
or constant. 

For, let A“mB, then AP*=r»BP. AP ^ BP. 

297. Examples. Application of the principles explained In 
c.'M of the preceding articles will be illustrated by the following 
e samples. 

Example 1. If y varies as x, and y“5 when *“12, find the veins 
of y when ®-18. 

By supposition, y m mx, where m is constant. 

Putting y-5, ®“12, we have 5“»i.l2. .'. wi“A. 

Hence, * and y are connected by the relation y — A*. 

Henoe, when *“38, we have y“&.18”¥“7j. 

Example 2. If s varies as px+y, and if «“3 when *“1, y-2, end 
*“6 when *“2 and y“3, find p. 

By supposition, s-»i(p* + y), where m is constant. 

Putting «“3, *“I, y“2, we have 3=ro(p+2). ••• (1) 

Again puioiug s“5, *=2, p“3, wo L t e 5“ + 3). ••• (2) 

Henoe, from (l) and (2), by division, g whenoe P“l. 

Example 3. If y -the sum of 3 quantities, of whiohthe 1st “ «*, 
the 2nd “ *, and the 3rd is constant ; and when *“1, 2, 3 ; V“6,11, IB 
respectively, find the equation between * and y. 

By supposition, y m mx* + nx+p, where m, n, p are constants. 
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Now, Bince V“6, when x-1, we have 

6 =“w + n + p. ••• "* (l)) 

Similarly, ll“4« + 2n + p, ••• ”* (2) f 

and 18 = 9w+ 3n+p. "■ (3) > 

From (1) and (2), by subtraction, 3?n + «=5. (4) 

Similarly, from (2) and (3), bm-tn^T. ••• (5) 
Now, subtracting (4) from (5), we have 
2ro=2. m = l; 

hence, from (4), n = 2. trom (l), p = 3. 

Hence, the equation between x and y is p**ir s + 2x + 3. 


Example 4. Ii (i) a + b 01 a - u, prove that a* + 6 s “ ab ; 

and (ii) a <* b, prove that a‘-b * “ ab. 
fi) By supposition, a+b=m(a-b), where nt is constant. 
Henoe, (a+6) s “j»“(a-6) s , 
or, a , + 6 a + 2a6=m 2 (a 8 + 6 ! -2ai). 

(fft*-lXa* + i*)“2a6(l + »» a ). 




mr 


But ^— a is constant, a*+ 6* “ at. 
m ~ l 

(ii) Since a “ mb, 

multiplying both sides by a, we have a’-m.ab 

b cib 

and also multiplying both sides by ° 1 we have i*“ • 

m m 


(1) 

( 2 ) 


Subtracting (2) from (1), 

where is constant, 

a*-i* “ob. 


Example 5. The wages of 5 men for 6 weeks being £14. 6s., how 
many weeks will 4 men work for £19 ? 

Let x denote the wages (in pounds), earned by v men In z wjek’. 
Then, evidently * K y, when z is constant; 
and also x « z, when y is constant, 
when y and z are both variable, 
x * yz, 

m m x—m.yz, when m is oonstant. 
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Now, since *“14}, when y-5 and *-6. 

14l-mx6x6. ••• — (1) 

Also, if *» denote the required number of weeks, then, sinoe the 
lorresponding values of x and y are respectively 19 and 4, we have 
19 “w»x4x*, (2 ) 

Hence, dividing (l) by (2), 

3 5x6 , ,n 

j —’ whence Zi*10 ; 

the required time *10 weeks. 

Example 6. Assuming that the quantity of work done varies as 
the cube root of the number of agents when the time is tho same., and 
varies as the square root of the time when the number of agents is the 
same ; find how long 3 men would take to do one-fifth of the work wbiok 
24 men can do in 25 hours. 

Let x denote the quantity of work done by y men in * hours. 

Then by supposition, 

X “ y^ when t and z^ is oonstant, 

and also, x •* z^ when y and y^ is constant, 

Hence, when both y and z and y^ and aro variable, 

i 4 

X * V * , 

t.e., x^k.y^z^, when k is constant. 

Now, since by the problem, 

x m l, when y*24 and z*25 

.-. 1-k.VM. v/25. - (1) 


Also, if *i be the required number of hours, since the correspondin| 
va'ues of x and y are respectively J and 3, we have 

l-k.lfi.J~z,. - - ( 2 ) 

Hence, dividing (1) by (2), 5 “ 

• • Jzi m % and .‘. Zj *4 ; 
the required time*4 hours. 


Example 7. A sphere of metal is known to have a hollow. Bpaot 
about its oentre in the form of a oonoentrio sphere, and its weight is 
I of the weight of a solid sphere of the same substance and radius ; 
compare the inner and outer radii, having given that the weights of 
Spheres of the same substanoe <* (radii)”. 
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Let B be the outer radius and W the weight of a solid sphere of 
the given metal of radius R ; also let r be the inner radius (i.e., radius 
of the Bpherieal cavity), and tr the weight of a solid sphere of the given 
metal of radius r. 

Then, by hypothesis, 

W—KB and u>—Hr®, where K is constant. 

Now, Bince (W-w>) iB the weight of the given sphere, we have, by 
the question, W-w“lW, neuco, we must have 

Z(£ B -r®MJER". 

T 1 

whence 2 ’ 

Example 8. A point moves with a speed which is different in 
different kilometres, hut invariable in the same kilometre, and its speed 
In any kilometre varies inversely as the number of kilometres travelled 
before jt commences this kilometre. If the second kilometre be des* 
eribed in 2 hours, find the time occupied in describing the nth kilometre. 

Evidently, the time of describing any kilometre varies inversely as 
the speed in that kilometre ; henco, if v n denote the speed in nth kilo* 
metre and t n the numbor of hours roquired to describe the nth kilometre, 
we must have 

fn“ where m is constant, 

»n 

T7 

Also, by hypothesis. Vn “ n _whore 2Tis constant; 
hence, 

Evidently, then t n is known if ™ is known ; and sinoe the time of 

describing the 2nd kilometre is two hours [i.e., f„-2, when n-2), we 
hive 


n 


1 . 


rr 

— X 

E 


"A. 


K 

Henoe, <n-2(n-l), 

i.e., the nth kilometre is described in 2(n -1) hours, 

Example 9. A locomotive engine without a train oan go 24 kilo¬ 
metres an hour, and its speed is diminished by a quantity which varies 
as the square root of the number of waggons attached. With four 
waggons itB speed is 20 kilometres an hour. Find the greatest number 
oi waggons with which the engine can move. 
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Let as-the Dumber of waggons attached, 

Then the number of kilometres travelled by the train per honr 
its speed) “ 24 -mjx, where to is a constant. 

Now, since the speed is 20 kilometres per hour when cb —'4, we 
must have 

20 - 24-TOv'4“24-2to. to“2 

Hence, the speed of the engine with as waggons “24-2^5 [ 
evidently, therefore, the speed diminishes as x increases. 

Now, let us see for what value of os the speed is reduced to nothing. 
If asi be this value, we must have 

0“24-2*/asi. .s/ii—12, and ®i“144, 

Thus, when 144 waggons are attached, the engine just fails to move 
the train. 

Henoe, the greatest number of waggons with which the engine can 
move -143. 

Example 10. If x, v, t be variable quantities suoh that y + i-B 
is oonstant, and that {x+y-z){x+z-y) varies as ye, prove that x+v + m 
varies as yz. 

By supposition, we have v+z-x-k *** (1) 

and {x + y-z){x + z -y) s -myt, — ( 2 ) 

where k and m are constants. 

Now, from (2), we have **-(y-s) s = TOy*. 

x* - (y + *)* “(to - i)yz, 
or, (x + y + z){x - y - s)“(to - 4);/*. 

Honce, from (1), 

(x + v + *X “ k) “ (to - 4)y 2 . 

x+y+z-^ j TO ) W2 ' *•«•.“(a oonstant) *yz. 

Henoe, x + y + z « ye. 


EXERCISE 148 

1. If y «* x, and y“5 when b“ 15, Ind the equa'ion between 
x and y. 

2. If y « x, and y “10 when a? "25, find y when x ° 35, 
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8. If P varies inversely as Q, and Q**10 when P-2, what will. 
P beoome when Q-8 7 

4. Ii P « QR, and the three corresponding values of P, Q, B be 
6, 9,10 respectively, find the value of P when Q—5 and B —8. 

5. If the square of x vary as the cube oi y, and e— 2, when y — 3, 
find the equation between x and y. 

6. Given that y varies as the sum of two quantities, one of whiob 
varies as x directly, the other as x inversely and that y -4, when as-l, 
and V”S when e-2, find the equation between x and y. 

7. If i ry “ E*+y®, and y==4 when e=3, find the equation between 
x and y. 

8. Given that y is equal to the sum of two quantities, one of 
which varies as x, and the other varies inversely as x*. and when 
»—1, 2, y—6, 6 respectively, find the equation between x and y. 

9. If y - che sum of 3 quantities oi which the 1st is constant, the 
find <* x, and tho 3rd “ e*, also when x”3, 5, 7, y —0, -12, -32 res¬ 
pectively, find the equation between x and y, 

__ Lft 

10. Given that y* “ a*-x* and when x m Ja a -b a , y--*' find the 
equation between x and y. 

11. If y—r + s, whilst r “ x, and s « Jx ; and if, when e— 4, y-6 B 
and when s-9, y— 10, show that 6y — 5(x + Jx}. 

12. Assuming that the time of oscillation of a pendulum varies aa 
the square root of its length ; if the length of a pendulum whioh 
oscillates once in a seoond be 39'2 inches, find the length of one whioh 
oscillates 66 times in a minute. 

13. If 18 men earn £7 in 15 days of 8 hours eaoh, what will be the 
wages of 52 men for 12i days of 9 hours each ? 

14. Given that the volume of a sphere varies as the oube of its 
radius, prove that the volume of a sphere whose radius is 6 oentimetres 
is equal to the sum of the volumes of three spheres whose radii are 
8, 4, 5 oentimetres. 

15. The volume of a pyramid varies jointly as its height and the 
area of its base ; and when the area of the base is 60 square metres and 
the height 14 metres, the volume is 280 oubic metres. What is the area 
of the base of a pyramid whose volume is 390 cubic metres and whose 
height is 26 metres 7 

16. Given that the area of a _ circle varies as the square of its 
radius, and that tho area of a circle is 154 square centimetres, when the 
radius is 7 centimetres; find the area of a oircle whose radius ie 
10 ‘5 oentimetres. 
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17. II the volume of a cone whose height is 12 oentimetres and 
base 30 square centimetres be 120 cubic centimetres, find the volume of 
another whoBe height is 20 centimetres and base 114 square centimetres ■ 
the volume of a cone varying as the height and base jointly. 

18. The volume of a circular cylinder varies as the square of the 
radius of the base when the height is the same and as the height when 
the base is the same. The volumo is 88 cubic metres when the height is 
7 metres, and the radius of the base is 2 metreB ; what will be the height 
of a cylinder on a base of a radius 9 metres, when the volume is 396 cubio 
metrea ? 


19. Two circular gold plates, each one centimetre thick, the dia¬ 
meters of which are 6 contlmetres and 8 centimetres respectively, are 
melted and formed into a single circular plate one centimetre thiok. 
Find its diameter, having given that the area of a circle varies as the 
square of its diameter. 

20. Given that the illumination from a source of light varies 
inversely as the square of the distance, how much farther from a oftndle 
must a book, which is now three inches off, be removed, so as to reoeive 
just half as much light ? 

21. A solid spherical mass of glass, 1 decimetre in diameter, is 
blown into a shell bounded by two concentric spherep, the diameter of 
the outer one being 3 decimetres. Calculate the thickness of the shell. 
(The volume of a sphere varios directly as the cube of its diameter.) 

22. When a body falls from rest, its distance from the starting 
point varies as the square of the time it has been falling ; if a body falls 
through 402J feet in 5 seconds, bow far does it fall in 10 seoonds 7 Also 
how far does it fall in the 10th second 7 

23. If 10 men can reap a field of 7'5 hectares, in 3 days of 12 hours 
each, how long will it take 8 men to reap 9 heotares, working 16 hours 
a day 7 

24. The square of the time of a planet's revolution varies as the 
cube of its distance from the Sun ; find the time of Venus’s revolution 
assuming the distance of the Earth and Venus from the Sun to be 
8ll and 16 millions of miles respectively. 

[ If P be the time of revolution measured lu days, and D the distance In 
millions of miles, we have P* =■ ED‘, where £ Is a oonstant, 4o. ] 

25. The value of a silver coin varies directly as the square of its 
diameter while its thickness remains the same and directly as its 
thiokness while its diameter remains the same. The silver ooins have 
their diameters in the ratio of 4 : 3 ; find the ratio of their thiokness if 
the value of the first be four times the value of the second. 

[ B. D. P. E. 1886 ] 
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26. The value ot diamonds x the square of their weights, and the 
square of the value of rubies « the cube of their weights. A diamond 
of a carats is worth m times the value of a ruby of b carats, and both 
together are worth £c. Required the value of a diamond and of a ruby, 
eaoh weighing n carats. 

27. If o « b and b x c, show that (a* + b a fi x c*. 

28. If x+y x x-y, show that x a +y* « xy and x* + y* x xy(x±y), 


29. Given that x+y x z + 1 ' and that x~y x z-\' find the rela- 

z z 

tlon between x and z, provided that 2, when *—3, and V”l. 

[ B. 0. P. E. 18881 


30. If x x - • prove that x+y is least when X”V. 


[ We have "a constant, ] 


31. The consumption of coal by a locomotive varies as the square 
of the velocity ; when the speed is 16 miles an hour the consumption 
of coal per hour is 2 tons ; if the price of coal be 10s. per ton and the 
other expenses of the engine be 11s. 3d. an hour, find the least oost 
of a journey of 100 miles. [ Apply the preceding example. ] 

82. If z y, and y x x, show that 

x+y+z x [yzft+(zxfi+(xyft 



answers 


Exercise l. [ Pages 2-3 ] 


1 . 

220. 

2. 

22. 

3. 12 kilometres. 4. 

8 kilometres. 

5. 

9. 

6. 

12. 

7. 45 minutes. 

8. 

15 minutes. 

9. 

20. 

10. 

s’* ! 

204. 11. 45 sq. 

metres. 12. 

7s. 6 d, 


13. 

20. 

14. 

9. 

15. 28. 


16. 

4. 


17. 

4480 

18. 

900. 

19. 1952. 


20. 

720. 






Exercise 2. [ Page 9 ] 




1 . 

34. 

2. 

0 . 

3. 4. 

4. 

1 . 

5. 

54. 

6. 

li 

I. 

0. 

8. 4. 

9. 

12. 

10. 

8. 

11. 

2. 

12. 

4. 

13. 5. 

14. 

80. 

15. 

29. 

16. 

325. 

17. 

0 . 

18. 14. 

19. 

114. 

20. 

4. 

21. 

89. 

22 . 

19. 

23. 0. 

24. 

325. 

25. 

9. 




Exercise 3. [ Pages 

11-12 

] 



1 . 

24. 

2. 

374. 

3. 4. 

4. 

720. 

5. 

34. 

6. 

i 

7. 

1 . 

8. 40. 

9. 

1 

10. 

i. 

11. 

0 . 

12. 

50. 

13. 1. 

14. 

75. 

15. 

100. 

16. 

200. 

17. 

1520. 

18. 41625. 

19. 

22680. 

20. 

845000. 




Exercise 4. [ Page 14 ] 




1 . 

4. 

2. 

2. 

3. 6. 

4. 

18. 

5. 

8. 

6. 

IS. 

7. 

32. 

8. 256. 

9. 

11. 

10. 

21. 

11. 

11. 

12. 

9. 

13. 3. 

14. 

162. 

16. 

18. 

16. 

9. 

17. 

0 . 

18. 21. 

19. 

23. 

20. 

1 . 

21. 

98. 

22. 

50. 

23. 9. 

24. 

42. 

25. 

51. 

26. 

2805. 

27. 

7. 

28. 171. 

29. 

2401. 

30. 

192. 

31. 

1029. 

32. 

1218. 

33. 48. 

34. 

143. 

85. 

18750. 

86. 

16. 

37. 

ISO. 

38. 78. 

39. 

7. 

40. 

2. 
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Exercise 5. [ Pages 17-18 ] 

1. A'B loss-£100. 2. -70. 3. -25. 4. -100. 6. -30. 

3. 4, - 3,5. 7. 15,-10,-20,30. 8. -15,10,20,-30, 

Exercise 6. I Page 20 J 

1. -22. 2. -18. 3. -31,-41. 1. -19. 5. -1180. 

5. -222. 7. -2034. 8. G58. 9. -7128. 10. -220410417. 

Exercise 7. 1 Pages 21-22 J 

1. 3. 2. -6. 3. -4. 4. -47, 5. -14. 

5. -51. 7. 16. 8. -8. 9. -32. 10. 1. 

Exercise 8. [ Pages 24-25 ] 

1. -x + y. 2. m“ + n‘‘‘ +p*. 3. c 4 + a a 5-a 11 . 

4. 2abc-'imnp % > 5. 2tt B 6-96 a c ! *-2rf/. 

6. -6x‘y-llxyz-i0x si y 1, , 7. Ma^bc-b^ca + c^ab). 

8. ~25x“mn 4- L6m“nx, 9. -14. 10. -234. 

U. 92. 12. 5. 13. 177. 14. -4653 

15. -12015. 16. - Ga + 6 - 3c. 17. 2*-*. 

18. 2x“ + + 7. 19. -a + 26~8d, 20. 2®“ - 3 y‘. 

21. 153. 22. -125. 23. 200. 24. 120. 25. 400. 

Exercise 9. [ Pago 27 J 

1. -10. 2. 12. 3. -6. 4. -22. 5. 0. 

6. -291. 7. -77. 8. 83. 9. 17. 10. 177. 

Exercise 10. [ Page 29 J 

2. -3af 36 44c. 3. 3<r + 2y~3*. 

5. 2 x* + y*-z :i . 6. 3x* - 2^“ - 7xy. 

8. 76c-7c* + 10xy. 9. -x* , + x“-x + 2. 

11. 3x~4yf5z. 12. 6-2m 1 -5m. 

14. 20*6*. 15. 3a6'-3a a 6. 

Exercise 11. [ Pages 31-32 J 

1. - 4a + 86. 2. 7x-4y. 3. -2x. 4. -4a + 26, 5. 5a+ 2.6 

«. 26. ' 7. 6. 8. 8. 9. -2a+ 76. 10. 0. 


1. 2a + 36 - 2c. 

4. 2m*-2m-4, 

7. 4a* - lab - 6*. 
10. - (x + 2y). 

13. -(3a*6+3a6*). 
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11. -5te+&v+7*. 12. -2c 13. I5x~15v. 14. 8a~8b 

15. llw-7n. 16. 6a-66-18c. 17. 6sr —6j/ —20*. 18. ar—v— IS:. 

19. -Sx-y-z. 20. a-115 + 17e. 21. 2x-12y + 20t. 

22. 6a- b+ 11c. 23. a:~3ii>+2«. 24. 11a-26-16c. 

26. a-(b+ c-d) + (-m+n-x)+y-z. 

*6. a- \b+c-d+ m + (-n+x-y + e)\. 

27 \a-b-(c-d + m)\-{-n-(-x+y-z)\. 

28. -1 — a — (— A—c)! - J-dr-(-wi+fl)f-ia!-(v-a)[, 

Exercise 12. [ Page 33 ] 

L. 15. 2. 18. 3. 36. 4. -32. 6. -45. 6. -7P. 

1. -24. 8. -35. -9. -45. 10. 36. 11. 60. 12. 04. 


Exorcise 13. [ Pages 34-35 ] 


1. 

54. 2. 47, 

60 

1 

9° 

1 

393. 5. - 111, 

6. 

30. 7. 0 

8. 1136. 9. - 

280. 



Exercise 15. [ Pages 39-40 ) 


14. 

-Gx^y*. 

15. 21a a 6V. 

16. 40a; 1 V 8 . 

17. 

-156 x l0 y v z‘. 

■ 18. 140x°v , z ao . 

19. -4 x ll y r . 

20. 

~70a ls 6 J 8 . 

21. ' 48x l *y'°z\ 

22. 24a- T y 8 *’. 



Exercise 16. [ Pago 40 j 


1. 

- 10a - ’. 2. ' 

-20 a'L'. 3. 21m’w e . 

4. -18**1/’ . 

5. 

3a’ b i0 . 6. 

-40 mV. '7. 50 x a y*z*. 

8. -24 r*y i z*. 

9. 

48x li v‘z ls . 

10. 25a 6 6"c ,e . 

11. -24a: 8 j/V. 

12. 

32a 8 6 s a;V. 

IS. 35a 8 6V. 

14. -60a 8 a-V. 

15. 

70a; 8 y s *. 

16. -l8a 8 6 8 c 8 . 

17. 63a*;rV. 

18. 


19. 

20, 112a I8 a; ,0 y*s’ 


Exercise 17. [ Page 43 J 

1. xy—2x*. 2. ,-5a®+ 10ai>-15ac. 3. Gx' i y - VJxy* 

4. 2a*6c-3a6*c-a5c 8 . 5. -3r B i/ a + 6a" 8 v“ + Sxy*. 

6. 21a*6*-7a&‘-35a 8 & 8 + 7a 8 6 8 . 7. -Ga'x+8a*x a -10a*x. , 

8. -8»» 8 »+12»» 8 m 8 -20toV. 9. -a B 6 s c a + a*6*c s -a.*i*c 8 . 

10. x*yz + xy*t.+xyz 8 - xy*z* - x*yz* - x*v*z. 


1—37 
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U. 12o 4 d* - 18c‘d’ + 30c 8 d 8 +24c 4 d 8 . 

12. -16a t 6 B + 12a 8 6 4 -10a 4 6 8 + 8a 4 6 8 . 13. 7x 4 -2x*. 14. 0. 

16. 9x 8 -25y\ 16. ® 8 + 4x*. 17- a 18 6 8 + 4a 4 6 8 . 

18. 4a 1B 6 l8 + 81a 8 6 4 . 18. 3a 8 y. 20. (i) x B + v 8 + * 8 - 3xy« ; (ii) 0 

Exercise 18. [ Page 46 ] 

2 . - 3x*. 3. la 4 !*. 4. 3xV. 

6. -2pV. 7. 5xV*. 8. -8a 8 c 8 , 

10. 3a*c 8 . 11. -5xV. 12. 3a 8 xV* 8 . 

14. -7x‘ B . 16. -7wi 1B . 16. - 7a 41 6 180 

Exercise 18. [ Page 47 ] 

l. 3a-26. 2. 36*-2a*. 3. 2a*-36*. 4. 3x*-4x«. 

i>. 3v*-2x*. 6. n*-3ww + 4wi*. 7. ax- 2x* + 3a*. 

6 . -3x* + 2a*-5 ax. 9. 2w 8 w s -3m 4 -4n 4 . 10. -p* + lpg+lfl* 

11. -2xi/*+3x B -4v 8 . 12. |x 8 - |a 8 - ia*x. 13. 3xa+Va*-4x* 

14. 5ro 4 n*-7w*n‘-8p 8 . 15. 6*c 8 *V-2a 8 c 8 y V + 3a 8 6 8 xV. 


Miscellaneous Exercises 1 
[ Pages 47-52 ] 

I 

t. 10 ; i 2. 8. 3. 15 ; 2a ; lab* ; 16ro*pg. 

4 6. 5. -i. 8. 9, 7. 5.2, -1, -3, -4, -8. -12. 

II 

2. 16. 3. (v/«)*(V«)*(7<*)“». ! 35. 

6. 16x 4 - 8xy 8 + 24x V + V* - 32x 8 y ; 81. 

8. x-2y + *. 

III 

l. (i) <Ka+6)-x+v* ; (iii) (x+ v)*-x*+y* + 2xy ; 

(ii) + < Jx+ Jv ; (iv) a "> b, 3a > 36 

6. -4, -V.¥, "IP- 3. -1000. 6. 66. 

7. -Ra*+6«-8x* + 16 8. a. 


1. 0, 25. 46, 45. 

6. — 7x*y ; —560. 

7. 306+13c-23a. 


1. -4x 8 . 

2a “6*. 

9. -3 m 6 n 8 p 
Vi. a 44 . 
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IV 


1. 

-11; 1. 

3. 4H. 5. 9 6. 3® + 2a •+ fe. 

7. 

a* + 6* + c*. 

8. 7x t -y‘-2xy. 



V 

3. 

2, a, b, a+b. 

4. 74. 5. 605. 7. y. 8. 32 



VI 

2. 

536. 

6. 60. 8. 3808. 



VII 

2. 

2 ; 0. 4. 

1 + ® ; 3a + 6-5c. 5. (i) (a + 6Xa-5)“a*-6*. 


(ii)(« + &)•-(o* + 6»)-3o5. 6. 0. 7. a+b+o. 

8. 2a-|&+jc-iW. 

VIII 

2. 2m ; 2n. 3. ma + rofc+na+nfc ; a* + 2afc+i 1 . 

4. 0; 0. 6. l+l+l 

7. 86a*5 1, c**iE 10 y 10 * 10 + gOa^&^o^asV* 8 + 10o l, 6 10 o x VyV. 

8. 26“c 10 ® 4 y* + 5a'5 x0 a;** 4 + 3a xo cV**. 


Exercise 20 [ Pages 54-56 ] 


l. a;*+ 8®+16. 2. 9a*+12a+4. 3. as*+4atf+4y*. 

4. 4x 8 + 2fkcy + 49y*. 5. 9a* + 24a&+166*. 6. 25a s + 70ai + 49i*. 

7. a*y* + 6a&av + 9&*®*. 8. a 4 + 4a 8 &c+45 , e*. 

9. 9® 4 + 12sV + 4v 4 . 10. 16®* + 8®*y" + v 4 . 


11. 


13. 


16 x 


» , XV , 4y* . 


81 


12 .1 + -3. + A. 
1Z - a* ao 6* 


+0 + “-, 
6* 2 a* 


14. 822649. 


15. *" + 1 + 




16. a* + 45* + 9c 8 + 4a5+6ac + 126c. 17. a a b a + b a c a + c a a*+2ab*e 

♦•2a*6c+2afcc*. 18. 4p s + 9fl* + 16r* + 12p5+16pr+24flr. 

19. ® 4 + y 4 + * 4 + 2a;*y * + 2®**“ + 2y ***. 20. 4aJ 8 + 9y* + 16** 

+ 12a*+16a;2+24y*. 21. ® 4 + y 8 + * 8 + 2a:V + 2®V+2yV. 

22. a:* + y* + 4a 8 + 96* + 2a:y + 4®a + &rb + 4ya + 6y6 + 12a6, 

23. 9a* + 165* + c* + 4d* + 24a6 + Cae + 12 ad + 85c + 165d + 4od. 

24. 4a* + e* + 16y* + 9** + 4aas + 16ay + 12a* + Ba:y + 6a;* + 24y*. 
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25. 16m’ + 9n* + 9 j>* + 4ff* + 2imn + 24 mp + 16»W + 18nji+ Tin? + I2pq. 


26. 

Or+ 2)*. 


27. 

(3a+ 46)*. 

28. 

(-I)’- 

29. 

K)‘ 


80. 

/4a , 36\* 

W + 4a) 

31. 

4a*. 

82. 

4 x*. 

33. 

16a". 

34. a“ + 4a6+4?A 

35. 

a* + 2av + v’, 

86. 

2500. 

37. 

1000000. 

38. 25*8064. 

39. 

1. 

40. 

0. 

41. 

4. 

42. 9. 

43. 

1. 

44. 

16. 

45. 

25. 

47. a*-2. 

49. 

14 60. 


Exercise 21. [ Pages 5?-59 ] 


1. 

e*-6a+9. 2. 4a*-20x+25. 

3.' 9a*-30ay + 25y*. 

4. 

a*a*-2a6ay + 6*y*. 


5. 64m*-48nwi + 9n*. 

6. 

jj*m* - 2pqmn + fl*«*. 


7. p* -2i )2 to?* + m‘«*. 

8. 

a*v*-2 x*v* + x s y*. 


9. a* - 4a* 2 + 4a“* s . 

10. 

9a 8 - 30a 8 6 8 + 256\ 

11. 

a*v“ 2 * + Zabcry? + a*6*c*. 

12. 

a*y*«* - 2a 8 v 8 ** + x*i/ 4 * 4 • 

13. 

a*a e - 2a s 6 E a 4 j/' 1 + 6*y*. 

14. 

9,»_®V+49 , 

49* 2 144 v ’ 

15. 

+ _1 + 1. ' 

4a“ ai/ v* 

16. 

4^“ _ o + V* . 
y* “ 4a* 

17. 

4a s - * + i „• 

V l&v 

18. 

a* + 46* + 4c* — 4a6 — 4ac + 86c. 

19. 

25a* 4 9y* +36c a - 30-ry -60a* 


+ 3&l/z. 20. 9m* + 16n* + 25c* - 24m?i - 30m$ + 4 hiq. 

21. a* + 96* + 25c 4 -6a*6*-lOa’s* + 306*c*. 22. r*+,/» + „*4 fc‘ 

-2aif-2aa-2a6+2ya+2t/6+2a6. 23. a* + 4a* + 96* 

+ 16y* - iax - 6a6 - 8ay + V2xb + Ifiay + 246v. 24. 7921, 


26. 

13689. 26. 248004. 

27. 986049. 28. (4a-6)*. 

29, 

(2a- 3y)* 

80. 

fc-ir »• 0- 


33. 

C71)*. 

84. 

866*. 35. 646*. 

36. 49a*. 

37. 

121**. 

SB. 

256*c*+l06c*a+c*a*. 

89. 25. 40. 7. 

41. 

4. 

42. 

Bl. 43. 16. 

44. 25. 46. 144. 




60. (1)6. (ii) 16. (iii) 8*+6*+e , -o6-ac-6fl. 



s' «' s a si s s s s? S 9 s s s s s s 


ANSWEB8 


581 


Exercise 22. [ PageB 61-63 ] 


1. 

®*-9. 2. 25®*- 

169. 

3. 

®*-4a*. 

4. 

a*®*-6V. 

5. 

H«S 

1 

M 

c§ 

6. 

9a* 

16 

166* 

25 ' 

7. 

V ®* 

8. 

39936. 

9. 

999744. 

10. 

a*»»*-n*. 

11. 

®V-yV, 

12. 

**- 

4yV. 

13. 

®V-®*V*. 

14. 

e®-l. 

15. 

a®- 

6®. 

16. 

a* + 2a6+6*-o*. 

17. 

a* - 6* — 26c - c*. 

18. 

»»* + TO*n*+n‘, 


19. «® + 4v* 


a*®*-6V + 26ci/*-cV. 21. 6V + c***-a*®*+26ey*. 

b l m* - c*«* - a®p* + 2c*a*»jJ. 23. a* - 646® - 729c 8 + 4825 V. 

a®**+ 4. 25. a*®* + a®*® +1. 26. m® + »®< 27. «*-L 

4a(5-c). 29. 4a(3c-26). 30. 4®y(®* + y*). 31. 4®(y-a+6), 

8a(36-5c + 7d). 33. 9376. 34. 1069840. 35. 4985648. 

(5®+6X5®-6). 37. (3a + 4cX3a-4e). 38. (4m+7»X4w»-7«), 

(2p+9 5 X2p-9g). 40. (a®+86Xa®-86). 

(6a* + lly 1 »X6®» - 111/"). 42. (7+8dX7- 8 d). 

W.+MM.-K). «. (g+g)(g-g)- «. (ft?)(«-;). 

(n + »)(n-»)- «• ta+4+.Xa+i-.), 

. (a+26+5cXa+26-5c). 49. (2®+30 - 46X2®-3a+46). 

. (2a*+6*-3c*X2a*-56*+Sc*). 51. ®(| -?«)■ 

1 ( 2 2 X ~5v + 9 v )(l x ~ti~9 v )' M ’ (a+2*-3cXa-26+3c). . 

. {a*+96*Xo+36Xo“S6). 56. (e-v+a-6X®-y-a+6). 

. (9®* + 25w*X3®+5vX3®-5v). 57. (7a-6Xa+156). 

. (5®-2yX® + 12»). 59. (2a + 36-4eX6-2c). 

. (2m+5«-2pX2»»+«-8p). 61. (5®-7v + 12*X®~V+2*). 

Exercise 23. [ Pages 64-65 ] 

1. ®* + 9a* + 27®+27. 2. 8®*+ 12®* +6a+1. 

8. 27a* + 27a*6+9a6* + 6*. 4. 64® 8 + 144®*v + 108®y*+27v®. 

6. ® 8 +6®‘v + 12® , V , +8l/*. 6. *V + 8®V« + 3w*«*+»V. 
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7. a*5* + 8a*6*c*d + 8a*6c‘d* + c 8 «Z 8 . 8. a* + 5* + 8c 8 + 3a*6 

+ Sat* + 60*6 + 12ac* + 66 “c + 126c* + 12 abc. 9. 8* 8 + 27v° + *' + $&r*V 
+ Maw* +12®** + 6 a:** + 27y“* + 9v«* + 36aw*. 

o s .a*6 L 2a6* 86 8 

10 . ** + 3irV + 3!rV + V 8 . 

12. «* + te + 8 V+ Ul 
V* v x x 


g 8 ■ a*6 .2 aft* , 

1L 8 2 3 27 

3 


„+~ + „+ ~ B 

x° x*y xy * V 


6 


18 


27 


.. u . 4 I i 

14 27a 8+ 5a*6 + 25a6* 1256“ 


13 

15. 1157625 


16. 614125. 


17. 125m". 18. sc'+ 3x*v + 3zi/ 8 + V e . 19. 276“ 

20. k s + 3e* + 3x +1. 21. e 8 + 6x* + 12x + 8. 

28. 8. 24. 125, 25. 90. 26. 175. 

29. 110. 33. 0. 34.-1 35. 0 


22 8a 8 . 

28. 62. 

86. K. 


Exercise 24. [ Pages 66-67 ] 


1. k 8 -6k* + 12k-8. 2. 

8. B-36a + 54a*-27a 8 . 4. 

k. 8a* - 36a*6 + 54a6* - 27b 8 . 6. 

7. 8ar“ - 60x*y + 150xy* - 125y 8 . 8. 

S. 27x 8 -9x+ - -isr~i 10. 

x 27x 


8k 8 -12k*+-6x-1. 

27 - 108a + 144a*-64a 8 . 

125m 8 - 300wi*n + 240mn* - 64w’ 

1 _ JL + JL _ 1. 

e 8 x*v xv a V s 


11. 7762392. 12. 120553784. 

18. 8a 8 - 6" - c 8 - 12a*£> + 6a6* - 12a*c + 6ac* - 36*c - 36c* + 12a6c. 


14. Be 8 - 27y 8 - 2 * - 36x*v + 54xy* - 12x*« +6x«* - 27y *« - 9yc* + 36xy*. 
16. j> 8 - ff 8 - r 8 - 3pV + 3pV - SjjV + 3j>*r 4 - 8g 4 r* - 3gV + 6f>*g*r*. 
16. 646*. 17. x 8 -3x*v+3xj/*-v 8 . 18. 8x 8 . 19. 0 

20. 343 21. -505 22. 27 28. 0. 24. 36 

«5. 140. 27. 4 


Exercise 26. [ Page 68 ] 

1. » 8 + l. 2. l + 8x 8 . 8. 125j> 8 +1 4. 343a 8 + 646*. 

k. 612 k 8 +27y 8 , 6. a 8 6 8 + 64c 8 . 7. aV + 1256 8 . 

g. 126a 8 + 7296 s . 9. (a+lXa*-a+l). 10. (a+2Xa*-2a+4) 

11. (2ae + lX4x* - 2x +1). 12. (3a+2X9a*-6a + 4). 

11. (3ir»+4X4TO*-8m+16). 14. (4r+5Xl6*>*-20j>+26). 
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15. {2® + 5yX4® a - 10®y + 25y a ). 16. (2® + 6i/X4rc* - 12xv + S6v*). 

17. f3a+7yX9a a -21ay4 49y a ). 18. (3® a + 8i/ 2 K9®‘ - 24® V + 64v‘) 

19. (6a® + j/)(36a 8 ®“ - daxy + y*), 

20. (3 ak + ixy){2a 9 )r - 12abxy + 16® s !/ s ). 

21. (&ate + 10®ys)(81a c ^ 2 c s — QQabxj y: + 100® s v a * a ). 

22 (llaii 2 ®* + 9cv a z“Xl21a a &*®* - 99a6 a c® Vz* + 81c s v*z*). 

Exercise 26. [ Pago 69 ] 

1. 1-8®*. 2. x a -21. 3. 64a* -1. 4. ®'-8vV. 

5. 27m* -8»V. 6. 64a*6 8 -6V, 7. (5a-lX25a s +-5a+1). 

8. (7®-2y a }(49i s 4 14xj/“+ 4j/ 4 ). 9. (6k-5iX36fc ! + 30ii + 25Z‘). 

10 (1 - 8ie)(l + 8k + 64k a ). 11. (9m-4an a X81rc a + 36ma« a + 16a a n 4 ). 

12. (3®v - lly a 5 a X9®V + 33®y*5 a + my*b*). 


Exercise 27. [ Page 70 ] 


l. 

® a + 3® + 2. 

2. 

® a +11®+18. 

3. ® a + ® - 30 

4. 

® a —14®+ 33. 

5. 

a a + 5a-176. 

6. >n a + 12m-133 

7. 

p* + 2p- 143. 

8. 

p a -5p-204. 

9. ® a + 5®-36. 

10. 

® a -15® + 50. 

11. 

® a -7®-60. 

12. it*-Ilk-26. 

IS. 

a* + 19a+70. 

14. 

w a - 8 t»-84. 

15. ® a —18®+65 

16. 

®* + 19®+84. 

17. 

a a -14a + 33. 

18. ® a -9®-52. 

19. 

ro a -llm-80. 

20. 

® s -18®+80. 

21. a*-6a-72. 

22. 

m* + Gm - 91. 

23. 

® a -26®+160. 

24. ® a -13®-90. 

26. 

e a -6®-160. 





Exercise 28. [ Page 75 ] 


1 . 

4. 

2. -5. 3. -4. 

4. -5. 6. -5. 

6. -60. 

7. 

3. 

8. 4. 9. -3. 

10. 3. 11. 13. 

12. 6. 

18. 

-2. 

14. -2. 15. 1. 

16. 2. 17. 3. 

18. -4 

19. 

0. 20. 

7. 21. -2. 22. -1 

. 23. 7. 24. 3. 

25. 6 

26. 

7. 27. 

-6. 28. 0. 29. -8. 30. 9. 81. -2. 

82. i 

38. 

1. 34. 

-1. 35. 12. 36. 30. 

37. 12. 




Exercise 29. [ 

Pages 77-78 ] 


1 . 

15-®. 

2. ®-20. 

3. ® + 25. 

4. 26-v 

5. 

y-2®. 

6. 21. 

® 

7. 100-3®. 

8. 4®- 8p 

9. 

xv ki'omelres 10. - hours. 

V 

11. [x+ 20) years ; 

f® -3) years, 
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18. ^kilometres. 13. ^metres, 14. |5*-2gj rupees, 15.*-2, x - 1 , 
*, as+1, *+ 2 . 16. 3*. 17. 2m + 3. 18. 2x-2, 

1#. ^ days. 20. 10ai. 21. 22. kilometres. 

28. hours. 24. (*+15) years ; (a;+45) years, 25. 10v + ®. 

* 

28. 100*+10y+ r. 27. 100«+10y + *. 


Exercise 30. [ Pages 80-81 ] 


1. 

9. 



2. 

15. 



3. 

9. 

4. 

6 metres and 3 metres. 

5. 

20. 

6. 

40 and 

10. 7. 

80 

8 . 

12. 

9. 

60. 


10. 

40. 

11. 

96. 


12. 

42, 43, 44. 

13. 

33. 


14. 

25. 65. 

15. 

15 and 24. 


16. 

36. 

17. 

72. 


18. 

10,11. 

19. 

Rs. 600, Rs. 250. 

20. 

Bs. 120, Rs. 300. 

21. 

Rs. 

35. 

22. 

35, 25. 

23. 

30,10. 



Exercise 31. [ Page 84 ] 

2. Take BE equal to AD ; by guess let F be the middle point of 
DE. Then F is very approximately the middle point oi AB, the error, 
if any, being indefinitely small. 

7. AB—5'3 om., BC~3 7 cm., CA-TV om., AD~i'7 cm., I>C»3'2 cm. 
Exercise 32. [ Pages 87-88 ] 

1. 85 units oi length, 2. 7! metres. 8. 75 metres 

4. 8'5 oentimetres. 5. 3’6 metres. 6. '7 metre 

7. 5 metres. 8. ■ 65 metres. 9. 17 metres. 10. 9‘5 metres. 

Exercise 34. [ Pages 94-96 ] 

1. (i) (38, 24); (-27, 33); (-15, -18); (27, -30). 

(ii) (6 6, 4‘8); (-5-4, 6'6); (-3, -3 6); (5-4, -6). 

2. (85, 25); (-3. 35); (-15, -2); (3, -3J). 5. 20. 

6 . 13. 7. 60. 8. 11;-13. 9. 17 5; 36. 

10. 12; 8. 11. 12'5 units oi area. 12. 16 units oi area. 

18. 1 unit of area. 14. 40 units of area ; 7, 4'5. 15. (i) B3 ; 

(li) 78 ; (iii) 420 ; (iv) 72. 16. 30 sq. om.; 5 om.; 90°. 

17. 2'5 om. 18. 6, 7. 19. & 20. 32 units of area ; 7,5. 
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Miscellaneous Exercises II 
[ Pages 96-98 ] 

I 

1. x* + y® + **-2xy + 2ys-2*x. 7. m a - 

3. 27x*-93xy-66y*. 9. 217. 

II 

1 — 4 2.-1. S. 3. 4. 

** ' ’a 

6 . 7. 7. 11. 8 . 5. 9. |. 

III 

1. 7. 2. 126. 

4. Rs. 2250 ; Rs. 900 ; Rs. 750 ; Rs. 300. 

«. Rs. 50 ; Rs. 2 50 P. 

Exercise 35. [ Pages 103-105 ] 

1. - 5x a - 2a:y - y * - 2a: - y - 2. 2. 4 a*b. 3. -m , n*-mnp-m*n*. 
4. aW. 5. 6. a'i'-JV + cV-aW, 

7. a® + 6 ® + c* - Sabo. 8 . 2(x+y + *). 9. 2(x + y + *). 

10 . x *y+y a s + s*x. 11 . a a 6 + 6 *c+c g a+a& a + 6 c* + ca*. 

12. abc , + bca* + cab* + a a d + b a d + c*d. 13. — S(x + y + *) 

14. - A(x + y + z). 15* 0- 1®- ® 

17. 0. 18. 1280. 19. 1280. 20. 0. 

21. (a* + &*XOT+n+:p+8+Z)+(a*-&*X»»+«+f> + fl+fc) + c*(Z+»n+n). 

22. i(ax* + by* + at*). 23. 0. 24. 3(a* + b* + c % -ab-bo-cm). 

25. (a + 6 +cXx g + y g + * g ). 26. -y-s. 27. 9x+12y-3. 

28. (y + 7s) kilometres. 29; (-x-3y+3a+6) rupees. 

80. (14a+166 - 26c) rupees. 

Exercise 36. [ Pages 106-108 ) 

1. 10a:*-llx*y+10x®y g +6x*y®-3y*. 2. 2m t nx-7n t xm 

+ 12x a w»+7m g n , x+8n , x g T». 3. llx" - 3x‘v - 50a: V+15x*y* 

+26x g y 4 -19xy , + 40y®. 4. 5ax 4 -8a g x g +8y*6c g + 2y g sbc+4ys g 6o. 

6. - 2 - x'y “*+2xy®*' + 2a®«*v+6x g y g * g - 3xv*\ 6. 4x*y*** 

-80x®y 4 * g + 28x g y®* 4 - 22x®v g * 4 -. 102x*y , »* + 155x g v 4 s®. 


n* + 9p* + 2mn + 3 np + Bpm 


, m* + B* + p* 
0 » 

mnp 

10. 1A 


3. Rs. 1500. 

5. 40 ; 20 ; 36. 
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7. -12a;V*» - 100a: V«* + 58a:V*" + 92a;V** + 39a;'yV 

-38a;'yV. 8. -4a;*4fia*-7y*-8y*. 9. 6a; 8 -12a:*y*4 2a*5a: 

- 75a;y*-9a*a5. 10. — 2a;* + Go; 8 y — 2r a y * + 8xy “ + 7y*. 

11. -2a:'+ 8a:‘y-10a;V-43^-132**4-50^. 12 . a*45a5-85* 

18. 4a;*- 8a*+ y * - 12a;- 15y 4-9. 14. 2a 8 -4a*54 7a5*-155 8 . 

15. - 12a;*y + 7a;*y * - 8a;* + 17y- 29. 16. 5a*-4a5-55e4 115*. 

17. -2a; 8 -3y*-5a*-3a;-2. 18. -3a 8 -115*c-6ac*-55 8 

19. - 4a; 8 - 22a** - 45y" - 11a;* - 24a* -15. 20. Ha^tV^WV 

21 ftax+tty + Umz. 22. 30'08c*5y 4 r2a*c* 

+ 45cBg ' 23 - ■ W c^x - y - 5*c’ *z+lx- Gmy - 5nt 

24. (i) i ar+2'3y--6* ; (ii) 35a:-24'7y-A* . 

(iii) 3'ia + l9'04/*-f 20n“ + 30p. 25. 2(5c* 4- co* 4- a5*). 26. 0. 

27 0. 28. aa;4-ty4-c*. 29. 2ax+12by-cg. 30. 14a; + 44y 4- 7i 

31 2(a4 54c). 32. a-4-y4- z . 33. (2a;4 4y-2s) rupees. 

Exercise 37. [ Page 110 ] 

1 2a*4 5a54 35*. 2. 2ro*-5ron + 3«*. 3. fl * 4- fe* 4- c* 4- 2or 

4 2ac4-25c. 4. a*45*4 C *-2a542ac-25c. 6. a*4-5*4-c*-2a5 

- 2ac + 25c. 6. 2o*4-25*4-3c*-5a5-7ac4-55c. 7. 2a:*4 3y*44z» 
-5xv-6xz + 7vz. 8. 5x , -2a t -3b t +3xa-2xb + 5ab. 9. x*-y a -z r 

- a , *y - a;*s 4- a** - y *a 4- a:** - **y. 10. a;*y*-y***-«**»-2y**a. 

Exercise 38. [ Pages 114-116 ] 

1. 27a B 4- 45a“5- 75a5* -1255 8 . 2. 4a*-95* 4-245c-16c* 

8 a; 4 + 3a;*4-4. 4. o*-2a*5*45*. 5 . ^ + *‘4 1 

6. x* -a-*y* 4- 2a;"y“ 4 y“. 7. TC « + W «. 8 . 

9. a* - 2Ga 8 5* 4- 25a5*. 10. x‘ -5a; 8 4-5®*-1. 11. as'^V 4a‘. 

li. a*-3a‘5*4-3a*5*-5 8 . 13. a; 8 4- 10a; - 33. 14. aj'-fcr'+l. 

15. a*4-a 8 5*4-a*5*4-o*5 8 4-5 8 . 16. x' + v* + t'-3xy,. 

17. a* 4- 5* 4- c 8 - 3a5c. 18. 2a 8 -a'5-14a*fc*4-13a 8 5 8 -43a*5‘ 

+ 23a5'-205 8 . 19 . apx* + (bp-aq)x a -[cp + b<i)x + cq. 

20. ro«a; 8 -(«*4-TOr)x*4-r*. 21. aa;‘-(14a)5a:*4(c46*-ac)a;*-c*. 

22. a5x‘ - (5* 4- ach * 4- (25c 4 ad)x B - {2bd + c*k* 4- 2 cdx - d\ 
28. mpx* - {mg - mr 4«r)a; 8 4 [ms + nq-nr~ps)x a 4 (g-r-n)sa:-»*. 
24. alx B 4 (2 hi 4 am)x*v+{bl 4 2hm)xv* + bmv t + anr* + 2hnxv + bnv t . 
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26. Ppm* 4 m'tnfy + »*jaV + {l'q + 2g a jp)a 8 4 (to*o 4- 2f*p)x*y 
+ n*gxv* + [c*p 4 2cr *0 4- Z a r)® a 4- (w» a r 4- 2/ a g)a^4n a ry* + (2{7 a r4c 8 <j)® 
+ if'ry + c*r. 26. ® 8 41SS?® 4 y4 3Sifa:V + 2?|?®V 4 2s‘«®y 4 + y*. 

27. ® 8 4 - l§®*y + 3A®V 4- jjjl®V 4 - 4lt®V 4 fay 1 4 y«. 

28. '621® la 4 3'197a; 10 4 20'7® 8 4 '405® 8 4 '3321a-’ 4 2'085®* 

4160872a;* 4 11'07® 4 4 5'8675® 8 4 29'2o® a 4 6'95® + 45. 29. '399a ‘ 

4 7'289a 4 5 4 16'71a 8 5 a 4 82'867a a 5" 4 23'789a5 4 4 2526“. 30. 2'3 lx 11 

+ (315 1 4 2'3?»)® 4 y 4 (1’17Z 4 315*n 4 2'3«)®V + (2'07i 4 117m 
4 8'15n)® a y 8 4 (2'07»44 l'17n)®y 4 4 2'07wv‘, 31. a'i l - sVka5® 4 y 

+ (Wac - 5*)® 8 y a + (V&5c 4 iad)x % y" 4 (c“ - $5d)®v 4 + gccly* 
32. 2'25a*wi* 4 (3'9ac - rUb*)m*n* - (3'845d- l'69c 8 )mV - 2'56d a « 8 
SB. 16a 4 —815*. 34. 625a 4 ® 4 -112965 4 y 4 . 35. x l *-y". 

36. e 8 4 49®V4625y 8 . 37. a 1 V 8 -5 1 V 8 . 51. -6® 8 

62. -2y 4 . 63. 6® a y. 54. 15®V. 66. -3a5' 8 . 56. -ay -1 . 
67. 12a*5*c*. 68. 15®yz. 69. -30a a 5c~ 1 . 80. 76a4“V* 

61 a 4 2a^5^ + 5. 62. a~2a*5*4 5. 63. 9®*-16y^. 64. a 4 6. 

66 x-y, 66. a 8 4aM4 6 8 . 67. 4®^-37®M + 9y* 

68 a 8 -5 8 . 69. ®*-y 8 . 70. a-5 a . 71. ®4 V +*-3®*yM 

72. s"‘ + i'*. 73. a -8 — 6a~ 4 64 13a~ 8 6 a - 13a~ a 5 8 4 6a _1 5* - 5*. 

74. af 8 -5af 8 y 8 4 4y*. 76. 4a~ 10 412a ’ V 5 _S 4 9a _ *5“" - 255~‘. 

7 i. 5® 8 419®*4 42®4 46. 77. 2® 8 -7®*-24® 4 46. 

J8. 8® s 4 9a; 4 + 11a-” + 21® a 4 28®412. 79. px* + g® 8 4 p* r » 

4y(g + r)®4gf, 80. i® 8 4§® 8 + 7,fyr 4 4 4i® 8 416i®* + 5*4l0. 

81 1 82. -9. 88. -6,20. 

Exercise 39. [ Pages 121-122 ] 

1- «-2. 2. ®-6. 8. 3®44, 4. 6®-7. 

6. 2a-85. 6. e*—®y4y a . 7. 2®-3a. 8. ® a -a®4a a . 

9. a a 4 2a5-5 a . 10. ®4 3, 11. 2®-l, 12. 2ay-5. 

13. aw+3n. 14. 2®*4 3®y—4y*. 16. 8y 8 —®*y4 2®*. 

16. 4m*-6mn4 8n*. 17. a 8 -3a*y-y 8 . 18. 27(*4 a ). 19. s-e. 
20. e 4, 4 2a® 8 +So*®* 4 2a*®+a*. 21. ® 4 - 2® 8 y 4 3®*y* — 2®y 8 +y 4 . 
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22. x* + [a+b)x+ ab. 23. ®-c. 24. a+6 + e. 25. ab+ae+bc 

26. ab+ac-bc. 27. x*-[a-b)x~ab. 

28. a* + &* + c*-ah-ac-&c. 29. ®* + y g + l-®y + ®+y. 


80. 

® B + 4y g + 92 8 

+ 2 xy + 3 xz - 6yz. 31. 

®* + y 8 -f 

-* g + ®y-®«+y* 

82. 

2®-3y-r. 

33. ab-ac-bo+c a . 

34. 

®+c. 

85. 

®+a. 

36. a a + ab-bc-c a , 

87. 

ai>-ao+ 6 c- 6 *. 

88 . 

y*®+ 2 y g s + 1 /®* - 2 yr g - x a z - xz a . 

39. 

® g -a®+a g . 

40. 

c+a — b. 

41. 2(a + £>)®. 

42. 

®+y+* + »y». 

48. 

16®*-8® E (2« 1 

8 + a g ) + (4y g -a 2 ) g . 48. 

a* 6 . 

49. ai _ 1 c 4 . 

50. 

-3 ®*yV*. 

.51. 3z 8 -4iA 

52. 

a t -a i 6 *+ 6 l 


68 . 

65. cfi + ah^ + ah + b*. 

67. 3®" 8 -5®"V 8 + 7lT 8 68. 

„ *, 1 . I 4 4 4 4 4 4 

69. ® 8 + y s + g 5 -® s y s -y 8 2 B -a s ® . 


54. 2®*-5®V-3y*. 

56. 2o-* + 3a _4 6" 8 + 56-*. 
a 8 + fl s & 8 +aM+ 06 + aM+ b *. 


Exercise 40. [ Page 124) 


1 . 

m a - 3mn + 2 n*. 2. 

a 2 -3a&+6 g . 

3. 2®* - 3®y - 2y g . 

4. 

a*-4a®-2®*. 5. 

3+2®-2®* + ®“. 

6 . ®*-2®+3, 

7. 

2a* + 3aii-4i>*. 8 . 

a 8 -2a®+4® 2 . 

9. a*-2ai>+26*. 

10 . 

2®* -3® - 8 . 11. 

® 8 + 3® g +9®+27. 


12 . 

a 4 + 2a 8 + 4a* + 8 a+ 16. 


18. 3-® g + 2® 8 . 

14. 

3®*-4®+5. 15. 

32+16®+8®* + 4®" + 2 ® 4 + ®*. 

16. 

®* + 2®* + 3® s + 2®+l. 

17. 

2a g -3ai>+46*. 

18. 

a g + 3a6-5h 2 . 

19. 

® 8 + 2 ®*a+ 2 ®a* + o' 

20 . 

a* -3a a b-b a . 

21. ® 4 + 2y ® 8 + 3y g ® g + 2y 8 x+ y' 

22 . 

* + 6 + il5 a 

®" + J®y+iiy g + ~^' 

24. r. 

25. 

i + S®+tf®* + W®* is the quotient and If ® 4 is the remainder. 


Exercise 41. [ Page 126 ] 

18. ® 8 +® g +®+l, 14. ® 8 -® g y+®y g -y 8 . 

15. ®*+» 8 + ® g +®+l. 16. ®‘-® 8 y+® g y g -®y 8 +y*. 

17. ®*+®*+« B +® g +»+l. 18. Bf-a^y+x^-B^+ey^-v*. 

19. ®* + ®*+®*+» , + ®*+®+l. 

20. rf-x a v +®V , -*V+®V-®v*+v B . 
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Exercise 42. [ Pages 129-130 ) 

1. 26** + 90x1/ 4 81v“, 2. 256a* - 416a6 +1696*. 

3. ** + 200*4-10000. 4. v* + 1000v +260000. 

5. a* + 1998a + 998001. 6. j/* + 20003?/ +100020001. 

7. 976144. 8. 1024144. 9. 10100'25. 10. 992016. 

11. 8* 8 + 60*“ +150* +125. 12. 1157625. 13. 985074'876. 

14. 513152864'216. 15. (i) 50000032; (ii) 2000288. 

16. (i) (3*+ 3t/)*-(*~v)* ; (ii) (5* + 8j/)*-(*4 2j/)* ; 

(iii) (*+100)*-2* ; (iv) (500)*-5* ; (v) (2*+100)* -('4)*. 

17. a 4 -* 4 . 18. 16a* -81, 19. a B + a i b* + b\ 

20. 99999984. 21. 99999744. 22. 8a“ + 12a**4 6a** 4 *», 

23. a 8 - 12a 4 + 48a*-64, 24. *“ + 64 25. 8j/*-27. 

26. * 8 - 64. 27. 4**+240*+ 1576. 28. 36** + 108* -1076 

29 36**-408*+1075. 30. 100a*. ' 31. ** + v* + 2av. 

32. 8000a 8 . 33. 125a 8 . 34. 1331a 8 . 

35. 5* 8 . 36. (9a + 86+8)(a + 86 —4). 37. (2* + 5j/)(4* s -10*i/ + 25j/*). 

38. (8a +13* - 4))(8a +13*)* + 4(8a +13*) +16). 

39. (15a + 36 + 2)(15a +36-2). 40. 226. 41. 612 

•12 10000. 43. 8099 999996. 44. 92365. 45. 1. 

46. (2 + 5* + 3**X2 + 5*-**). 47. a a 6*(*‘4 l)*-(a* + fc*)***. 

48 (11**+ 28*+10)* -(** + *4 5)*. 49. (49** + 98a*+39a*)*4(5a*)’. 

Exercise 43. ! Pages 137-138 ] 

1.(1)121';' (ii) 49 ; (iii) 4. 3. 144 sq. cm. 4. 16 sq. metres. 

6. 56 sq. metres. 6. 84 sq. metre;,, 7. 500 sq. metres. 8. 50. 

9. 76 sq. metros. 10. 171 sq. metrob. 

Exercise 44. [ Page 139 ] 

1 a(6+c). 2. a V( '*(6+c}. 3. *V(v-2*). 

4. 2*i/s(*+2i/-3s). 5. 2a 8 6(2a*-3a6-46*). 

6. a*“(y - 5a*v* + 3*). 7. 3**y*s*(**»-4v** + 7*s*), 

8. 14a 5 & 8 (2a* - 36*). 9. 36*V(2*“ + 3y*). 

10. 18a*6*c*(36*c* - 6 c*a* - 7a“6*) 
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Exercise 46. [ Page 139 ] 

(3o + 46X3a-46). 2. a(2a+5®X2a-5*). 

(6x 8 + lX&r 2 ~ 1). 4. (4x a + lX2x + 1X2* -1). 

®(4x a + 3)(4*“ - 3). 6. x(4®* + 9X2® + 3X2® - 3), 

(l + 4a*Xl + 2a)(l-2a). 8. aj“(l + 9a; a Xl + 3a:Kl ~ 3ac). 

( 6 + * 8 )( 6 _z 2 ). t0. ( 8 a* + 7x 9 X8a‘-7x a ), 

(lH-ro 8 Xll-n» 8 ). 12 . (7®V+9X7® 8 a‘-9). 

[ab+bcd){ab-bcd). 14. (9x 8 + 8a' , X9®' , -8a*). 

p*(g* + 10 Xs* - 10 ). 16. ® 8 ( 12 x* + 5a*Xl2x* - 5a*). 

3 a'( 8 a a + 9® a X8a* - 9® a ). 18. 2ax(7a ® 8 + 8)(7a * 8 - 8 ). 

4 ® s a 8 ( 9 x 8 a 8 + ll)(9x 8 a 8 - 11 ). 20 . 5TO 18 » , (7wi*n 8 + llX7w»‘n 8 -ll) 

(a + 36+5c)(a + 3&-5c). 22 . (a + 36-5cXa-3fc+5c). 23. 4*v. 

( 5 a + 3 xXo + *). 25. ( 2 a - 2 & + 3c - 3d)(2a - 26 - 3c + 3d). 

(7®+5y-3zX7*-5jH-3z). 27. 12(5®~lX®+2). 28. 4a(b-c). 

(3a + 6 - c)(a - 76+9c), 30. (14a+21® - 23vX2u + 27* - 41v) 

~ 9 (*+aX* _ aXx a + a l ) 32. 28a(5a-3). 

(® + yXa + &X® + V + <* + &X® + V-a _ 6 ). 


Exercise 46. [ Pages 140*141 ] 

1. (* a + *+lX* 8 -*+l). 2. (*“ + *+ l)(* a - * + lXx* - *' +1). 

8 . (a a + a* + * a )(a a -a*+* a ). 

4 . (a* + ax + ® a Xa“ ~ ax + ® 2 )(a* - a** a + ® 4 ). 

6 . (* a + 4*+8)(* a -4* + 8 ). 6 . (&5 a + 6 *+9)(2* a - 6 ® + 9). 

7. 9 (* a + 2 ®+2)(* a - 2®+2). 8. (a a + 2a+3Xa a -2a+3), 

9 . (* a + *-3X® a -®-3). 10. ( 2 ® a + 2®+3)(2x a - 2 ®+3). 

11 . ( 2 ® a + 2*-3X2* a -2*-3). 12 . ( 2 ® a + 3* + 3X2x a -3*+3). 

13. ( 2 o a + 5a-3)(2a a -5a-3). 14. ( 2 a a + 10 a + 25X2a a -10a + 26). 

16. ( 3 ®* + ®+4X3* a -® + 4). 16. (3a a + a-4X3a a -a-4). 

17. ( 3 * a + 3*-4X3x a -3*-4). 18. (3a a + £a+4X3a a -6a+4). 

19. ( 4 ®* + 6 ®a + 5a 8 X4® 8 -6*a + 5a a ). 

20. ( 3 a* + 7a* + 6* a X3a a -7a® + 6 * a ). 21 . (® a + 4® + 12 X® a - 4® + 12 '. 

J 2 . (a a + 5ab - 56 a )(a* - bob - 56 8 ). 23. ( 6 a 8 + 2a6-6 8 )(6a*-2a6-6 a ). 

84. (7ro a + %mn - 4n*X7»» a - %mn ~ 4» a ). 

26. ( 8 a , + 12 aa + 9® a X8a a -12a®+9* a ). 
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26. (2®* + 14®a+ 49a*X2®*- 14ra+ 4Pa*). 27. (®* v-*)(®-v + «). 

28. (2a + 5-3c)(2a- 6+ 3c). 29. (3® + ?tf-3«X3®-2y+ 3*). 

30. (a + 26 - 5eXa - 26 + 5o). 31. (4v + 3®-5c)(4i/-3® + 5c). 

32. (a-26 + 3c-2dXo-26-3c + 2d). S3. (®-2j/ + *X®-*). 

34. (2® + 3a+56+1X2®+3a-56-1). 

35. (3® + 2y-7s-5X3®-2v + 7*-5). 

36. (4a + 36 - 4c-3)(4a-36 + 40-3). 

37. (® - 7v + 5c - 2X® - 7v ~ 5* + 2), 

38. (4® + 5a + 3y-76)(4® + 5a-3y+76). 

39. (7®-4y + 8z-lX7®-4y-8a + l). 

40. (a + b-c-d)[a-b+c-d ). 

Exercise 47. [ Page 142 3 

l. (a-26Xa* + 2a6 + 46 2 ), 2. a(a-3®)(a’ , + 3a®+9®*). 

3. (2® + 1X4®* - 2® + lX64®“ - 8® B +1), 4. (a-26)(a B +2a6+46 s )x 

(a 8 + 8a B 6 8 + 646 8 ). 5. (3a , + 5® s )(9a*-15a i ‘® il + 25® 4 ). 

5. {m + n)(m- n){m a - mn+ n*)(m t + mn + n a ). 7. (7* 4 8v) 

* (49® s - 56®y + 64j/*). 8. (2®*-lX2®* + lX4® 4 + 2®‘ +lX4® 4 -2® 8 +1). 

9. (a-2®*)(a + 2® s Xa a + 2a®* + 4® 4 Xa*-2a®* + 4®*). 10. (5® B -6a 8 ) 

x (25®* + 30® 8 a 8 + 36a 8 ). 11. a6(4a 4 + 76 4 Xl6a 8 -28a 4 6 4 + 496 8 ). 

12. ® a y*(3® 8 + 2i/ 8 X3® 8 - 2v B X9® 8 - 6®V + 4y 8 )(9® 8 + 6®V + iy‘), 

13. (a + 6) a (a 4 -2a B 6+6a 8 6 s -2a6 B + 6 4 ). 14. 2(®+vX*-») 

x( 4® 4 -14®V + 13]/*). 15. 2(a-6)(a* + a6+6 9 X4a 8 -2a 8 6 B + 5 8 ). 


16. 

(° B + f)(a 4 - 

a“6 B , 6 4 \ 

I + 9 r 

”• (“-s) 


+ £)' 

18. 

a+2\(i 





\2® vl\ 4® B 

TU v I 






Exercise 48. [ Pages 147 148 ] 


1. 

(®+lX®+2). 

2. 

(®+2)(®+3). 

3. 

(a+lXa+8). 

4. 

(®-4X®-l). 

5. 

(* + 2X® + 5). 

6. 

(®-3)(®-4). 

7. 

(®+5)(®+3). 

8. 

(®-5X®+3). 

ft. 

(®-4)(®-9), 

10. 

(®+4X®-9). 

11. 

(®-2X*-12). 

12. 

(®-2)(®-20) 

13. 

(® +10)(® - 3). 

14. 

(® + 8X®-6). 

16. 

(®+18X®-2) 

16. 

(®+12)(®-3). 

17. 

(® +14)(® - 3). 

18. 

(*+18)(®-4). 
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19. 

(x - 8Xx + 5): 

20. 

(*-16X* + 6). 

21. 

(x-32Xx + 3). 

22. 

(x - 14)(x + 4). 

23. 

(x-7Xx+6). 

24. 

(x-9X® + 8). 

25. 

(x+10Xz+12). 

26. 

(x+aOXsr-4) 

27. 

(x-24X*+3) 

28. 

(x-* 12Xx-7). 

29. 

(a- — 12X® — 8)- 

80. 

(x+26X® _ 8) 

31. 

(x- 12Xx + 6). 

32. 

Ix-21Xt-4). 

33. 

(x-22Xx-4) 

34. 

(/t l5Xr-8). 

35. 

(x-10Xx+8). 

36. 

(x+ 14)(cc—S) 

87. 

(a _ 8)(t. 7' 

38. 

( m~ 15)(m + 6). 

39. 

(a+20Xa-3) 

40. 

r a - 9)‘. - 

4t, 

! p — 24 X V + 2). 

42. 

(to + 9X»w-8) 

18 

[m + 30Xm — 3). 

44. 

(a-24K*-5). 

45. 

(*+13X®-6). 

46 

(a -- 5lX« 4 2) 

47. 

[n - 15)(a-4). 

48. 

(x+16Xx-4). 

49 

(a30Xftf 4] 

50. 

(x+ l5Xx-7). 

61. 

(x-7yj(x+6y). 

52 

(a - K bin - 4 7 i). 

53 

(m4 6?iXm — 5n). 

54. 

(a + 45X» _ 3fc) 

55. 

(a-5MU ; V>) 

56 

t - 8vXx+ v). 

57. 

(x + byfx-by). 

58 

({■-Ci ti'-Sq) 

59 

j 10gXP“8g). 

60. 

3(x + 24i i){x-iy). 

61. 

(a + l> • ' iX.'i 1 •• 5) 

82. 

■,x" + 5l(x 2 -3). 



63, 

2tx + 2Kx- M~' > ")■ 


64. 

[x - lXz s + x + l)(z 8 + 3). 

65. 

(a-2Xa“4S. " - 

- 01 , 

66. (x- lXx + 3Xx 2 + X+ lXx“ -3x + 9). 


67; <-.< + 2U“-2a + 4). 

68, (** + 2/•• ;,*x - -i»>> - 2Xr* + 4). 69- (a + 2)(a-2)(a* + 4)(a* +5). 

70. (a - * i J K“• - ■&*&'- x‘ + 1 Xa’ 4 + 3 bp* + 4). . 71. (a + l)*(o* + 2a — 2). 
72., (x^l/i 2){x s + 3x-■ 1!. . 73. ix-l)Sx+l)(j-3) 

74, fa + l)(a-4)(a s - 3a-t 1J. 75- fx+lXx-5Xx s -4x+l) 

76, (x + l)(x - 2)(x + 2}(x- -J;. 77., (x-2)(x-3)(x-lXx-4). 

78. (a-2Xa + 9)(a + 3Xa-*-5} 79. (a-4)(o+10)(a+2)(a+4) 

80. (x+l)(.r~9)(.r •*?.)(?■-i;';'. 81. (2x~5)(x + 3). 

82. (3a-5)(2a-t 3 8!,. : 4/m + 3)(2m - 3). 84. 3x(2ir- 3|/X3x+8]/).' 

85. (5a-3?>X2a~7;,.. 81.. ;Sm-4wX4w + 5»). 87. l2x + 5vX6x-y). 

88. (4a + 56X5a - 05). 8U. !:!x-5yXGx-7y). 90. , 5xj/(4x-3?/X3x + 8v) 

Exyrciso 49- [ Tiiges 150-151 ] 

1. (x+3Xx + lJ. 2. (x+5Xx+l). 3, (x + b){x + 3). 4. (x-7Xx-3). 

5. (xr SXr'+fO. 6. (a-9)(®+5) 7. (x-8X*-4). 

8. (x-llXar+5). 9. 3x(x-7Xx + 5). 10. (2x+.lX®~3). 

It. (3x+lXx~2). 12. (3x+2X*+4). 13. (4x-lXx+2). 

14. (2x-l)(8x + 2). 15. (2x+lX3x-4). 16. (3x-lX2x+3). 

nl (2x+3X4x-5). 18. (2x-5X2x + 7). 19. (2x-3X3x+4). 

20. (3x + 2Xx-6). 21. (2x+5Xx-7). 22. (2x-7X*+6). 
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28. (3b-5)(x+6). 24. (3a:-2X4®+ 3). 25. (o+56)(2o-36). 

26. (2®-3vX3*-2y). 27. (3w + 2nX2m-5«). 28. (3p-4g)(p + 3g). 

29. (2a- 56)(4a+ 36). 30. {5m - 2n)(2m + Bn). 31. (Ax-y){Bx + iy). 

32. (3a-46)(5a+36). 33. (2a-6Xa-26). 34. (a - 36)(3a + 6). 

35. (*+3p)(3a:-p). 36. (a+ 4X4a-l). 37. (a-46)(4a-6). 

38. (®-5)(5®+l). 39. {x-5y'i5x~y). 40. (® + 6)(6®+l). 

41. (a + 66)(6a-6). 42. (a-66)(6a+6), 43. (a-76)(7a-6). 

44. (a+76)(7a-6). 45. (a- 76)(7a+ 6). 46. (8x-y)(x + 8y). 

47. (9x-y)(x-9y). 48. (10®-tfX*+10»). 49. (2a+ 26- l)(a + 6+2). 

50. (x-y) a (2x a + 2y a + xy). 51. (a + 6) s (2a“ + '26“ + a6). 

52. (x-Ay)(Ax~y){x a + y a ). 53. (® + 2)(a:-2){2a: a + 3). 

54. (2o + 36X20 - 36X20* + 6*). 55. (3o + 46)(3o - 46)(a 8 + 26 s ). 

56. (tr - 2)(2® - l)(® a + 2® + 4)(4cc* + 2® +1). 

57. (2a* + 6*X2o* - 6 s )(o a + 26 a )(a* - 26 s ). 


Miscellaneous Exercises III 
[ Pages 157-162 ] 

I 

1. (1) v a [x-2z)-y a xz + y{xz a -x a -2z a ) + {x a z-xz a )\ 

(ii) (xy a - x a y) + z{x B -xy a -2y a )+z a xy-z a {x+ 2 y). 

2. 94. 4. x* + x a y+x a y a + xy a + y a . 5. 8a6: 128. 

6. %x a +v a +z a -yz-zx-xy). 7. (a+c) a -(6-d)* 

8 . (2® + 3y)(2x+ By- 4). 

II 

L. 5(30®" + ax B y + 3axy a + 7dy"]. 2. m(am + 6)(wi , + 2). 

3. ®-2®^ + l. 5. ® 8 -(o+6+c)®* + (a6 + 6c + eo)®-o6o. 

6. « 4 -(p-lXr 8 + (g-p+l)a: s -(p-l)a:+1. 7. o* + a*6* + 6\ 

8. (a-6X6-c); (6+2o+3cX6-2a-3c). 

III 

1. p ®* + 5 ®* + r®+*. 2- — 36 8 . 3. 392, 4. lfi, 

5. x a -xy-x»+v». (4o-lXl6a*+8a+3). 


1—88 
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IV 

1. - i* r * + 6i*mnr - 22 8 » 8 - 3i a m*n 8 - 4Z*w 8 r +62m*«- 2m*, 

2. 3a V + 6a*6a 8 + 3abV + ib*z +12. 3. a 8 -646*. 

4 . (i) a 8 - 3a6c+(6 s + c 8 ); (ii) a*(6 - c) - o(6* - o*)+ (6*c - 6o*); 

(iii) a*(6 - c) - a(6‘ - c*)+(6*c - 6c*). 

5. a 8 + (a + 6+c)a 8 + (a6+6c + ca)a + a6c ; —11; -68. 

8. a+26+3o. 

V 

1 . 121. 2. i(aa* + bx*v ~ cx*v* ~ dx*y* + eav* -/v‘). 

4. 8a* + 12o*c+6ac* + c*. 5. 8a* + 4a* + 12a*-8®* + 24a-32. 

7. a* + a^6^ + aM + 6*. 8. (i) a 2 x{a - a)(6aa +1); (ii) (a + yz)(y + *a). 

VI 

1. B76594C5. 2. -125. 4. *“ + 1. 5. (a*-7®+9)*+(5)*. 

4. (a+6+e+dXo-6-c+dXa + 6“C-dXa-6+o-(I). 

7. (i) (a-6Xa-5 + 2); (ii) (2a-6X3a + 6+3); 

(iii) (5x+2vX3a-2y+2). 8. [2x-y)a* + (x+v)ax-x M . 

VII 

1. 7. 3. a 8 + y* + *&-3aMA 4. x+a. 

0. 2a 8 y* + 2»*«* + 2* V - a* - y * - a*. 7. (i) (2a - 3X3a+5); 

(ii) (5a-5y-3X7a-7y-4); (iii) (a-3y 8 )(lla-21y 8 ). 

VIII 

1. l + (a+6)a + (a+6X ® +6_1) a*. 2. 65. 4. 2(o+6)« 

5. b*- 2 ; a 8 -3a ; a*-4a* + 2, 8. (a* - 3ay - y 8 Xas* + Say - y 

IX 

1. (i) o* + a*a*+a*. (ii) 4. 4. a*+ 6a+^ + Ji 

6. o*(6—c)—a(6* —c*)+6c(6—c). 8. 3. 

X 

1. 2(o+t»Xc+w)+26d. 2. 16. 5. a^+6+o^—3a^6^c^. 

«. (8*-7X6*-2). 7. 17. 8. Bs. 125 each 
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1 . a*6*. 

6. 9ro*n*. 
9. 18a“c“. 


1. a(a+6). 

4. 4a*(a* + be). 

7. 2a*6*(3a+46). 
10. 16a*a*(a*-a*). 
18. 6(a + 36). 14. 

17. 2a+3. 18. 

21. 4a6(3a+6}. 


1. a “fa*. 

5. 24b*i/»s*. 

9. a*b“(a*-6*). 10. 24(x*-y*)* 

12. a*(a - xXa+3xXa - 2a). 

14. 12a*a*(x* - a*Xa* - aa+a*). 

16. (a - 3Xa+5Xa + 4Xa+7). 

18. (8a* + 276* X8a® - 276*). 

20. (2a-3a)*(9a*-a*). 

22. 6(3a- a)*(a* - 4a*). 

24. (a - 2yX* _ 4vX* ~ 3yX®+5y). 

26. (1 — 4b® Xl+2a + 4a*Xl+2a - 4a 8 ). 


Exercise 51. [ Pages 164-165 ] 


. 4a*. 3. 3xv*. 

4. 

6a*v*. 

. 4aa. 7. 12mj>. 

8. 

15a*v*s*. 

, 24c*. 11. 12s*. 

. 6. 15. 8a*v*. 

12. 

15m*nV«*. 

Exercise 52. [ Page 166 ] 

2. a*i/*(a+i/). 

3. 

3(a+8). 

5. ?n*n*(m-n)*. 

6. 

aa(2a + 8a). 

8. 3a*v*(®-2v). 

9. 

2ob(a+26). 

11. 8(a*+aa+a*). 

12. 

8aa*(a*+a*). 

4b(b-5). 15. xyix+Gy). 

16. 

a*a*(a+2a). 

a-26. 19. a-b. 

20. 

a+2. 

Exercise 53. [ Page 169 ] 

a“b*e. 8. 30 bV. 

4. 

28ro*n*p. 

140a*6*e*. 7. I20a*6“c*. 

8. 

180aV*V, 


11. (a-lXa-2Xa-3). 

18. a*(a-2Xa + 2Xa+4). 

15. 48(a - 2Xa+5Xa+6). 

17. 3a*(4a , -96*Xa*-6 , ) l 

19. 12b , (4b , -25i/*X2b-v). 
21. 2b(4b*+8I). 

28. (2a-l)*(4a*-lX*+3). 
25. (a+2X2a-lX3a+l). 

27. (a*-3)*(9a’-lX9a*-l). 


Exercise 54. [ Pages 171-172 ] 


1. 

1 

26 

2 . 

8a, 

4tf‘ 

3. 

2a, 

5a 

4. 

3a*. 

5y* 

5. 

2 d 

Sab' 

6. 

2a* t 

5av 

7. 

2 d\ 

8a ' 

8. 

3 npq, 
6m 

9. 

K~a, 

a 

10. 

1 , 
a+8 

11. 

2a-3a 
2a 

12. 

_ <* . 
a+4b 

13. 

3a . 
a+4a 

14. 

2a* . 
a*-2a* 

15. 

4a , 
*+8 

16. 

a-2. 
a-8 

17. 

a-8, 

a+4' 

18. 

a-46, 

a-56 

19. 

_ai. 

a+b' 

20. 

l-4e, 
l-i 5a 
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21 . 


26. 


31. 


®-V , 
®+7j/ 

22. 

1—2o s 
l+3o 8 ' 

23. 

® s -13, 

®*-4 

24. 

3a® . 
a- 3® 

25. 

2® + 3 

3®+ 4 

®-a_ 

® + o 

27. 

®+ 5a. 

® + 7a 

28. 

2®-5. 
3®-2 

29. 

2®- 5a, 
3®- 7a 

30. 

2-3a®. 
l-5a® 

®-a, 
®* + a 

32. 

3a+ 56 

3 c-1 ' 

33. 

2®+3a. 

3®+2a 

34. 

2a-6 

3 S -Y 

35. 

a- 6-c 
a + 6-o 


Exercise 55. [ Pages 173-174 ] 


, 2 adf 36r f ihde 

U ibdf 4 bdf ibdf 

a 15®*a6 10 xvbe Gy*ca, 

60a; 8 v ■ 60®V 60®V' 

, x s (a-2b) ay*(a±2b)' 

a(a s - 46 s ) a(a“ - 46 s ) 

_ 2a(a+6) -36(a + 6) 4.^a-6) 

7 " a 8 -6* a* - 6 s a*-6 s ' 

3c s a s v(a + ®)_4a s 6 s a 

a s 6 s c*(a 8 -® a ) a s 6 s c B (a s -® 8 )' 

_ c* _ 

®y(4® 8 -9y s )' 

... 3(®+3) , 4(®+l) 

u - a; 8 + 2®"-5a:-6 ® 8 "+2® B "-5®-6' 

_ a(a s + 3a6+96 s ) 6(a-35) c 
3 ‘ a 8 - 276“ a 8 -276* a 8 -276' 


, 6a® B , 46?/ s ) 3ca* 
12a6c 12a6c 12a6o' 
. a s (a + 6) ab(a-_b) c{a-b) 
a(a“-6 s ) a(a s -6 s ) a(a s -6 s j‘ 

8. / 2a * n > -p-°vy 

a(a-6) a(a-6) 

o 26 s c s aXa - a:) 

a s 6 s c a (a s -®*}' 
9 _a*a<2a;+3v), 6 a ?/(2®-3if) 
®3/(4® s -9{/ a ) ®y(4® s -9j/ a )' 
10 a a (® s -®4 1) 6 s (® s + ®+l) 

®* + ® a +l ® 4 + x 3 +1 ' 
12 a s - 46 s i abc 
a* + 8a6 8 a* + 8a6 1 ’" 


a 8 (a~6+c)_ t 6 s (a-6-c) abc 

o6(a s + 6 s - c‘ - 2a6) ab(a a + 6 s - c* - 2a6) al{a * + 6* - c® - 2a6)’ 
.. (c-a) s (a-.6) a (6-c)* 

(a-6)(6-cXc-a) (a-6X6-cXc-a) (a-6X6- c)(c~a)' 


1. 

5. 

S. 

11 . 


a* + 6 s , 
a6 
o+6 
2(a-6) 


2a* 

a*-6 s ’ 

_2_ 

-i-10a;+16 


14. 0. 


Exercise 56. [ Pages 176-177 ] 


2. 

0. 3. 1. 

4. 

6. 

12n/ 

4®* - 9 y a ' 

7. 

9. 

1 

(a-6X6-c)' 

10. 

12. 

6 ry 

8® 8 + 27» 8 ’ 

13. 

15. 

fttV, 

16. 


4a6 

a*-6 s ' 

»*-2o6-6* 
(a-f 6)“(a- 6)’ 
2 

® s -4® + 3‘ 
2o6 

0 s -6 s ' 

-640® 8 
a‘-16®‘* 
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17. 

g* 

18. 

26 

19. 

4 r.* 

6(g*-9) 

1-160*6* 

a: 4 -16a 4 

20. 

8 a'b 
a*-6* 

21. 

108x 4 

8Lr*-V 4 ' 

22. 

9ag(g+a) t 

g 4 -81a 4 

28. 

4 ab 

24. 

6a;*-12 . 

25. 

6a*g 

( a~b )* 

g 4 -5g® + 4 

4a: 4 - 5a*g* + a' 

26. 

4Sa* 


2a; 

28. 

x-e 

g 4 -10a“g* + 9a 4 ' l ' 

g 4 -l 

(x-a)[x-b) 

29. 

„ 3sc— 7 
g*-5g+6 

30. 

3(g+6a) 
x* + 11a* + 28a* 

31. 

2 

g+3 

32. 

0. 33. 

4g** 

El I 2 ®* . 
U - a*-64 

35. 

G6ax‘ 

l + g 4 +g* 

16a:*-6561a* 


Exercise 57. [ Page 179 ] 


1. 

1 

3' 

2 •- 
Z - 9 

• 8 . 

XV*. 

4. 

g*yV . 

9a*6*c* 

5. 

fin‘a:* 

8 my 

6 

g+2, 

X 

7. 3. 

8. 

a*-6*, 
a 

9. 

g*-4g* i 

a* 

10. 

g*-l 

g*-g-l 

11. 

1 . 

12. 1. 

13. 

a*+ 6*, 
a 

14. 

2 

15. 

g + 2 

g+3 

16. 

a*(a- 

X 

17. 

^: + i. is. 

a a* 

8a6. 0 .9a-* i 
9a-* 1 8a6 

19. 2 

/6c ,ad\ 

W + 6c/ 

20. 

1, 

21. 

a+6-c 
a+ 6+ o 

22. 

1. 





Exercise 58. [ Pages 181-182 ] 


5a* 

66y 

2. 

(a+ 6)* 

6 

3. 

g-7 

g-5 

4. 

a-6. 

m-n. % 

t»+2w 

6. 

(m-n)*. 

7. 

1. 

8. 

1, 

g» + y*. 
< 2xy 

10. 

g* —8g+12 
g*-l()g + 21 

11. 

1 

f*+ff* 

12. 

a*-6*. 


14. a6. 

15. 2g. 

16. 

1. 

17. 

TV 

XV. 

g* + y* 

a 4 + a*6* + 6 4 
a6(a-6)* 

19 * A* 

20. 

a*-6* 

21. 

a-6 
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Exercise 69. [ Pages 184-186 ] 


1 . 

2 . 


2 . 

2. 3 

. -5. 

4. 

1 . 


6 . 

2 . 

6 . 

i 


7. 

3. 8 

. -5. 

9. 

. 6 . 


10 . 

a+ 6 . 

11 . 

2 a. 


12 . 

|(a+ 6 ). 

13. a+ 6 . 



14. 

m-n. 

16. 

a+ 6 . 


16. 

i(a + 6 ). 

17 2a6, 

17, a +6 



18. 

12 a 6 
a+ 36 

19. 

e+d. 


20 . 

i(a+ 6 +c). 

21 . -i(a+ 6 +c). 

22 . 

ab. 

28. 

1 . 
a 6 

24. 

13. 

25. 

16. 

26. 

20. 


27. 

-3 

28. 

8 . 

29. 

10. 

30. 

9. 

31. 

9. 


82. 

5. 

88 . 

8 . 

34. 

5. 

35. 

7. 

36. 

8 a 

25 


37. 

24. 

88 . 

18. 

39. 

6 a 

V 

40. 

56. 

41. 

4i 


42. 

6 . 

48. 

108 , 

44. 

ac 

6 * 

fJ>l. 45 
+ c* • 

-2H. 

46. 

8 . 


47. 

11 . 

48. 

2 . 

49. 

25a+246. 50. 

M. 

o + 6 

51. 

72. 


52. 

7i 





Exercise 60. [ Page 187 1 





1 . 

27. 


2 . 

5. 

3. 20. 


4. 

2, 


5. 10. 

6 . 

6 . 


7. 

5. 

8 . 5. 


9. 

7. 


10 . 5. 





Exercise 61. [ Page 189 J 





1 . 

H. 

2 . 

8 . 

3. 

2 *. 


4. 

4'05 


5. 8 . 

6 . 

3. 

7. 

lOi 

[. 8 . 

a*+ 6 *+c*. 

9. 

i{a 6 + bc+c t), 

10 . 

0 . 

11 . 

a*- 

f 6 * + c 8 -3a6c. 


12 . 

0 . 






Exercise 62. 

[ Pages 193-195 

] 





1 . 

4. 

7 . 

8 . 

% 9. 
18. 
16. 
18. 
21 . 
26. 


90 x 180 ; 100 * 230, 2. 15 metres, 12 metres. 3. Bs. 33 

60,30. 6 . 20 men, 16 women. 6 . 119,121,123,125. 


222, 224, 226, 228, 230, 232, 

A, 84 kilometres and B, 70 kilometres in 56 hours. 
28 days. 10. Rs. 55. 11. 

Worked for 22 days, 14. 4 days. 

A, Bs. 162; B, Rs. 118 ; C, Rs. 104. 

176 kilometres from London ; 16 hours. 

72. 22. 23. 28. 6,8,2,24. 

22. 31. 9, 64. 


i metres. 12 . 

14, a 

15. 

Rs. 52, 52 ten 

paise 

17. 

34 sheep; Rs 

. 1400. 

19. 

44. 20. 

32. 

24. 

19. 6 , 4, 32. 




ANSWEB8 


699 


Exercise 63. [ Page 197 ] 


1 . 


2. *-5l 

3. *-71 

4. *—4 1 


r=s / 

v-2J 

v-6 J 

1-7/ 

6. 

t ■ 


6. *—21 

7. *-401 



V a,* + b 

1-3/ 

1-16/ 

8. 

<r-8) 

9. *-6l 

10. * - 6 1 



1-6/ 

V-4J 

1-8/ 




Exercise 64. [ Page 199 ] 


1 . 


2. *«2l 8. 

a-71 4. *-31 

5. *—4 1 


1-2/ 

V«3J 

1-2/ i-7/ 

1-4/ 

6. 

1 

7. *-6\ 8. 

*-5 1 9. *-2% ' 

1 10. e-61 


i- 3/ 

V-5 1 

1-5/ V-lJ. 

1 1-2/ 



Exercise 65. 

[ Pages 203-204 ] 


1. 

*-3} 

2. *«4l 

3. *-71 

4. *—2 1 


i-2 / 

v-i/ 

1-4 J 

1-3/ 

6. 

tr-4 1 

6. *«6l 

7. *—21 

8. *--21 


v-2/ 

V«4 / 

1-1/ 

1- 8/ 

9. 


10. *-11 

11. *-ll 

12. *- 31 


v-2 J 

y-3 j 

1-2/ 

1--1/ 

IS. 

<r-ll 

14. *--5l 

CM 

1 

N 

H 

13 

16. *- 61 


V“4 / 

V- 2/ 

i- 1/ 

1-11/ 

17. 

.._6c-c* 

v - ac - c *. 

18. *-71 

19. *-Jl 


ba-a* 

V at-6* 

1-9/ 

v-H 

20. 

e-31 

21. *—21 

22. *-71 

23. *-101 


V-2 / 

V-SJ 

1-4/ 

1- 6/ 

24. 

*- 4 1 

25. *-2l 

•>« a s -t* 

a*-t* 


V-10J 

V-3J 

am-bn 

an-bm 

27. 

M 

1 

So 

1 

©*»«■ 

S 

MH 

td 

5° 

U 

:-4, v-2. 

to. 

*-A. v-: 

18. 81. *-4 

, 1-3. 32. a 

1 

St 

-*4 

1 



Exercise 66. 

[ Pages 208-211 ] 


1 . 

#. 

2. 7,9. 

3. 6,2. 

4. 60,16. 

6. 

Father's age 70 years, son's age 30 years. 


6. 

Father's age 88 years, son's age 14 years. 

7. 24,16. 

8. 

A. 9. 

I. 10. $. 

12. Rs. 15 ;Bs. 24. 13. 3, 6, 

14. 

6 kilometres and 8 kilometres per hour. 

15. 50; 100. 


16. 90 days, 17. 480 sq. metres. 
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18. 

10 . 

22 . 

25. 

28. 

31. 


T. 


1. 

8. 

11 . 

15. 


1. 

6 . 

11 . 

16. 


1 . 

8 . 

4 . 

7. 

1 . 

4. 


Tea Eh. 6‘40 P. and coffee Rs, 6 per kilogram, 

3 kilometres, 4f kilometres per hour. 20. 22 and 26. 21. 76 

65. 23. 21, 40. 24. A horse, Rs. 240 ; a cow, Rs. 120 

5s., 3s. 26. A, 24 days ; B, 48 days. 27. A 

15 kilometres. 29. 72. 30. 75s., 36> 

34 sheep ; Rs. 1400. 32. 27. 

Exercise 67. [ Page 221 ] 

(l)6a;-%»0; (2) 5x + ly - 35 ; (3) «+J/ + 2-0 ; 

(4) 21a-—5v■+ 124—0 ; (5) 5*+9j/ + 55«0. 8. y-1. 9. 5 units 


Exercise 68. [ Pages 223-224 ] 


3, -3. 

2. 

a, 

-a. 

3. 

14, 

-14. 4. 24, -24. 5 

.5,-6 

3, -3. 

7. 

5, 

-5. 

8. 

2a, 

-2a. 9. a, -a, 

10 

.6,-6 

1, -1. 


12. 

2, - 

2. 

13. 6 metres. 

14. 

9 metres. 

5 cm. eaoh. 











Exercise 

69. 

[ Page 225 ] 



2,4. 

2. 

5, 

-4. 

3. 

1, - 

4. 4. 4, -13. 

5. 

8, -4. 

4, -1. 

7. 

7, ■ 

-i 

8. 

2,4. 

9. 2, - A. 

10. 

a, 6. 

19, 21. 

12. 

8. 


13. 

16, 

-6. 14. 3,13. 

15. 

40 years 


Rs. 75. 


Miscellaneous Exercises IV 


[ Pages 226-229 ] 


I 

12a*; 720a # 6‘c'irV. 

(a - 6X6 - cX6 - 2a - 3c)(2a + 6 + 3c). 

2. 

(*-3)*, (m-3X4fl5+l); B--S, 

4. 

6. 

k‘ + 2. 

6 a 

fl, '"’a*-a6+6* v a*-a6+6* 

8. 

ab , , abc . _ 

a+6 hr8 ‘' ab-be-ae hlB 

II 




e-8. 

a*±b\ 

a*6* 


(sc—a)(os+feXsc® + a). 
5fe-3), 

3{a:-5) 


6 . 


x 


+ c*-o a , c* + a*r_5!. 


2a 


26 


8. (i) £a*y*; (11) S. 

2. 7. fl. 


8. 


V 
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1. (o-i>X*+a). 

r 8 . 


a 4 -16 


2, 

6 . * 


III 

:® -1. 3. *+3. 4. (*+a)(* — 6Xa?+6). 

2(6-1) _a(a-l) 


Bs. 2800 and Rs. 1200. 


2 ab-[a+b)' v '~2ab-{a + b)' 
8. 3. -3. 

IV 


2. 

*-y. 

0 „ 1 _ 

a*-3a+2 

4 1 
’ m*-m+ 1 

6. 

345. 

7. if. 

CO 

1 

CD 

00 



V 


1. 

**-{a+6)a+a6. 2. 280a*-123**-37*+8. 

3. 1. 

4. 

1 

—- — ■ 

fl+e 

8. 4, -4. 




VI 


1. 

*-2. 

2. abcix - aX* - b\x - c). 4. 

0. 6. 2. 

1, 

Bs. 144. 

8. 4, -4. 




VII 


1. 

aa-(a-l). 

2. (a-^Xi _ cXc-o). 

i 1 * 3 * * * * 8 

«• e *-4 a .+ 3 

5. 

a*+ 5* 

2 ab ' 

7. *-10, y-15. 

8. 4, -4. 



Exercise 70. [ Page 231 ] 



1. 2* + 6a* + ll2 + 6. 2. b b + 142*+ 592 + 70. 3. a"-2*-24*-38, 

4. *"-**-702-200. 5. *"-4**-29*-24. 8. * B + **-46*+80 

7. **-37*+84. 8. * B - 62 *-37* + 210. ». *"-23a*+ 167*-385. 

10. **-18a*+ 99*-162. 11. a*- 13 a*- 82 +240. 12. ** + 25** 

+ 199*+495. 13. *" -52* + 96. 14. *"-23a*+ 151*-273. 

15. *"+ 13**-144. 16. *"-7a*-138* +1(H). 

17. *"-3a*-73a+ 315. 18. a* + 35a*+ 396*+1440. 

19. a*-148*-672. 20. 2*-31a*+ 290*-800. 


Exercise 71. [ Pages 232-233 ] 

1. a*+y*+z* + 22y-22z-2y*. 2. a*+y*+**-2ay+2*s-2ys 

8. **+y* + **-2*y-2a*+2vs. 4. **+y , + « , +2ay-2a*-2y»» 
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B. 6. a»+x'+V a +* a -2ax+2a t 

-2az-2xp+2xz-2ps. 7. a *+ x ' + v t +z*-%i,x-2av-2az + 2xt 

+ 2®*+2y*. 8. »»* + ft*+.p* + ff * + r*+ 2mn + 2mp + 2mg + 2mr + 2np 

+2ng + 2nr+2pg+2pr+2qr. 9. i>* + c“ + r* + ®* + y*-2pg+2pr 

- 2px - 2py - 2gr + 2gx + 2gy - 2rx - 2ry + 2*y. 10. o* + £>* + c* 

+ ®* + y* + *• — 2 ab + 2 ac — 2ax, + 2oy+2oz — 26c+ 2bx—2by-2bz — 2cx 
+2ey+2cz-2®y-2*z+2yz. 11. o* + 4** + 9y* + 16z*-4a*-6ay 

-8az + 12*y + 16*z + 24yz. 12. 4a* + 5 s + 4c s + <i £ - lab +8ac - Aad 

-Ibc+Vbd-lcd. 18. 49. 14. 9. 15. 0. 16. 144. 17. 1635 

18. 1. 19. 63. 20. 0. 21. 47. 22. 69. 

Exercise 72. [ Pages 235-236 ] 

1. e* + 6a: 4 + 10*® +10**+5*+1. 2. ®* + 6®* +15®* + 20*“ +15** 

+ 6*+l. 8 . o® + 80 * 6 + 280 * 6 * + 56o*2>* + 70o*5* + 56o“6* + 28o*5* 

+8a6’ + 6*. 4. 0 ® + 9a*5 + 36a’6* + 84a®6“ + 126a*5* + 126a‘6‘ + 84a"6® 

+ S6o , 6 T + 9ai' + fc®. 5. x’ - 6**y + 10*®v* - 10**1/® + 5®y* - y*. 

6. m* - 7 m‘« + 21m“«* - 85m*«® + 35m*it* - 21m*n* + 7 tow® - ft’. 

7. ®* + 8 *® + 24 ®* + 82 ®+ 16 . 8. ®* + 10 ®* + 40 ®“ + 80 ** + 80*+32 

9. ®* + 8 ®’ + 28 ®* + 56 ®* + 70 ®* + 56 ®“ + 28 ** + 8 *+ 1 . 10 . »‘ + 12 ®“ 

+ 64 **+ 108 *+ 81 . 11 . ®“ - 6 ®* + 10 ®“ - 10 ®* + 6 ® - 1 . 

12. 64 -192* + 240** -160z“ + 60s* -12*® + *“. 13. 16®* - 32®“ + 24®* 
-8®+l. 14. ®*-9®“v + 36®’y*-84®“»* + 126®*y*-126®*v“ + 84®V 

-86®*y*+9»y*-y*. 15. 243®*-810®*+ 1080®“-720®*+ 240®-32 

16. l-8a+28a*-66a® + 70a*-66a* + 28a“-8a’ + a®. 17. l-7o 

+21c*-85e“ + 35c*-21c* + 7c“-e’. 18. 1-18*+136®*-640®* 

+ 1215®*-1458®*+ 729®*. 19. 1-14®+84®*-280®“+ 560®*-672®* 

+ 448*“-128®’. 20. 256*“-1024®’a + 1792*“a*-1792®‘a»+ 1120**a* 

-448®“a* + 112®*a“-16®o’ + o“. 21. ® to -10®*o+45a“o* 

- 120*’o“ + 210**o* - 252®*a* + 210®*o“ - 120®*a’ + 45®*o“ - 10*a“ + a 10 . 

22. 243®* -810**a+1080®’o* - 720®*a* + 240*a* - 32o*. 23. 10®* 

+ 20®* + 2. 24. 2e“ + 30®* + 30®* + 2. 25. 14®“o+70®‘o“ + 42®*o*+2o’. 
26. 16. 27. 32. 28. 64. 29. 128. 30. 256. 

81. 30. 32. 3. 33. 0. 34. 16. 35. 0. 

Exercise 73. [ Page 237 ] 

l. e* + y“-s* + 8®y*. 2. |>*-8ff*-r*-6p gr. 

I,. 8«t* - 27y* - 1 * - 18*y*. 4. o“-86*+27 + 18o6. 
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6. 27a*-1266®-64- 180ab. 6. (a;—y —lX®*+y* + l+!ty + ii;—v). 

7. (sr—y+2X»* + v* + 4+!EV-2a:+2v). 

8. (K-2y-8zX** + 4y* + 9z* + 2»y+3Ez-6vz), 9. 0. 

10. 0. 11. 0. 16. 0. 17. 392000 

Exercise 74. [ Page 238 ] 

3. 8(c-bXa-bXo-c). 4. {y-z\x~z\y-x). 6. 0. 6. 0. 

Exercise 75. [ Page 240 ] 

1. 2a*y+ 3x*e + 12y*z + 4y**+9z**+18 z*y + 12syz. 

2. 64rr*y+32Cte*z + 5y*z+8y*a:+200 z*x +25yz* + 80 xyz. 

8. 2a*6+3a*e+126“c+4ab* + 9ac* + 185c* + 12abe. 

4. 9®*y + 90z*z +10y*z + 3®v* + 800 z*:k+ 100z*y + 90*yz. 

5. 2(jr* + y* + z*)+7(a:*y + x*z +y *z + y*x + z*x +z*y) + 16sry*. 

6. 2a*b - 3a*e - 12b*c -4ab*-9ae* + 185c* + 12abc. 

7. 4 abo. 8. 4abe. 9. 0. 10. 27abc. 

Exercise 76. [ Pages 241-242 ] 

4. 0. 8. 84abe. 9. Gxyz. 10. 3(y + x-«X2a;-2y + zXa;+y-2x). 

11. 3(2®+ Sy + 3zX3a:+ 2y + 3z)(8:e+ 3y+ 2*). 12. 2567. 18. 16800 

14. 1280. 15. 1331. 

Exercise 77. [ Page 246 ] 

1. [x a + y a + z a + yz + zx-xy){x + v-e). 

2. >p-2g-rXp* + 4$'*+r* + 2j?ff+f>r-2gr). 

8. (2a; - 3y - z)(4a:* + 9y * + z* - 3yz + 2zx+6a;y). 

4. (a + 2b+lXo* + 4b*+l-2b-a-2ab). 

6. (2a + 3b-4X4a* + 9b* + 16+12b+8a-6ab). 

6 . ®* + y* + 4 + 2y-2a;+!ry. 7. (tr*-a;+2X*‘ + !Z 8 -(r* + 2a;+4) 

8. 2(z-yX3a;*+y*+z*+yz-8za;-3atf). 

9. (a* + 3a+5Xa*-3a* + 4a*- 15a + 25). 10. ir-5y+3. 

11. a* + b* + c*-ab+ac+bc. 12. ir* + y* + l+«cy+a;-y, 

18. ®* + 4y* + 9z* + 2an/-8za;+6yz. 14. 2a-8b-e. 

Exercise 78. [ Page 249 ] 

1. (b-cXfl-cXo-bXo* + b* + c* + bc+ae+ob).! 2. (b+cXb-o)x 

(a + eXa-eXa+bXa-b). 8. (b-cXa-cXa-bXa 8 + b 8 + c* + o*b+a*« 
+i*o+b*c+c*o+o*i+abc). 4. — (b-cXo-aXo-bXo*+b*+o*+be 
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+ oa + ab). 5. {b-cfta-cU-bibc+cal a5). 6. (v + *X* + *X«:+v) 
7. (v~tXz-xXx-yXvz + zx + xy). 8 - b{y-zXz-x’Xx~v) f - 

(x' + y' + z'-yz-zx-xy). 9. ~(»“*X*“®X*“f) 

10. -(b-clc-ata-b). 11. -(b-ctc-ala-b) 

12. [a+b+cHbc+ca + ab). 13. W>ac-v + zXx-zXx+v\ 

14. -[b- cXc ~ a)(a “ 6X6’ + 6c+c*Xc a + ca+a*)(a s + a6+ 6 s ). 

15. - (y - zXz - ®X® - yXv + zfz + ®X® + vXv t z i + *'** + ® V). 

16. 3(2a+6+cXa + 26+cXa+6 + 2c). 17. (y+z-xXz + x-yXx+y-z) 

18 . -(v-*X*-®X*-v). 19. -(y-*X2-®X*-vX®+V+* + 3). 

00. {y - «X* _ x)(x -yXx+v + z). 

21 . ( ax+by+czXby + cz- ax)[cz + ax- buXax+hy-cz). 

22. (® + 2 y+ 82X21/ + 3 t-xXSz + x- 2 yXx +2y-3a). 

23. 4200. 24. 249. 25. 1950. 


Exercise 79. [ Pages 256-256 ] 


1. (as + lX^ + l). 2. (a5+l)*(fls- 

4. (ab+cXac+b). 5. (x-aXx + bXx a - 
7. (x-zXx+v + t). 8. (s + aXb-c). 

10. (a-6Xa+6+c). 11. 

12. (ax - byXax + by + cz). 13. 

14. (42! - 5a)(4®+5a + 3b). 15. 

16. (m- nXm* - mn + n a ). 17. 

18. (x+vXx-y)*. 19. 

20. (x- 5X** ~ 12a: + 25). 21. 

22. (tc—yX* — v — 1). 23. 

24. (a!“ + o“Xa;-o)“. 25. 

26. (a+26Xa + 6+c). 27. 

28. (m-2«X»»~3n + 2p). 29. 

SO. (*+4aX2®-3a+46). 31. 

32. (82:+i/X* - 3v + 2). S3. 

84. (x-2y+3*X*+2i/-32 + 4). 35. 

36. (a + bXa - bXx + aXx - a)(2x“ - 3a"). 

88 . (x+aXx-aXa+b)*. 

40. (a-lXa*-6a+lXa* + 3a + l). 

42. (x-y-zX%t+Sy+z). 

44. (2®+tr-3*X2®“8v+38), 45. 

46. (e+lX*+2X*+4). 


1). 3. (®+lX* - 1)*. 

6®+6 s ). 6 . (a®+6vX6a+<w) 
9. (®*-a6X2a-36). 
(2a-36X2a+86+4c). 
(x*-yzXx*+yz+y e ). 
(a+6Xa*+a6+6 s ). 

(a -6X<»+ 6)*. 

(a + 2Xa s + 3a + 4). 
(2a-36X4a+36Xa + 36). 
(2a-6X2a-6-3). 

(a s + 26 s Xa-6Xa-26). 

(®-3vX*-y+«). 

(a-36Xa-76+5c). 

(a-46Xa-26+3). 

(a-6-cXa+6+e+l). 

(3s - 4i/ - 2sX3® - 4v + 2* - 6) 

37. (2®-86Xa: , + a®-6). 

39. (a-l) s (2a*-a+2). 

41. (2®+2v + sX*+2»+2*)- 
43. (a s + l) s (a t -7a* + l). 

(® - aX* s +a*+a*X* t - a®+a*! 
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Exercise 80. [ Pages 258-259 ] 

I. (x+lX*+3X*+4). 2. (x+2)(x+3)(x+4). 3. (x-lXx-2Xas _ 3). 

4. (*-2X®+3)(x+4). 5. (x-lXx»-3x-2). 6. (x+lXx“ + 4x-6). 

7. (x-2Xx a -4x+5). 8. (x-2)(x+2Xx a -3x-5). 

9. (x - l)(x + 2){x a - 4x + 5). 10. (x + lX*-3Xx s -3x-2). 

II. (x-2Xx + 3X* s + 4x-6). 12. (x+2Xx-4Xx a -5x+7). 

13. (x-5Xx*-2x+3). 14. (x+3Xs ! -3x + 4). 15. (x+2Xx-4)‘, 

16. (x-2X2x a + x+2). 17. [x + 2y){x' t - ‘2xy - 5j/“). 

18. {a+3b)(a a + ab- 36 s ). 19. (a-2l,X5a a + 7a&+14& a ). 

20. (2x - l)(4x* + 2x + 3). 21. (*-lXx+3X2x+l). 

22. (x+l) a (x-2). 23. (a-&X2a* + a&+5*). 

24. (x-l)(3x a + llx+3). 25. (x+3y)(x*-3xy + '3y a ). 

26. [x+a-b){x-a + %). 27. ix a + (a + 5) c y a Hz+(a-5)yHx-(a-i)yt. 
28. ia a + (x+y) s 5 a ila a + (x-y} a i a f. 29. (a + 2x-yXa-*+2y). 

30. (x+2a+6Xx-a+25). 31. (x+3 y-z){x+v + z). 

32. (x + 4j/- 2z)(x - 2y + 22 ). 33. (a+26-cXa+c). 

34. (x + yXx~V+2). 35. (x+y+lXx-y +5). 

36. [a+5b-c)[a-b + c). 37. [x-y-zix-by+t). 

38. [x-2y-2s)(x~8y 4-2^). 39. (a + i - 3c)(o -136 + 3c), 

40. (x + 12y - 32 X 2 + 3z). 41. [x + y- 5z)(x - 15y + 5z). 

42. (2a + 6- 3cX2a — 36 + 3c). 43. (x“ + 4x — 3Xx* + 2x+3). 

44. (a* + ab-b a )[a a - 5ab+ b a ). 45. (2x*-4x-3X2x a -6x+3). 

46. (x-l) a (x a + l). 47. (« a + 3a-5Xa a -3a+5). 

48. ( a-bx)(a-bx-cx a ). 49. (x a y a + xy-«+lXx a y a -xy+* + l). 

50. \{y + 2 )x-v + z\\{v-z)x+y + z\. 

61. \(a+ b)x+{a-b)y\\(,a-b)x+[a + b)y\. 

52. (x»-2x-lX* a -2x-4). 53. (a a -3a + 5Xa a -3a+l). 

54. (2x a + 3x-3X2x* + 3x-4). 55. (x a - xy + y a Xx a - 4xy + y a ). 

56. (x*-2x+4Xx a -3x+4). 57. {a a -2ab+% a )[a a -5ab+2b a Y 

58. (x* - 3x + 5X* a + 7x+5). 59. (a-J) a (a a + 6a6+6 a ). 

60. (x* + 4x + 10Xx* + 4x - 2). 61. (x a -3x-5Xx*-3x-17). 

62. (x-lXx+8Xx* + 7x+30). 63. (x-3X2x+3X2x*-3x+7). 

64. 0. 65. 0. 66. 0. 67. 300. 68. 5. 

Exercise 82. [ Pages 278-280 ] 

1. 179. 2. 3. 3. 6 §. 4. -8i 5. ^ (ad - 6c). 

16. (i) 5a*-11a+ 16-0. (ii) (6+c)*(a6+ae+lW. 17. a-0, or. I 
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18. 2 rn, where r is any positive integer. 

29. (b-cla-cia-btab+bc+ca). 36. l+x+x a + — + x*° + ®* 1 . 

38. 11111111. 41. x* - x 9 y+x a y a - xy a + y*. 42. x"-x*y+xV 

-xV + xy*-y‘. 43. x“+x s y + x*tf s + *V + *V + !W‘+y B . 

44. x l *-x ia y a + x 10 y 8 - x 8 y 9 + x 8 y 8 - x*y 10 + x a y ia - y 14 . 

45. x 1 * + x 11 y + "-+xy 18 + y ls . 46. p-12;a“i 49. 0. 50. 1. 

Exercise 83. [ Pages 286-287 ] 

1. 2x-l. 2. 3x-2. 3. 2x+5a. 4. x(3x+4). 

5. 8a-1. 6. 2a-3b. 7. x*+x + l- 8. x’-xy + v*. 

9. x(2x* + x+l). 10. x 9 + 3x+l. 11. x a +4x+l. 

12. x a + 2ax+8a a . 13. x a + 3ax+5a a 14. 2a a -3ox+7x a , 

15. 2-3x + 5x a . 16. l + 4x-7x a . 17. x a (2x a + 3xa+4a a ). 

18. 2(a a +5a + 2). 19. x a + 3x-2. 20. x a -3x + 6. 

21. x*+5x + l. 22. x a + 2x+4. 23. x a + 3x+6. 

24. 2(x a -2ax+2a a ). 25. 3x a + 2xy + 4y a . 26. x a + 2x+3. 

27. 4a a + 2a-5. 28. x* + 2x+3. 

Exercise 84. t Page 289 ] 

l. x a -5x+6. 2. 2x*-17x+12. 3. x* + 3x+4. 

4. 3x*-5x a + 7. 5. 6® a -llx+4. 6. 2r a + 15x-8. 

7. 3x a +5x-l. 8. 5x a -3x-l. 9. 2x a + 3x-l. 

10. 3x*-2x+l. 11. x a + x+2. 12. x a + 3x-2. 

Exercise 85. [ Pages 291-292 ] 

1. x+4. 2. 2x-l. 3. 2x-3. 4. 2x* + l. 

5. 8a-26. 6. 3a-56. 7. 3x-4. 8. 2x*-3. 

Exercise 86. [ Page 293 ] 

l. 9x 4 + 30x 8 -17x a -76x+32. 2. 18x* + 3x 8 -109x , -84x+82. 

3. 48x' -64x*- 120x* + 160x a + 27x- 36. 4. 45x‘-24x 8 -123x a 

+ 40X+80. 5. 12x* - 14x* - 94x a + 63x +180. 6. ^"-t-Sx* 

+■ 25x* + 34x 8 + 15x* + 18x+8. 7. 32x“ - 24x‘ - 8x‘ + 18x 8 - 48x* 

f 27»-18. 8. 12x* + 24x“ + 95x* + 118x* + 249x* + 144x+216. 

9 . **-12x+35. 10. (x a -3x+2), (x a + 2x-3). 

Exercise 87. [ Page 295 ] 

1. 15te*+4x*-21x a -16x-3. 2. 12x 8 + 8x* - lOlx* + 47x 8 - 62x* 

-Blx-35. 8- **+5x*-33® 8 -149x 8 + 212x , +684x-720. 

4. 16« 8 +40x f +20x‘+38x‘ - 20x‘ - S9x‘ - 15x a - 9x+9. 



ANSWERS 
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1. 

5. 

8 . 

12 . 

15. 


18. 


21 . 


1. 


4. 


T. 

12 . 

16. 


1. 

6 . 

11. 

17. 

22 . 


*+3. 


Exercise 88. [ Page 297 ] 
a+ 36 


3 S-2 V. . 

2x + 5v 0 

®* + 3ax + 7a* . 

2®*-3a®+5a* 

2(a*-5a6+76*) 

3(a* + 5a&+76“)' 

4te(2**-3y*) 

5tX3®*-2y*)' 

e+x-2it r, 

4(v + «) 

(o+frXfc+ cXc +a) 

abe 


* + 3, 

® + 5 

l + 2®-3®*, 
1 - 2 ®+ 3 ®* 


3. 


«-4i 


7. >-«•- 


2x+3, 

3x + 4 

3(3*“ + 4®+5) 
4(2®*"+3* +4)' 


10 . 

13. 

16. 2(a + b+c). 
18. 2. 


3®+l 

11 . 


4. 

8 . 


x*-ax + b * 


14. 


®* + a®-6* 
x* + 3x + 5 
®* + 3*-5 
3®*- a®-2a* . 
3®* + a®-2a* 
a(3a* - b % ) 

2a* -6* 


17. l + ®i tt. 


20 . 


7g -2y 


5®*-3®v + 2y* 


96ax‘ 

16®*-6581a 8 ' 

_6a-11 

(a-*lXa-2Xa-3) 
a' + ao + c*^ 
ac(a+ c) 


Exercise 89. [ Pages 300-301 ] 
3 


2 . 

5. 

8 . 


(® + aX*+4a) 
_1 

(®+2)* 

1, 

a-1 


, _ arzd_ _ 

[x + a%x+d) 


\x-a)(x-fflx-c){x-d) 
2(a + ®} 

(a* + a®+®*) 


6 . 

9 . 1 . 

14. 1. 15. 


-xW. 


Exercise 90. [ Pages 303-304 ] 
2. i 8. 1. 


. (ft+c+a)*, 

4 * 26c " 


a 4 -® 4 '* x - 


8. a- b. 9. 


1 

3(«-2) 


10 . 


(® — 3Xa:—4)(rr — 5) 
10 . 0 . 11 . 0 
_ 1 

(®-lX*-2X*-3) 


, 1+a* 

6 - 1+a 

_ x* + x t y * + y l 
xy(x-y)* 


w&itv “• “■ «■ ”■ 15 


x. 

1 


18. 1. 
28. 1. 


19. (a + 6+c). 

24. a. 


20. 


4*y. 16. 1, 

®* «, , 
4 -®* + l 21 - 4l 
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Exorcise 91. [ Pages 312-316 ] 


21. 0. 24. 3. 25. 


28. 0. 29. a® + 2. 


35. 

42. 

47. 

50. 


3. 36. x + v + z. 

0, 43. 1. 


1 , 
xy z 


48. 


[x- a)[x~ b){x- c) 


a*~10a B 6-6a6"-6‘ o-6 

a* + 10a“6 + Ga6 B - b* a+b 

30. 3. 31. 3(a+ , 6) > 32. 1. 34. 0. 

a— b 

37. a* + 6’ + c*. 38. a + 6 + c. 39. 0. 

44. 2, 45. 1. 46. 0, 


4Q 

[x-a)(x-b)(x-c) 
r t x* + hx + k 
[x- aj(x-b){x- c) 


x _ 
(z-aXa-6)(z-c) 

55. a*. 


Miscellaneous Exercises V 
[ Pages 316-320 ] 

I 

1. (i) (x B + 20x + 95) a - 16 ; (ii) (a* + 5a + 5)* - 16. 

2. (i) 3(s + x)[y + 2 z + x){z + 2a - y ); (ii) (2 a- 6)(7a* + 8 ab +41*). 

3. 18(a*6* + 6*c* + c*a*). 7. 0. 

II 

1. 0. 4. 0. 5. 6. 2a+36+c. 

7. 18a* - 45a® + 37a* - 19a + 6. 8. (i) 3a(a - lXl - 2a). 

(ii) (o-6X6-cXo-c). 



Ill 



> , m ,80 . 32 

a‘ + 10a +40a+ - + a;S + 2 , e ‘ 

3. 0. 

5. 

2a-1 ; 

(z-3X2a-l)(3a-2). 6. 

a*-2a+ 3. 

7. 

ab+bc+ ca. 


IV 




1. 242. 2. (o-6X2o-6Xa+6Xa+26Xa* + 6*). 3. 2528000. 

6. ' 7 - (*~ 6 ^-3l/Xa + 2i/Xa+7v)i 

{x-Syix+Mx+7y\ 8. 0. 
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V 

8. 1. 5. (i) (3a*-4afe+36*X2a* + 17a&+2& , )i 

(ii) (3a*-7x+3X4x*-3x+4); (iii) (ax a + bx+a)[bx* + ox+b). 

7. (i) x-a ; (ii) x-y-e. 

VI 

4. {® + y) 4 + a*. 5. 3(x s -i y s + «*). 6. (i) a* + (2m-3)iE-B»i; 

(ii) *-3. 7. 2x 2 ~3x+l ; 2 x' , -3x 6 -7x 4 + 28x 8 - 36x s + 2Qb-4. 

VII 

1. *» + 9*y + y*-l. 2. x. 4. (i) a+b ; (1 + ®)(1 +2**)' 

6. (5x + 2j/)* + 4(2x-5y) s ; p-5, g-2. 6. (2x-l)(3x-1) i 

(x-2Xar-l)(3x-l)(2x+l). 7. -42. 

VIII 

4. (a + b + c + c?)(a+6-c-c?)(a-&~c + d)(a-6+c-(J). 5. -1. 

6. 0. 8. x 8 +l; (x s +l)V-l). 

Exercise 92. [ Pages 323-324 ] 


1. 

-61. 

, a* + ab + b* 
“• ‘ a + b ~ ' 


3. 4(a + b + c). 4. 

0 s + 6*+ 8*, 
2(o + b + o) 

5. 

2. 6. 

3. 7. 4. 

8. 

5. 9. 

lj. 10. 4. 

11. 4, 

12. 

7. 13 

1. 14. 4, 

15. 

2. 16. 

41. 17. 3. 

18. 2. 

19 

i. 

20. 2f. 

21. 

26i. 

22. 13. 

23. 65i. 

24. 

"ii 

25. - iVi. 

26. 

- V". 

27. 15. 

28. 54. 

29. 

f. 

on ab(a + 

a s + 2> E — 

-2c) , 
ac-bc 

(a* — ab + b*)c+ ab 

31 * ab{c + 1) 

32. 

nb-am i 

m-n 

„„ a 1 -be 
33 - 6+c-2a 

» 

34. 3a6 

a + i 

3 a. 


Exorcise 98. [ Pages 32G-327 ] 


1. 

i. 

2. 

-3. 8. 

-*i 

4. 2. 

5. 

1. 

6. 

2. 

7. 

1. 

8. 

i 

< 

50 

2. 

10. J. 

11. 

I. 

12. 

liV 

18. 

i. 

14. 

i 15. 

44. 

16. 6. 

17. 

7. 

18. 

44. 

19. 

-i. 

20. 

1. 21. 

-i 

22. 34. 








Exercise 94. 

[ Page 329 ] 





1. 

24. 


2. -6. 

8. 

-if. 4. 

2. 


5. 

7. 

6. 

a*+J>!. 

a+6 

7 ab 
• a+c- 

8. 

ah(c + d) — cd(a + b) t 
ab-cd 

9. 2. 

10. 

3 

2 a* 


1—89 
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11. 4. 

«• ■sr- 

13. 3. 

14. 2. 15. 

ab 

-• 

a-b 

16. 25. 

17. 3. 

is. *»* + n 

a— b 

19. 6. 20. 

l(a-fe). 


Exercise 95. [ Pages 337-340 ] 


1. 16ft minutes past 3. 2. 27ft minutes i ast 5, 3. (i) 5ft minutes 

past 7 ; (ii) 21ft and 54ft minutes past 7 ; (iii) 38ft minutes past 7, 

4. (i) at 5ft minutes past V ; (ii) at 10ft minutes past 6. 5. J+q kilo¬ 


metres. 6. 8 kilometres irom the starting place of the faster walker ; 
6 hours. 8 . 3G minutes. 9. 3J anil 44 kilometres per hour, 10. 160. 
11. Eupees 180. 12. 300. 13. Greyhound, 960; hare, 1200. 14. 180. 
15. Eupees 20 ; Es. 5. 16. 40, 17. 76 kgs. of gold and 30 kgs. 

of silver. 18. 4 hours and 6 hours. j 9. 42 years. 20. 6i grains 
from the 1st bar, 134 grams from the 2nd. 21. Rs. 7000, Rs. 4000. 
22. 11 paise : each man of the 1st set 6 paise, of the 2nd set 5 paise, 
of the 3rd set 4 paise, and oi the 4th set 4 paise ; 63 p. 23. 189. 


24. 

25 oz. 

; 8s. per oz. 

25. 

Es. 84, Es. 140. 26. 

2080. 

27. 

Id. eaoh ; 512. 


28. 

1ft minutes past 3 p.m. 


29. 

26111 minutes past 4 p.m. 

30. 

12. 81. 654. 32. 1504. 33. 80. 

24. 

736. 

85. 4550. 








Exercise 96. [ Pages 344-345 ] 


1. 

*-l, 

V-2. 

2. 

®=2, 

P-3. 

3. ®=3, 

p-4. 

4. 

®-4, 

p-5. 

5. 

*=5, 

p=6. 

6. ®=6, 

p-7. 

7. 

*-7, 

P-8. 

8. 

*=8, 

P-9. 

9. *-4, 

P-2. 

10. 

*—5, 

P-3. 

11. 

*=7, 

p-4. 

12. *=5, 

P-8. 

18. 

®-8, 

V—12. 

14. 

s-6, 

p —14. 

15. x=8, 

P-18. 

16. 

®-8, 

y=9. 

17. 

a: = 12. 

P = 1G. 

18. *-21, 

p-ia 

19. 

*-21, 

p—24. 

20. 

x = 18, 

p = 28. 

21. *=99, 

p-15, 

22. 

*-10. 

p-8. 

23. 

*=3, 

P — 7. 

24. * = 4, 

p-7. 

25. 

*-3, 

p-5. 



26. ®=1, 

p=2, e = 3. 


27. 

«-2, 

P--3, 

* —1. 


28. a; = 3, 

p = 4, z = 2. 


29. 

®-2, 

P-6, 

s — 4. 


30. * = 1, 

p — 3, e« 5. 


81. 

*-2, 

P-3. 

*—4. 


32. * = 3, 

p=6, *-9. 


88. 

«-4, 

p — 10, 

*-14. 


34. x— 8, 

p — 12, *=20. 


15. 

*—8, 

P-4, 

*— 5. 
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Exercise 97. [ Pages 348-849 ] 


1. 

*-l, 

v-s, 

2-3. 

2. 

x— 2, 

y-3, 2-4. 

3. 

*-2, 

V-3, 

2-4, 

4. 

x=2, 

y-3, 2-4. 

6. 

*-3, 

V-2, 

2 — 1. 

6. 

x-3, 

v-2, 2-1. 

7. 

*-4, 

V = 3, 

2 = 2. 

8. 

x = 4, 

»=5, 2-6. 

9. 

* = 7, 

V=6. 

2 = 3. 

10. 

x=l, 

V=-2, 2=3. 

11. 

x=3, 

y=2, 

2 = 5. 

12. 

x=3, 

2-J. 

13. 

*—10, 

V=20, 

2=5. 

14. 

x = 2, 

V--3, 2-4. 

16. 

x—5, 

V-6, 

2 = 7. 

16. 

x=2, 

V = 4, 2-6. 

17. 

x — 2, 

V = 5, 

2 = 10. 

18. 

x = y = 2 = 12. 

19. 

x— 6, 

J/-12, 

2 = 8. 

20. 

x = 4, 

V“i *“i. 

21. 

x-7, 

y-10. 

2 = 9. 

22. 

x=l, 

V--2, 2-3. 


6 s + c*-a' 

*, c*+ a*-6* 



23. 

*- -- 

25c 

v 2ac 

** 

2 ab 


24. 

x-1, 

V=2, 2 

= 3. 25. x = 

'-28, y 

= 10, 2 

-9. 


1. 

3 . 

4 . 
6 . 

9 . 

11 . 

12 . 

13 . 

14 . 
16 . 
16 . 
17 . 
19 . 


Exercise 98. [ Pages 351-352 ] 

a b c „ 2 2 —2 

**" 2 2< x ~a+b-c v ~a-b+o *“b+o-a 

_2 abc t _ 2 qbc t _2 abc _ t 

ab + ac-be * bc+ab-ac ac + bc-ab 

m ^c{a a + b t ) i „,c(a* + 5*} i 

* o»-5* v '2ab~ 5 - * 2 ' v * 6 ' 

**5, y = 3, 2 = 1. 7. x=12, y = 10, s=8. 8. *-13, y-8, s-9. 


e-4, y = 5, 2 = 7. 


10 . 

a-o o-a 


®“(o-6Xa-c)' V = (b-a){b-c)' *“(c-5)(c-a)' 

E ”(6-c)(a-c)' v ^(a-bXc~b)' *“(c-oX6-a)' 

a“5c oi*c _aj>c* 

(b-aXc-a) v (b-aXb-c) {c~b)(c~ a) 

®—a£>c, y~ab+bo+ca, z~a+b+c, 


*-6-c, v-e-a, z m a~b. 

o*(5iC» — 5sCi) + 6»(cias — CaOi)+c»(*i6* — tts&i)—0. 

a-6. 18. w-4, *-12, y-6, «*7. 

*-5, y-4, s-3, w-2, 1-1. 20. «-ab, v-6c, i-ae. 
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Exercise 99. [ Pages 359-362 ] 

1. 375. 2. 50 kgs. ; Rs. 28 per kg. 3. A, Rs. 14 ; B, Rs. 19. 

4. 20, 30, 60. 5. 3s. 6d„ 4s. 2<i 6. A , ' B, m days. 

p+n—m m-n 

7 . A, Rs. 980 ; B, Rs. 1540 ; C, Ra. 2380. 8. 8 hours. 9. 720 kilometres. 

10. 4 and 3 litres. 11. 253. 1°. 3 hall-crowns ; 8s. ; 9 six-pences. 

18. 20 persons ; Rs. 6. 14. Each of the equal cocks in 32 hours, and the 
other in 24. 15. Rs. 8 and Rs. 5 respectively. 16. 75 and 25 litres. 

17. 6 qrs. of wheat; 10 qrs. of barley. 18. 79 2 and 39'6 kilometres 
per hour. 19. 20 bushels of rye, and 52 of wheat. 20. 50 rupees and 
60 twenty-five pnise at first, 20 rupees and 30 twenty-five paise left. 
21. 24 kilomotres per hour. 22. A, 5 minutes ; B, 6 minutes. 

28. 10 and 12 kilomotres per hour. 24. ^ kilometres per hoar, 

CL C 

25. 100 kilomotres. 26. Started reading at SGjVs minuteB past 3 p.m., 
stopped reading at 17i% minutes past 5 p.m. and read for 1 hour 
50HS minutes. 

Exercise 100. f Fago 370 ] 

1. k-= 5, y = 4, 2. a- = 7, y- -5, 3. sr =8, y-6. 

4. x “9. V“ll. 5. x -10, y =13, 6. [Take ten 

times the side of r, small square as the unit of length. ] x = l'2. 7. 7, 

8. k = 7. 9. 9. 10. 4. 11. (-6, 4); (8, 2); (6.8); 

area “40 sq. units. 12. (5, 4). 13. (i) (3. 0); (0, 3) : (-3, 0); 

(0,-3); area“ 18 sq. units. (ii) (l. 5); (12, 5); (12. 10); (l, 10); 

area “ 55 sq. units, (iii) (3, 0); (8, 0); (0, 5); (0,12); area=40'5 sq. units. 
14. (i) (0, 0). (5, 0). (0, 6); area “15 sq. units ; (ii) (2,1), (2. 4), (5, 1); 
area“4’5 sq. units ; (iii) (4, 6), ( — 4, 2), (2, —4) ; area“36 sq. units. 


15. fl!“l 1 

16. *- 71 

17. a;— 9 1 

18. 

V-1J 

V--5J 

y=11 / 



Exercise 101. [ Pages 379-381 ] 

1. Rs. 8 40 P.; 3 kgs. 600 grams. 2. Rs. 4‘26 ; 19. 

8 . 8i hourB ; 19 kilometres. 4. 8 kilometres ; 7 miles. 5. 24 hours 
alter A starts ; 74 kilometres from the place of starting. t. 4 hours 
•Iter starting ; 12 kilometres from A. 7. Re. 1 14 P.; 39. 8, 6 kgs. 
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11. At 4-30 P.M. 13$ kilometres from B. 12. Bs. 434. 13, 16*4 

minutes past 3. 14. Bs. 3200 ; Rs. 130 50 P. 15. Rs. 3600. 

16. 20‘5 kms. from P at 53$ minutes past 5 P.M. ; 23 kilometres J 

at 6 P.M, 17. 16 hours 59'4 minutes ; 17'3 kilometres from Calcutta. 




Exercise 102. [ Pages 384-385 ] 


1. 

Vo®. 

2 - jy 

3. 3 V® 4 . 

4 3 . 

V®*. Vo 

5. 

8 

R * a ‘ 

6 * 3 V® 4 

7 

7 - 2 V® 

8. V® s+ °. 

9. 

”Vo“. 

10. v® 4 . 

11. x l . 

12. Y 

a" 

13. 

•*. 

14. J, 

15. ® S . 

16. a*. 

17. 

$, 

18. 4. 

19. 27. 

20. 32. 

21. 


22. 36. 

23. A. 

*4. 81. 

25. 

36. 

26. x~ m . 





Exercise 103. [ Page 387 ] 


1. 

o-®. 

2. o~M. 

3. o6®. 

4. o-»6'f 

5. 

a'b-. 

6. x'-y*. 

7. ® A . 

8. o' 1 . 

». 

V. 

10. $® 2 o 2 . 

11. i®»af*a~* 

'. 12. a*6*c*. 

13. 

o - *6^e*. 

14. cfib *c* 

15. a 4 6 s . 




Exercise 104. [ Pages 391-394) 


1. 

ir-2a:*+l. 

2. a- 

276. 8. 

l + o*6~*+o 4 6 _4 . 

4. 

x 51 + 6 xir ~4y + 9s . 

5. 

x~ t + x~ l y~ 1 + y~*. 

6. 

fl + 0*~1 + 0 

-* + a~\ 

7. 

®-3®*y*z*+tf+s. 

8. 

a* 1 " - 96”* + 126“c* - 4c**. 

9. 

a*-646*. 

10. 

i -1 

a+a 4 ® * — a 

*® 11. 

®-®*. 12. 

2+4®- 1 + 2®-*. 

13. 

V+ x*v* +®. 

14. 

a+0*6*-6. 15. 

®*"-l + ®-*". 

16. 

4®-2a;*y * + 2®*z* + y~ l + y 

~*«* + z*. 


18. 

OH g» 

® 9 -a* . 

19. 


20. a m_l . 
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H. e^+Ssr^-], 22. x^~2x^v ^ + xy~^+2x^y^- 2a ^+ y. 

88. ir"+!B , o* + a B . 24. a*-4a;® + 4a + 2a^-4a^ + af 


25. a^a~^ + eAf^ + o~y + a 26. V + \ • 27 

Ja *jb x-27y 


28. 

a+x 

a* + 3aa+a*' 

29. 

1. 30. 

a¥- 

,-y. 


81. 1. 

82. 

a(a+V 33 ‘ 2 - 

34. 

m* 

36. 

(¥■ 

-?) 

116 + 26/ 

87. 

(;r 

38. 

(sr 

39. 

1 . 

40. 

1. 41. 1. 

44. 









Exercise 105. [ Pages 395-396 ] 

1. 8. 2. 5. 3. 2. 4. -A. 5. 6 . 6. 7. li 

8. 2i 9. 2. 10. 3. 11. -4. 12. 0. 13. a:-2. or 8. 

14. e** 2, or -2. 15. a;—4, y =2, 16. x= -2, y- -3. 

17. ®-2, v-3. 18. a —1. v = 3. 19. cc = 2. y--l, 

20 . a-1, v-i. 21. a-1, y=2. 

b a 

22. B--J, y-4. 23. a:=|“j ' ^“(f) ' 24* 

. «"1, V“2 and **»3, 31. a«-1|, y-- 9i and *--5f. 

. x m V“x m ia. 

Exercise 106. [ Page 397 ] 

1- 746. 2. 724. 3. 796. 4. 71280. 

5. 7n"6- 6. 7a;““y. 7. Va 10 *’*- 

Exercise 107. [ Page 398 ] 

1. 872. 2. 476. 8. 572. 4. 274. 5. 876. 

6 . 774. 7. 673. 8. a*V&. 9. a* 7®. 10. -876. 

11. ~4ai> 736. 12. 5a‘x Viax. 

Exercise 108. [ Page 398 ] 

1. 778. 2. 772. 8. 875. 4. 272. 5. 72 . 6. 676. 

7 . 73. 8- 373. 9. 675. 10. 0. 11. 0. 12. 1772. 

18. (7*+v) 76*. 14. (aj*-2i/* + 3**)7«. 16. 4a7&B 
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Exercise 109. [ Page 399 ] 

1. $/27ana?/4. _ 2. l */256 and 'Vl25. 3. l V8 and 1 5/243. 

4. and x ?/25. 5. **/25C and *V216. 6. The latter. 

7. The former. 8. Tne former. 9. Vi, VS, V2. 

10. a/TO, i/3. 1 V25. 

Exercise 110. f Page 401 ] 

1. <W2 L 2. 4V3. 3. 9. 4. 3VlC. B. 30. 6. 5. 7. 3a®V6i- 

8. V864. 9. V288. 10. 4V§. 11. 9^3. 12. l V72. 

18. 1/27. 14. 1 V32. 15. 1 Vl024. 16. 40 V3. 17. 288 V2. 

18. 480^3. 19. 210 abx%/x. 20. 2 Vi 21. J. 22. Vi 

23. Vi 24. '577. 25. 1341. 26. 3'535. 27. 26'832. 

Exercise 111. [ Pages 401-402 ] 

1. a-jb + bja. 2. a-b. 3. 6a-10Va. 4. 16x-9». 

5. 6a;-54. 6. 6+VI5. 7. 7+4V6. 8. 6-6V5. 

8. 2 + 6V2. 10. 5 + 3V12 + 3VI8. 11. Zx-ZJx*^. 

12. 182 + 80 V3. 13. 83 + 12 V36. 14. 2a*-2 Va^HtF. 

16. 29x*-21v* + 20 Jx*-v\ 

Exercise 112. [ Pages 403-404 ] 

1. 23 2. 6 + 2V6. 3. 24 + 17V2. 4. 9 +2 VIS. 

6. • + Va»Z* i . 6 . «*- Jx*-i. 7. 2+^2-V6. 8 . 6m 

X * 

9. 6464. 10. 5'414. 11. 3650. 12. 6854. 13. ‘504. 14. 2a!. 

16. V5{l+V2), 16. 2+V3. 17. i( V50+2 V3-3 V2). 18. 198. 

19. 4® Vi* - i. 20. 2a;*. 21. V9~V6 + V4, 22 2V2+VI5+VS. 

Exercise 113. [ Pages 407-408 ] 

1. V8-1. 2. 2+V3. 3. 8-V2. 4. V5+V3. 6. 8-V8. 

6 . 6+V3. 7. 4-V5. 8. S + 2V2. 9. 6+V6. 10. 6-2V3. 

11. 2V7+VS. 12. 8V6-2V7. 13. 2VII+VS. 14. Vi- Vi 
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ib* Jl - Ji. 16. yats/a-D. n. yatys-i). is. */ 3 ( V2+1). 

i9. */5(v/3+ s/2). 20. v/2. 21. 1, or, W3-2. 22. 6. 

28. x + -Jo,* — s®. 24. Vo + 6+ s/a —6. 26. v ; a + 

28* Jt j+2+ Jx-3- 27. Jx+y+ Jz- 


Exercise 114. [ Pages 410-411 ] 


1. 9. 2. 3. 3. 16. 

4. 

1 

5. A. 

6. 25. 7. 8. 8. 25. 

8. 3. 10. 11* 

(6-a)*, 
26 

12. 5. 

13. 9. 14. 7. 15. 6. 

16. 6. 17. 3. 18. 

1 . 

19. 

81. 20. 

x» 81 - 21. 1 ( C % + 6)*. 

a a\c-l / 

22. 6. 23. 17 “ 24. 

4a 

6 * 

25. 

36. 26. 

2a*-2a6+6* „„ . 

2(6-a) ‘ 27> 4l 

28. if. 29. 4$, 30. 

fl 

31. 

a6 S 

32. A. 33. 1, or, — 1. 

84. J*- 35. 8, or 0. 

36. 

41<*\ 37 

406 

7. 38. 5. 39. 

4a 

40. ±6. 41. ±4. 





Exercise 115. 

[ Pages 415-416 ] 

1. 2** + 3y. 2. *•- 

-2ie + 3. 

3. x 8 - 

-* + l. 4. 2x*-3x + 4. 

8. 2sr*+2a:r+46*. 

6 . 

3x s - 


7. x*-x+i. 

8. 7x* - ? + 3. 

0 

9. 

*■- 

x , 2 

2 V 

io. 

2 » a 

»■ B-l-f 

12. 

3a _ 
X 

1.2* 

5 3a‘ 

13. 2x* - 2xj/ 8 ~ V*. 

«• 

15. 

x _ 
V ~ 

1 V 

2 * 

16. ^-5 + ^- 
7j/ 4® 

17. x-x^ + l. 

18. 

xt- 

2x^ - x^. 

19. ae -1 + l + a - *ar. 

20. e*-aV*+!/*. 

21. 

3** 
2 ' 

5 i 
'S** + 

f&V 22. a m -2a". 


28. a* M+1 +3a m -5c m " i . 
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Exercise 116. [ Pages 419-420 ] 


1. 

5ry-4. 

2. 

7aa*-36* 

3. 

7a*6* + 9a*6 8 . 

1. 

<rV_®V, 

5. 

bah _ c*_ 

6. 

a + 6 + c. 

2 5 

2 ~ 3 



7. 

a-b + e. 

8. 

2a-6-3c. 

9. 

a* + 26*-3o*. 

10. 

2a* -36* + 5c", 

11. 

x+ a - b - 
x 3 2 

12. 

s-2-*' 

X 

13. 

®* + l + a 1 s' 

14. 

®+1+ • 
o a 

15. 

X _ 1 + V . 
y s/2 x 

16. 

3s . . a 
a Bx 

17. 

x + 2 + 

18. 

a*' 1 -a’*' 1 . 

19. 

a-b + c-d. 

20. 

a*+ 6*. 

21. 

a* — 6* + c* —d*. 

22. 

a* + a-$. 

23. 

2a(6 + c) + 26c. 

25. 

s-10. 

26. 

a-16. 

27. 

3. 

28. 

If p*“4 5 . 



Exercise 117. [ Page 423 ] 



1. 

x + 9. 2. 

3a-8. 

3. 4a-36. 


4. s* - 3x + 2. 

5. 

2s* + x-3. 

6. 1- 

3x* + 2a'*. 7. 

2s* 

-Scs + c*. 


!. The latter. 

5. The latter. 
0. 75:8. 

13. 63 and 72. 

17. -15. 

23. H. 24. 


Exercise 118. 

2. The latter. 

6 . a : d. 

10. 28 : 27. 

14. 85 and 51. 

18. 35. 

HH. 25. B. 


[ PageB 427-428 ] 

3. The former. 
7. 1:4. 

11. 5:7. 

15. 28 and 35. 

19. -17. 


4. The former. 

8 . 1 : 1 . 

12. 3:4, 

16. 42 and 54. 

„ n ad-bo, 
c-d 


1. 4. 
6. 60. 


11 . 8 . 


Exercise 119. [ Pages 429-430 ] 


2. 18. 3. 37i 

7. 20. 8. 6. 

bm-an , 

1Z ‘ [a+n)-{b+ m) 


4. 36. 5. 20. 

9. 14. 10. 18. 

.. bm-an t 
(&+»»)—(o+ft) 


13. 2. 
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1 . 

4. 

10 . 


27 . 


1. 

6 . 

S. 

10 . 

11 . 

12 . 

18 . 

16 . 

16 . 

18 . 

20 . 


4 . 

T. 


1. 

8 . 


1. 

6 . 


Exercise 120. [ Page 434 ] 

*"9. V“6. 2. *=*25, i/=9. 3. ir“56, t*30. 

j* 6. i 6. i 7. A, 8. i. 9. 22. 

Jlab- b*. 11. a{l15. 2. 

Exercise 122. [ Pages 439-441 ] 

0. 

Exercise 123. [ Pages 445-446 ] 

a*d*“i*c*. 2. i 8 c* = a 8 d“. 3. n i p*=m*q t . 4. ad*-id + c“U. 
Ii*-awi + a*n“0. 6. (bn-cm)(am-bl)={cl~an)*. 7. ai**l. 
85pc“6. 9. (5ic ii -ci6s)(ai6a-fcia B ) s =*{cia*-aiCa) B , 

(&iC* - Ci5 s ) 2 (oi5 s - 5ia8)”*(ci a s - a j c s )“ 

(5iC»-Oi5s) 8 (ai5*-5 1 a2) = (cia s -OiC 2 ) 4 . 

(an* - in + cwXam* - an + b) = (c + amn) s . 

(c* + 3a5Xi*-2a5-ac)=-(3a s -2ac + 5c) ! , 14. a* + i*‘ != w* + n*. 

(aii + ici)* + (aii+ij c)* - (cci - aai ) 2 . 

a*n+5*2 “airo. 17. ai + ic+ca + 2a5c="l. 

a-l-i+c+aic**0. 19. a* + i a + c*==a5c+4. 

d^a + i + cJ + aic^O. 21. x* + ^ 2 + a* + 2a;ya*l. 


Exercise 124. [ Page 447 ] 

B*"a, y="i. 5. x*l, y = ], 6, x—y — a. 

B-l, y«l, *«0. 8. x = a, y = i. 


Exercise 126. [ Page 450 ] 

8. 2. 7. 3. 6. 4. *£. 5. 33. 6. 2. 7. -i 

-iV 9. 1H. 10. i. 11. 16; 16. 


If 

(a+ 6)* 


Miscellaneous Exercises VI 
[ Pages 461-473 ] 

I 

2. 0. 3. 6i(a + 5), 


4. 2x*-4xy+6y , « 

8 . 8 +^ 6 . 
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1 . 21 , 

6. B , -8a: + 2 1 


2, ix a - 6sr -1. 


3. 12. 


*• ¥■ 
7. 11. 


1. -30. 


3. (a *-6-3cXa-& + 8o). 


4- T-a. B. (x-lKa:-^-3). 6. 7. i 


l. 2. x' + a^-^v' + iTj/'+v*. 8. (i) {®+1)*(® -1) | 

(ii) (o + l)(o-lX& + lX&-l). 5. (64«* - 729X3® + 2). 6. -f. 

7. x "*a*6, y«a&*. 


1* 1. 2. a s {b-c)+b a {c-a) + c a [a~b) im -[b-cKc-afta-b). 

» _^o*+_3). , * 4^v . 3W5-18 _ - „ . 

*• a(a“ + 27) 4 ' 4+ ~ 6 --n 7 - ®-S,if-l. 


Jv * X 


1. 1. 2. 6*-a* + 6 »-“s- 

a 

c 5v*-4x-Q • x , 

B> te* + te + 94 6 - *“*• *'“'*' 


3. ®*+{a-6)*-a&. 
7. ®-3, y-6, e-7. 


1. 2bV , -3xY 2. a«“+e*+a + l, 4. 5. 7, 7. 80,128. 

ax — oy 


2 . (1) (6+c-aXi>+o-5a); 

■ _ «+&__ _ . 

(a—B + cXt + c—o) 

T. e-7i v-3}, *-lJ. 


5. -6, 


(ii) (a+2v+oX*-a). 
6. 2x*-3aT 1 + 4af 4 . 


1. -20, 2. 3. (a-&+lXa* + & , + l + a&-a + &k 

4. 6. 6. e-16. v*“4. 7. 27A minutes past 8. 
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1 . 

3 . 

7. 

2. 

8 . 
«. 

2 . 

4. 


2. b* + 2k+3, 


4. 


a*-6*. 
a* + 6* 


< 5 . 8 . 


(ii) (s+v-*Xa:-V + * + l) 
5. x*~5xy + 1v a - 
7. 1. 


6. 

1. 

1. 
5. 
8 . 

1. 

7 . 

2 . 
4. 


X 

go* + 4 6* + 9c* - 6 be + 9ca + 6o6. 

{(a + 6k + (a - bhi\\{a - 6k+(» + 

20 days. 

XI 

(i) ( a + b-c-dfa-b+c-d ); 

3 *- 1 + i ' 4 - 

480 all 16 a shilling ; 90 at 18. 

XII 

0 . 3. (i) [x-blx + b-1a ); (H) (x + afx+b+e). 

3a; -i. 5. 90. 6. 10. 7 * 13^3. 

XIII 

0, 4. 0. 5. 30, 6. 1' 46V2 

XIV 

47. 4. o + 6. 6. *=l{ 2 a+ 6 +c), y-Mo + 26 + c), *-i(o + 6 + 2fl). 

5 days. 7. (®* + 5oa; + 5o*)* - a 1 . 

XV 


4. i 4. 


5. 1 • 6. 4. 7. 54 gallons, 

n 


XVI 

ir*+2»+3. 2. 1, *• *-2>, V“li 

(*tf + o6Xotf , +6*!r). 6. -a*-6*-c*+2a6+2ac + 26e. 

In the 1st, the wine is J of the whole, in the Beoond, I, 

XVII 

b* + s+ 1. 2. s~16, v = 25. 3. n(«-l\ 6. 72. 

g*-2a; + 3, 

2®* + 5»-3 

XVIII 

S.’(i) (7* — lX2sc — 5); (ii) 2(o-c)(l-oc); (iii) 2 to*b(j»+«), 
1930 . 5. a+6 + c. 7. x m 2, v“4, *"8. 
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4a 
3 ' 

n/6-2. 


3. ac -6c-6 8 + a*, 

8. a B + 6 B +e B -3a6c=0 


4. mg : np. 


abc' 4 ‘ _ ( at + f' li + c* + a6- , -ac r he). 8. z=-c, or, -c- 0 *** 

+ . a + c a + b 

2 a V 2 b z 2c 

6f and 4l kilometres an ho;:i ; 5? kilometres. 


(a- b){a + 3b - 2c). 6. x*~x+3. 7. \ac-aof ~{ba-l'a) a (b'c-bc'\ 

XXII 

1020 metres. 7. r~b + c, y-a + c, i-a + b. 

a 8 + 6 8 + c“ ~3a6c = 0. 


{Str - l){7rr - 2>C4ar -1). 


XXIII 

a S 4 >;* +C S 

ab + 6c + ca 


P s 5* 


XXIV 

«-a, i/“6, e^c, 2. 54,81,103. 6. 1 8 + 1 3 

a* b 

XXV 

(i) abc + 2fyh-af a -by t -ch a =0-, (ii) 6c + ca 

i + i + i.K» + fc; + c'*wi i a 
a 6 c \ a 6 c /\a“ 6 s c 8 / 

Exercise 127. [ Page 476 ] 

±7. 2. ±j. 3. ±2. 4. ±9. 5. ±2. 


« 1 4- 1 _ 1 

a 8 6“ (a-6)* 


(ii) 6c + ca + a6 + 2a6c*‘l. 


6 . ±# 


8 - *■'«**• 9 - ‘raJ-v “• 

±*/f. 12. ±n/V-. 13. ±»(a-~) 4, 14. ±i. 

Exercise 128. [ Pages 478-479 ] 

-1,-12. 2. 15,-14. 3. a, 3a. 4. 6,2a-6. 6. ®> 

a o 

J' 1- l(5a+36); M2a+76). 8. «2a+56); J(6a-b). 
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0. Ka + b), ~ J(o + b). 


10. 29. -10. 


11 . 


1. 


.26 

a- 


12. a, -6. 


13 . 


17 . 


3 *. 
2 4 
2. -i 


14. 4,8. 

18. 2. -¥. 


15. 


19. 


2ab-ac-bC' 
a + b-2c 


20. 4, -V. 


Exercise 129. [ Pages 479-481 ] 


s. 

i, 71. 

4. 31. 

21. 5. 

2i 2i. 

6. 61, -li. 

7. 

li -21. 

8. 

■4, '05. 

9. 2 + 

is/3. 11. 

9, 8, 


12. L 1. 

13. 

ii A. 

14. 

29, -10. 

15. 

10, -29. 


17. 

2, -3, 

19. 

i 0. 

20. 

10, -i 

21. 

24, 8S, 


22. 

4iV 

23. 

3. 

24. 

6, 3 A. 

25. 

1. ~tl 


2ft. 

-11± v/13 

6 






Exercise 

130. 

[ Page 482 ] 



1. 

3. 21. 

2. - 

4, -5. 

3. i - 

l 4. 1. - 

i 

5. 21,- 

6 . 

5, i 

7. - 

■l.t 









Exercise 

131. 

[ Page 483 ] 



1. 

1. -6, 

2. 

1. -t 


3. 

A, -8. 

4. 

i, 34. 

5. 

9H, -U 

.. 6. 

d t 3 

2 c 


7. 

ah, 3 






Exercise 132. 

[ Page 487 ] 




1. 

1, 2, 3. 


2. 

1,1(3+ s/I7), 1(3- s/TJ). 


S. 

1, -1. “3. 


4. 

-1, -2- n/H. -2+ M. 


5. 

2 ± s/3,1(1 ± s/-3). 


6. 

1(3+ J-1), l±s/-3. 


7. 

-2± s/6, -2 ±J- 

-6. 

8. 

1, -8, l(-7± s/-71). 


9. 

-1± s/5, -1 + 2V2. 

10. 

1± s/2, 1± s/5. 


11. 

K8± J -11), 1(3 ± 

s/5). 

12. 

1, 1+ s/2, 1(-1± s/17). 


18. 

1, -1, ± s/-~1. 


14. 

1,6, -1,-6. 15. 

2,3. 

16. 

2. 3. 17. 0, 

1, 2. 

18. 1 

, -1, 1(1 ± s/-3), 1(-1± J 

-3). 

19. 

2, -2. 20- 

2, 1, 

1(5± s/201). 21. 2, 1, 1(9± J- 

-31). 

22. 

1, 2, 1(3 ± s/'-I). 

23. 4 

, -6, -1 

x4s/2. 24. 2, 6, -1. -1. 



Exercise 133. 
1, Beal, irrational and unequal. 

8. Beal, rational and unequal. 

6. Beal, irrational and unequal. 
T. Imaginary. 

9. Beal, irrational and unequal. 


[ Pages 488-490 ] 

2. Beal, irrational and unequal. 
4. Beal, rational and equal. 

6. Imaginary. 

8. Beal, irrational and unequal. 
10 . 8 . 11 . ± 12 . 
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Exercise 134. 

1. ® a -4x + 3=0. 2. x* + 2x 

4. (i) * a -8*+ll-0; 

6. (i) sum =5, product =6 ; 

(iii) sum = %°, product--5.; 
(v) sum-—J, product —it. 

6. (ii) x a - p a x + 2 q(p a - 1q) =0 ; 

(iv) g* a + p(g + l)x + (5 + l) ! =0. 
10. (i) 91*“ +8*+ 3 — 0 ; 

13. a —12, 5=31, c-181. 


Pages 494-496 ] 

35=0. 3. 33*-10® + 3-0, 

(ii) * a -4ax + 4a a -6-0. 

(ii) sum - -9, product — -13 ; 

(iv) sum-}, product--f; 

(iii) g B r*-p ! gx + 2(p' i -2ij)-0 ; 

(ii) cx e + bx + a= 0 . 

14. *-1. 15. Jfc-a-2. 


Exercise 135. [ Pages 503-505 ] 

1. 16 ; £5. 2 . 18. 3 . 3 centimetres. 

4. A s capital — £5 ; 13 s capital =£120. 5, 5 kilometres per hour, 

#. 12, 5 ; j 2 * J 2 - 7. 5, 3. 8 . A, 120 ; B , 80. 8 . 7, 2. 

10. Rs. 90. 11 . Small wheel li metros ; large wheel 4J metres. 

12. 4 pence. 13. 56. 14. 20 and 30 kilometres per hour. 15. £60, or, £40. 
16. 12,16, 18. 17. 26 and 38 metros. 18. 25, 13, 6 . 19. 40 and 

45 kilometres per hour. 20. 256 sq. metres. 21. 14, 10, 2. 22. 6400. 

23. 10 kilometres per hour 12 kilometres per hour. 24. 

a 8 

25. The sides were 30 metres and 19 metres and the height 4 metres. 

26. 100 shares at £15 each. 27. 15, 12, 10, 7. 28. w + 1: n + 1: p + 1. 

29. 625. 30. 324 square metres. 


Exercise 136. [ Pago 515 ] 


8. 

x=8 ' 

1; x ~ 

! 6\. 9. x — 4 

1 . * - - 3 1 10. * 

= 51 

. *-6 1 



1 ' y = 

“8/ {i = 3. 

1 ‘ v— -4/ v 

-7/ 

' V~6 I 

11. 

*- - 

2.6. 

12, 

. - 2 ; 8. 



14. 

®-8, 

x- - 

4, V“9, V- -3. 

15. (5,0); (0,5). 






Exercise 137. 

[ Pages 531-532) 



16. 

(i) 1; 


(ii) 4 ; 

(iii) -7; 


(iv) 2'6. 

17. 

(i) 4; 


(ii) 4 ; 

(iii) 21 ; 


(iv) 1‘5. 

18. 

x-4 
v — 1 

| and 

*-11 
v-4 r 

20. x- 4 \ 
»- -2 / 

and 

*--21 
V- 4/' 

21 . 

1; 3. 


22. 1;-S. 

23. 1 ; 2'5. 

24. 

l; -». 
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“• !i1 r-'i) - 

and 


(iii) 7=0 
y = 0 


) 


V* - 6 j 
7 = 11 . 

v=2r 


(ii) x=-51 . as — 1 \ 

V--1J and V~~5 I 

:S1 *»* ;:}}• 


(iv) x - 


Exercise 138. [ Pages 534-535 ] 


1. (i) 16, 40, 2«-G; (ii, 15, 39, 2h-7 ; (iii) ^’ g 01 > 3 g 7 -2n 


(iv) 


7. 1st term = ii, coir, u iii. = 3. 


(v) 47, 119, 6 b-19. 


-19 67 25-4 n . 

7 ' 7' 7 ’ 

2. 29th, 46t):, (3n-10)% 3. G, 4. 98. 

5. -48, -44, - 40 , 20ti icrm =28 6. 1st lent)“13 ; 18th term - — 38, 

u'(p- r)-c(g'- r), 

P-Q 

E\ e-rise 139. [ Page 537 ] 

15 
22 ' 


8. 


1. 325 . 2 . 900. 3. 504 4 . 88. 5. 


6. 1*. 8. 52i 


9. 0. 10. 25452 

;3. 720. 14. n. 




11. Un-1), 12. a + b{ na 

la. «(a4 b) s -n[n-l)ab. 16. 899. 


n + 1, 

2 

17. 704 


18. " ti7-2?/)i: + 7l. 19. 4080. 


20 . 


21m -5m* 
2 


Exercise 140. [ Pages 539-540 ] 

1. 3. 2. 9. 3. 7. 4. 13, or, 7, 5. Last term 3, or, — 1; 

riumhor of terms 10, nt, 12, 6. 18, nr, 19. 7. n®. 8. 1, l, j, J, &c. ; 

1470. 9. 1, 3, 5, 7, Ac. , w*. 10. 2. 11. 4, or 10, 

Exercise 141. [ Page 541 ] 

1. (i) 64 ; (ii) 8 ; (iii) mi : (iv) a ! + i ! , 2. (i) 94,10| ; (ii) |, 74. 

5. 207,297,387. 4. -2, -6, -10, -14. 6. 1, -14, &c„ -39. 6. 14. 

Exercise 142. [ Pago 545 ] 

1 . £(6m* + 3m- 1J. 2. »<» + lXn + 2X3» + 5). g « (4n . + 6B _ 1) , 

4. J(»® + 6n + ll). 5. 3w(« + l)(n + 3). 

6. ^(» + 6X«* + 5n + 10). 7. 26876100. 

g. «*(2n* -1). 9. ^±l|» + 2). 10< n(n±.lX2n_±l] 

o 6 
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11. »(« + 1X»+2Xb + 3 ) 


12. j^(9n* + 46 m* + 51n - 34). 
18. (i) - f (i i ft is even); (ii) ? t 1 (if „ ig odd ). 

14. (i) - n ( n ±V (if n i B even ). (jj) n(n + l) ( . { n . g odd) . 


Exercise 143. [ Pages 549-551 ] 


1. 

(2» + lXwo - nb) 
a-b 

2. 

9.13, 17, 21, 25. 

3. 

5. 

ft(w-HXn + 2) 

6 

6. 

| (2»t* + 3n + 7). 

7. 

*. 

^ 3(2n + 3)' ^ 

2«+ 1 ' da + nb)' 

9. 

10. 

8,12,16. 

11. 

3, 5, 7. 

12. 

13. 

3, 5, 7, 9,11,13. 

18. 

16. 

21. 

22. 

i(n —l)«.(2n — 1) metres. 

23. 16. 

24. 


13 ; 6. 4. 70. 

|{2« , +9a+l). 

8, 12,16, 20. 

1, 3, 5, 7. 
w(ra + lXn+2) . 

6 

6. 


1. 


6. 


Exercise 144. [ Page 553 ] 

8748. 2. |. 3. 65536. 

8 . 2 *"* 

27 1 ~ 3 n -»* * or » “• according as n ia even or odd, 


4. -24a 


6 . 


12 . 


«« 7. 3#,. 

(ii) 27, 9, 3, 1, i,. 


8. A, Tii- 9. (i) 6, 12, 24, 48..; 

-27,9, -3,1, -i.; 


(lit) V, -27,18, -12„ 


l4h term— Jnn and gtb term 



1. 265720. 2. 

«. *1-2"). 7. 

*• «l a{i-A}- 


Exercise 145. [ Pages 554-555 ) 

§{!-£}• 3. 60??. 4. -682. 6. W, 

\ fin + cpi 

- or, +, according as » is even or odd. 

(ii) 16400, 


1 —40 






sse 


ALGEBRA MADE BAST 


Exercise 146. [ Page 657 ] 

1. i, 2. |. 3. Sit. 4. f. 5. 10|. 6. H. 

7. 1*. 8. -^ 3 ‘ 9. 4(4 +3 V2). 10. A. 

Exercise 147. [ Pages 658-569 ] 

1. 6.12. 2. 8,1,8. 3. -1.1.-f.V. 4. V. 8.12.18. 27. 

5. 226, 2025,18225. 

Exercise 148. t Pages 562-664 ] 



1 . 8 . 

358 . 1 

■a 

1 + X . o 

2x 


A 

(l + 6x).3» 

t. 

36 ’ X 65 ' 

1665 ’ 7 

2. 

(1—'*)• 

(k-2i) 

s' 

4. 

(l-3x)* 

6. 

a(l - a") _ 
(l-a) 8 

. «a n+1 . 

1-a 

6. 

1-x 7 

(i+x?’ 

1. 


8. 

A w + 2 

4-gn-l 

9 . 

2" _1 (2«- 

1); 2*(2n 

-3)+ 3. 10. 

5" +l -5-4n 
16 xS"- 1 



11. 



12. 

*-!(■ 

-,i)- 


18. 

3»+i_2- 

n. 

14. 

2(2“-l-4 n). 


15. 

4(4 

"-l + 15n). 

16. 

l(3" +l - 3 

-2 n). 

19. 

2, 5, 8, or, 26, 5, 

-16. 

20. 

4, 8,16. 

21. 

8, 4. 20. 


27. 

n.2 n+ “ - 2 n+1 + 2. 


33. 

(1- 

-rXl-nr) 



Exercise 149. [ Pages 571-574 ] 




1. 

(j-3v“0, 

2. 

14. 

3. 24. 4. 

. 1. 

5. 

27x*-4y*—0. 

6 . 

y«2(x + 

!)■ 

7. 

12x* - 25xy + 12y 

*-0. 

8. 

*“ a * + £• 

9 . 

*-3+2® 


10. 

y“|i<s/ 0 *-x* 


12. 

46 

inohes. 

18. 

£26. 6s. 


16. 

46 sq. metres. 


16. 

3464 sq. cm. 

17. 

960 oubk 

i cm. 

18. 

It metres. 


19. 

10 

cm. 


26. 1‘2426 ins. nearly. 21. '01875 decimetres. 22. 1610 ft.; 305'9 ft. 
28. 38 days. 24* 2244 days nearly. 26. 9:4. 


26. Value of a diamond- : value of a ruby - 

M _„22. + 2-. 31. The cost is least when the rate is 12 mile* 

an hmu; and the cost per mile is £& and for the journey is £9. 7*. 6d. 
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1983 


1 Answer either (a) or (6) 

(a) Resolve Into faotors Ion# two): 

(1) 20.s’-7j#- 6#\ 111) »*-16. Hill B 4 +3i*+4** + 8r+l. 

0)' Find the H. 0, F. ol the following expressions 
8*' + 27, 4*’ -9, 9a*+ 5*+8, 2x* +7s’ + 8* + 8. 

2. Answer either (a) or (b). 

(a) BoHe: 

(I) \^-2, (It) “+3„-8, 

*- 10 #- 86 . 
ttj a 

(8) There are some boys ted girls In a room. The square of the lumber of 
the girls Is greeter than the number of the boys by 28. If there were two more 
girls In the rrrm, the number of the boys would have been seme se Ibe number of the 
girls. Find the total number of the boys and girls. 

8. Answer either (o) or (b) 

(а) Draw the graphs of the tvorqnatlons 9o , 48# —19— Oatd g+2# — 7—0. T 
Solve the two equations from their grspbs. (Mleaet three points an to be taken for 
drawing eaoh graph.) 

(б) (I) If from a positive number Its positive square root Is substraoted, 110 Is 
obtained. Find the number. 

(II) The sum of the squares of two numbers Is 59 and their produot Is -10. 
Find the numbers. 

4. Draw the grspbs of the following throe inequations and mark the solution- 
region satisfying them simultaneously, If It exists : 
a < l. V 9. *-*V 12. 

Or, If r- iy/8+l, find the value of 


e 4 + 


1_ 

B 4 


and a 4 


1 

a* 


1984 


1. Answers either Q (a) or (8). 

(a) Resolve Into faotors (an# (wo):— 

(I) 27x* -196. 

(II) 10x* + 7ar# -19#’. 

(III) a’(# -s) + #*(s - a) + s *(* - #)• 

(b) Find the B. 0. F. of the following expressions 

x*—1, a'+e’-Ta+B, a 4 +9a , -Sa-l. 
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1 Answer either Q, (a) or Q. (5). 

(а) Solve : 

(1) |+|-18, 01) 8b-?-3, 

— + ^ “ 81 . 6 *--- 8 . 

> V V 

(б) There are some peas and pencils In a bos.' 3 pens are removed from the box 
and S more penolls are pnt In it. As a resnlt the namber of penoils In the box 
beoomei twloe the number of pens. If 7 more penolls are put in the bos, the ntunbes 
of penolls In it beoomss three ttmeB the number of pens, Find the numbers of the pens 
and the pencils whioh were originally in the box. 

S. Answer either Q. (a) or Q. ( 6 ) : 

(a) Draw the graphs of the two equitions a + 2p + l-0 and.2p-a-8 —0. 
Solve the two equations from their graphs. (At least three points ate to be taken fox 
drawing eaoh graph.) 

(i) (I) The numerator of a fraotlon Is less than Its denominator by 1 and the 
square of the numerator is greater than the denominator by 11. Find the fraotlon. 

(il) The sum of the squares of two positive numbers is greater than- 
thelr product by 28. ff the ratio of the two numbers is 2 : 3, fini the two numbers. 

4. Draw the graphs of the following three inequations and m trk the solution- 
region satisfying them simultaneously, If it exists : 

sb > 2, p > 3, 5x - 4p -g 0. 

If a - s/3 + s/2 and y— s/3 - s/2, then find the values of a'+p* and a* —p*. 

1985 

1. Answer either (a) or (61 

(а) Choose any two of the following expressions and resolve eaoh of them 
Into two faotors: 

(1) 4i‘ + 16p\ (III it' + ix'-lx+V. 

(Ill) (*’+ 61 + 4 ). (lv) (a*+5*+6)-lB. 

(б) Find the H. 0, F, of the following expressions :— 

x'-x, x‘-x\ a*-l, x’-a*. 

t. Answer cither (a) or (6):— 

(«) Bolve; (I) | + *-10 (II) 6+8x»«S8* 

!±»-, 

(6) The area of a square Is twloe that of a reotangle. The length of the 
rectangle is greater than the length of eaoh side of the square by fiom. and the 
breadth is less by IS om,; find the perimeter of thi reotangle. 
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I. Answer either (a) or (6) 

(а) Drew the graphs of the two equalong : an+Bf —jt9-«C nnd 

8a-3v + 19-0. (At least threi points are to be takm fer dr.wlag oath graph.) 

(б) The prodaot of thres Integers Is 803. The ratio of the first and the 
saoonl of them Is 2 : 6. If 8 Is aided to aaih of tin first atd the sioond numbers 
and the third Is nnohanged, the prodaot of the three besomes 8.200. Find the 
original three numbers. 


i. Answer eltheifU) or (6) 

(“) Drew Ae graphs o! the following three equations and mark the 
solution-region, satlsf/ing them rim lltaneoaslp. If It edsts ; 

0 ^ * s£ 2 , 0 ^ y < 8, 2*+f < 4, 


( 6 ) 


If * nd ‘henprorethat 


1986 


1. Answer any two questions :— 

(I) Express [(a’ - b ’) a’ + 2a*+I] as a prodaot of two factors. 

(II) Simplify : a - ; .j ■ * (J - ^ (c “ o| ■ + r . ' 

«" “-v (s-ir-sss- 

(It) Find the H, 0. F. of tb) following expressions : 

(a*-5e* —2r+ 24); (a* -9»*+28a -24 . 
t. Answer any one question 
(a) Solve: (1) 8a + 2p«=7, 

it-y «2. 


™ m’-° e*9 + «- 

(6) (*) If a -~‘ then find the value of 

* -Jl-Ht- Jl -a 

(11) In a number with two digits, the digit In the unit plaoe Is twloe that 
olthe isn’t plaoe; mwjovar, if 19 Is a id id to this nn nbsr the digits In the 
number lattrohange their positions. Determine the number. 


S. (a) Using »mi unit and same ares, dctw the graphs of ths exprsisioai 
8a4-1) and (5a +1). From the graphs determine the value of a for whloh value* of 
he two expressions b oome equal. 

Oi¬ 
ta) At ten la the msrnlng a person start* to his destination at a speed Of 
4km. per hour. After two hours another peeean starts from ths ism plus bp 
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ejele at a apred el E km. per hour to meet the former person. If the futlnatta 
la at a distance cf 140 km., determine wlm and low much ahead of destination 
they will meet, with tie help of grapha. 

(b> Draw the grapha of the following Inequation : 

x ^ y, x+g<9. 

Mark the aolntlon-reglon satisfy log the Inequations simultaneously. 

Or 

(l) Tie ratio of two 1'qulde In a mixture la 9: 8 and in another mixture of 
if the tame two liquid! the retie la 6 : 4. Determine in whioh ratio there two 
mlxtmee rlould le mixed eo that the ameunt ot tie twol’qulda in this new mixture 
till be the same. 
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' (a) Resolve Into faotors : 

(I) (11) a' + b'+^-Sabc. 

(6) Find the L. C. M. of 

** -8, *• -5*+ 6 and x‘ - iz’ + tx. 

t. (o) (1) I walk 8J miles pet hour. How long do I take to go * miles 1 

(II) What Is the cost of x pencils if p pencils oost q rupees ? 

(Hi) A boy walks x yds. to school and then twloe that distance to the play¬ 
ground. How many miles has he walked altogether ? 

(6) If (a + b + c)*-3(6c+ca+ab), show that a=b-e. 

3. (a) Solve: (1) * 

(11) 3x + 5#- 4 1 
4*-3p = lB j 

(6) A coal merchant has entered Into a oontract to deliver 300 tons of eoal at 
Rs. 38 per ton. When the time comeB, he finds that his stock, whloh has oost him 
Re. 31 a ton, Is not sufficient. Consequently he has to buy more ooal at Bs. 83 pel 
ton, and he loses Rs. 360 in the transaction. How much ooal did he have to bny ? 

4. (a) Given z+ - -8, find the value of 

SB 

(I)*‘+i. Wx'+ji- 

(6) If 1 - « - * • show that K+£ + -.-*T' 
a b e a* 6* c' abe 

5. (a) If a-1- r and 6-1+ 3 > prove that 

0 c 

b* + l 

a+b+c ‘Rb^iV 

(6) Draw the graph of p=z, 

(c) Hither, Draw the graph of z = 9, 

Or, Draw a graph to oonvert inohes into oentlm tree o> vies versa, given that 
l Inch-3'6 om. 


1966 


1. (a) Resolve Into factors : 

(l)a 4 + 4b*. (It) Ba’ + x—3. 

(6) Simplify :(±-±)+(J-J> 


(fif) a* + »v+*-l, 
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2. (a) Find the H. 0. F. of 

t*-9®’+ 23*-12 and **-10*’+2B*-16. 

(6) Either, If (*+ i j - s/3, show that *’ + p -0, 

Or, If a-1, 6-2, c«3, find the value of +1’' 

t. (a) Solve : (1) 2(8*-l)+(*-2)«24. 

(II) 8* — 4g —11 — 0 1 
6*+3j+l—0 ]' 

(6) A number of two digltB Is equal to four times the sum of its digits ; and 
if 18 Is added to the number, the digits are reversed. Find the number, 

4. (a) If ®(6 - c) - y{c - a) - *(o - 6) -1, find the value of {/«+«* + xp. 

(6) The sum of three numbers Is 98. The ratio of the first to the seoond Is 
9 ; 8, and the ratio of the second to the third Is 6 : 8. Find the numbers, 

5. (a) If - + - 1 - j ■ find v In terms of u and /, 

oh/ 

(6) Either, Draw the graph of | + -1, 

(Plot at least three points,) 

Find the oo-ordlnates of the pointB where the graph Intersects the two co¬ 
ordinate axes. 

Or, Draw the graph of F-gC+32 and find from the graph the value of 0 
when F-86, 


1967 


1. (a) Besolve Into factors : (I) (a-i>)’-(26-c)\ (II) **-*+20, 

(6) Find the value of 

(c) Find the L.C.M. of 8i’ + 6i + 8, 2®* + 6z + 4 and 6a*+12o. 

2. (a) (i) A oar travelB at * km. per hour ; find the time taken by It to travel 

y metres. 

(II) A school has p pupils ; b of these are boys. What fraotlonB of the 
pupils are girls 7 

(6) Simplify: 


(c) Show that (x’+f/’Xa’+b’j-laz+birt’+dix-ai/)’. 


8. (a) Bolve : (I) y-^--l. 

Verify your results by substitution, 


«D 


2i + 3y* 
3* - 2y * 


0 1. 

13 J 


(8) A boy walks from home to school at a speed of 3 miles per hour. It 
he had a oyole, he would be able to travel at 10 miles per hour and the journey 
would take him 21 minutes less than if he had walked. What Is the dlstanoe of 
the sohool from his home 7 
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1. W II i: 6-e \ d-t\ f, show that rr]~“ ?§>' 

b’ + d'+f' bdf 

(fc) Two numbers are In the ratio ol 2 to 8 ; If 6 be added to eaob number, 
Mints are In the ratio of 8 to 4, Find the numbers, 

*. (a) 11 S - | (<* + e), find t In terms ol o, n and j. Henoe And s when S -7, 
«- - 6 and n-T, 


Either, 

(b) Using the same unit and aies, draw the graphs ol the following 
equations: (I)*+2p«3; (11) 2z+»-0. 

From your graphs, find the values of x and p which simultaneously solve both 
the equatloni. 

(At least three points should be plotted lor each graph.) 

Or, Draw a graph to oonvert metres Into yards (lrom 0 to 6 yards) taktne 
1 m»tie-l'09yd. * 

From the graph find the value in metres of 2} yds, 

1968 

t. (a) Besolve into faotors : (1) 6z’ + 7z-6 ; (11) (z-a)’-4(z-b)*, 

(6) Use faotors to find the values ol : 

(!) 18 x 98+ 36; (II) ix5'8x7’2-ixf. , 8x4 , 2. 

(c) Find the H, 0. F. of : 2a’ - 4a, 3a" -12a*, 2a‘-2a* -4a*. 

t. (a) (1) How many minutes does It take a man to oyole a dlstanoe of 
t kilometres at a speed of y kilometres per hour ? 

(II) A grocer mixes j> kg. of tea costing him x rupees per kg. with 3 kg, 
Jf tea costing him y rupees per kg. Find the cost price of the mixed tea per kg,. 

B ,_. 2z* — 4az , 4z’-14a* 8z -6a 

(6) Simplify : - - 

(e) If {r + | ^ -3, find the value ol r‘ *■ 

«• (a) Bolve : (1) 

(11) 17z+12p = 27 
12* + 17p=2, 

Verify your results by substitution. 

(6) A man walked the first half of the distance from A to £ at a speed ol 
S km, per hour and the second half at a speed of 6 km. per hour. The seoond hal 
took 18 minutes more than the first half. Find the dlstanoe from Abo B, 
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4. <«) n» Simplify: T-stxT-st+is-osxa'ie+a'texa-tfi, 

(11) If - »;i find the value ot %+—• 

t < ox~v 

(t>) When 1 la added to eaoh of two numbers, their ratio becomes 1 : a and 
when fi la aubtraoted from each of them, tl.air ratio becomes 5 : 11. Find the 
numbers, 

5. (a) If s = ul + \ft', And/in terms of s, u and f, Hence flrd / when s~ 100.. 

n-25, i-6. 

(6) Using the same unit and same axes, draw the graphs of the following 

equations : 

(1) *-6i (11) * + * -1. 

Find the oo ordinates of the point whore the graphs Interseot. 

1969 


1. (a) Resolve Into faotora ; (i) 6x* — 7* — 6 ; (11) a(a — 3) — b(b—2), 

(b) Use faotors to find tho value of: 

(1) 15 x 97 + 45 ; (11) (22'5)’ - (7'5)’, 

(c) (I) The average weight of m parcels is * kilograme. If the average weigh! 
Of a Of these parcels Is p kilograms, find the average weight of the remainder. 

(li) A room Is a metros long, b metres wide and c metres high. If the 
area of doors and Windows In the room Is be sq. m., find an expression for the area ot 

the walls, 


t. Answer either (a) and (b) or (c) and (d) : 

(a) (1) Find the L.O.M. of: a*’-8, 3x-6, a* -4* + 4, 

(II) Simplify : 

(III) Solve: 3l 6 _1 -- 3 +6 --Si- 

lb) By doing a journey at 12 5 km.p.h., a htoyolist oompletes it fn 3 mlnotss 
lees time than If he had travelled at 12 km.p.h. Find the length of the journey, 

[ Use signbralo equation to solve it. ] 

(e) Solve: 2x-3p= 11 
8x + 4p = 8. 

Verify your results by substitution. 

(i) I bought a horse and a carriage for Rs. 1,200. I sold the horse at a profit 
Of 20 per cent and the oarriage at a loss of 5 per oent and found that on the whole 1 
had gained 4 per oent. What was the original prloe of the horse 1 

[ Use algebralo equations to solve it. ] 
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I. Answer either (a) and ( 6 ) or (e) and (d): 

(*) (*) What, must be added to z’ + 7z to make a oomplete square 1 

(11) II z : y = 3 : l, find the value of * + 

6a -y 

( 6 ) Using the same scale of units and the same axes, draw the graphs ol th 
1 allowing equations : 

(I) i 

(II) 3a-»=7. 

Find the oo-ordinates of the point where the graphs Interseot. 

(Make a table of values of z and y for at least 'A points on oaeh graph.) 

(c) (1) If a“ 2 'S, 6 = - 6 , c- 0 , find the value of a'b + b'c + ab', 

(11) If a “ ~ V j l, find v In terms of s, u and (. 

Henoe, find t> ./hen j= 180, u = 21 , f = 10 . 

(d) Draw a graph for converting kilometres Into mlleB, given that 

1 km. * O' 62 mile. 

Use the graph to oonvert 3'1 miles to kilomotres. 

1970 

l. (a). Resolve Into factors : (1) 4z'-16x + 7 ; (11) ac + bd-bc-ad, 

( b ) Use faotors to find the value of: (1) 17x96 + 68 ; (11) (2'5)’ -2'6 xl' 6 , 

(0 ( 1 ) If n Is an odd number, write down the next two odd numbers. 

(II) Find the distance In metros a man goes when running at b km. p.h. 
f is ( minutes. 

I. Answer Etlh»r (o) and ( 6 ) nr (e) and (<i) : 

(a) (1) Find the H.O.F. of: 2a’x-a*, tax’ -a. 

.... _. 2 x -8 2 z —4 

(II) Simplify ; — g - 4 

(III) Solve ; - 6 -j- - - 24 . 

(b) A father Is now three times as old as hls son; after 16 years he will 1 
twlse as old as hls son. How old Is the father now f 

(e) Solve i 2z + 6ti-l, 4 e + 3 « + 12 ~o. 

Check your results by substitution. 
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(d) A number la ol two digits whose sum la IS. It the digit) M) Into* 
ohanged, the number Is Increased by 18. Find the number. 

S. (a) It c’-u’ + S/s, find sin terms of u, v and /; and also the value ol 8 
when u-90, e-lS, /- -9, 

Either, (6) Using the same scale of units and the same axes, draw the graph) 
of the following equations : 

(I)8* + b-0i (11) z-3#«T. 

Find the coordinates ol the point where the graphs Intersect. 

(Make a table of values of z and p for at least three points on eaoh graph.) 

Or, ( b) Draw a graph to convert lnohee Into centimetres, given that 1 loot 
-8'6 cm. Find from the graph the number of Inches In 8 centimetres. 



APPENDIX 

INEQUATION 

1. Simple and Compound Inequations : 

Two quantities may have, between them, three relations, one of 
equality and two of inequality. If they are unequal, then one of those 
quantities must be either greater or less than the other. For instance, 
\t a r* b (».«., a is not equal to b), then a > b (t.e., a is greater than b), 
or a < b (*.«., a is less than b). 

As the relation of equality, Btated in the form of an equation 
provides a means of finding out the value of an unknown quantity, so 
also the relation of inequality stated in the form of an inequation 
makes it possible to solve out the value or values of an unknown 
quantity. For example, let x be an integer greater than five. In 
figures then, 

x > 5. 

What is the value of * ? It is easy to see that x may be any integer 
from 6 to infinity. The solution of the inequation thus does not 
give a single value, it gives a set of values for x. But if it is stated 
that x is an integer such that it is greater than five but less than 
seven, then x is certainly 6. In figures, if 

x > 5 and x <_7, 

then x “ 6 

In this oase the solution gives a single value. But it must be noted 
that there are two simple inequations here and these may he 
conveniently written as 

5 < x < 7. 

In words this means : The integer x lies between 6 and 7. This is a 
compound inequation. A few more examples of suoh compound 
inequations are given and explained below. 

(i) x > 6 means x > 5, or x-5. 

(ii) x < 8 means x < 3, or x**3. 

(iii) fi > x > 2 means 

5 > x and x > 3, 
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(iv) sc ■*£ 4 (*.«., x is not less than 4) 

means X “ 4, or x > 4. 

(v) x ^ 2 (».«., x is not greater than“2) 

means *“2, or x < 2. 


2. Solution of Simple inequations : 

In the case of an equation the equality of two sides is not 
affected, if (i) the same quantity is added to or subtracted from eaoh of 
the sides, and also if (ii) each of the sides is multiplied or divided by 
the same quantity. 

It will be proved hereinafter that in the case of an inequation 
too (i) always holds good but (ii) holds good only under jcertain 
condition. 

(i) If a > 6 or 6 < a, then let 

a * b + d, where d is positive, 
this is an equation, 
a + e**6 + d! + e ; 
or, a + c-(6 + c) + d; 

(a + c) > {b + c) [ V d is positive ]. 

Similarly, 

o-6 + d, 

then a-C“&+d-e 

or, o-c«(6-c)+d, 

(a - c) > (6 - c) ['.’ d is positive ). 

This proves that an inequation remains unaffected if the same quantity 
is added to or subtracted from each of its sides. 

(ii) Again, if a > b or b < a, then let 

a-b + d, where d is positive. 

Multiplying both sides by e, we have 
ao ■" bo + dc. 

Sow, if c is positive, then do must be positive and so ao must be 
greater than bo to the extent of de. 

.". ao > bo. 
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But if o is negative, then dc must be negative, and in that oase oo 
will be less than be to the extent of do, i.e., ae < be. 

Similarly, 

V a=*b + d, 

c " e + c (dividing throughout by c). 


Here also, if c is positive, then 

^ > - to the extent of - ; 
c c c 

but if c is negative, then 



b 

c 


to the extent of 


d 

e 


■ ■ an inequation remains unaffected if both its sides are 
multiplied or divided by the same positive quantity. 

Example 1. If (2a: +11) > (x +15), find the value of a. 

(2a +11) > (a;+16), 

or, {a: + (a: +11)} > {(a +11) + 4}, 

or, {x + (a +11) — (® +11)} > {(a +11) + 4 - (* +11)}, 

or, x > 4. 

the required value of x is any number greater than 4. 

Example 2. Solve : (3m +15) < (5x +11). 

(3* + 15) < (5m +11), 

or, {(3m +11) + 4}< {(3m +11) + 2m}, 

or, {(3m +11) + 4 - (3* +11)} < {(3® + 11) + 2a - (3x +11)}, 

or, 4 < 2a, 

or, 2 < a, or, a > 2. 


Example 3. A milk-man purchased 9 cows when he had 
twice as many cows as he had at the beginning. With the 
addition of the newly purohased cows the number was found to be 
more than three times the original number of cows. What is the 
highest possible original number of the cows ? 

Let us suppose that the milk-man had a number of oows at first. 
Then, aooording to the question, 

2e+9 > 3a, 
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or, 2® + 9 - 2® > 3 ® - 2®, 

or, 9 > ®, i.e., x < 9. 

the highest possible original number of cows is 8. 

’Example 4. Ith of the number of boys of a class got plucked 
'Only in mathematics and one more than 1th of the total number of 
'boys of the same class got plucked only in the second language. None 
vgot plucked in more than one subject and the total number of failures 
'was less than half the number in the class. What is the least possible 
number of boys in that class ? 

Let the number of boys in the class be x. 

Then according to the question, 

(s ♦!«)<-;■ 

or, (4a + 5x + 20) < 10a, (Multiplying throughout by 20) 
or, 20 < a, i.e., a > 20. 

Since both *th and 1th of the number are oach integers, it must 
4>e divisible by 4x5 or 20 and also it must be greater than 20. The 
least number, therefore, must be 40. 

.’. the least possible number of boys in the class is 40. 

Example 5. Prove that the sum of the squares of two unequal 
numbers is greater than twice their product. 

Let the numbers be a and b. 

(a - b)‘~a* + b* - 2ab, and since a square is always a 
positive integer as a r*b, 

we have a a + b a - 2 ab > 0, 
or, a* + 6* > 2ab. 

the sum of the squares of two unequal numbers is greater 
than twice their produot. 


EXERCISE 1 

1. If a - b + k, where a and b are positive but k is negative, then, 
prove that a < 6. 

2. Write tbe following with the help of algebraic symbols : 

'(i) a is a positive number ; (ii) a is a negative number; 
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(iii) a is equal to zero or a positive number ; (iv) a is equal to zero o» 
a negative number ; (v) a is any number between 5 and 8. 

8. State from each of the following relations whether a ir 
positive or negative : 

(i) (a +1) > 1 ; (ii) a + 2 > 3 ; (iii) * -1 > 0 ; 

(iv) as +1 <1; (v) 2 < a? + 2 ; (vi) (2a + 8) > (3a + Si 

Solve : 


4. 

(7a+ 23) > (2a+ 38). 

6. 

(7a+ 9) > 6(a + 8). 

6. 

(8a+ 7) < (4a+ 5). 

7. 

2(a + 3) < (6a + 3). 

8. 

3(a +11) < (6a+ 15). 

9. 

(10a + 5) > 5(a +1). 

10. 

(a +1) > 1. 

11. 

(2a+ 5) <(3a + 2). 

12. 

2 < (a + 2) < 7. 

13. 

8 > (a + 2) > 8. 

14. 

(a + 1) 1. 

15. 

(a + 8)> 8. 

Express symbolically : 



16. 

a is any number between 5 

and 7. 


17. a is equal to or greater than 3 but less than 8. 


18. a is any number from 2 to 6. 

19. If a is an integer and 9 < a < 11, then what is the vain* 

of a 7 

20. If a is an integer such that 6 < a < 7, then what iB the 
value of a ? 

21. Find the solution sets of a if a is a natural number suoh 
that 6 < x < 11. 

22. Shew that the produot of two successive odd numbers is le» 
than the square of the even number between them. 

28. If a r* b c, then prove that (a* + b* + c*) > (ab + be + ca). 

24. If ^ is a negative integer, then, prove that a > _ 1 

X * 

25. A big family bought and settled down in a new house 
When the number of the members of the family increased to one and 
a half of what it was at the time of coming to the house, 28 tenants 
rented a portion of the house and started living there. As a result 
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there were more than two and a half times as many heads as there 
were at first in that house. What was the highest possible number of 
members of the family at first ? 

26. A boy has one rupee and a few paise in 5 and 10 paise coins 
totalling 16. (i) How many 5 paise coins might he have at most ? 

(ii) What are the least and the greatest amounts of money that he 
might have had ? 

S. Graph of Simple inequation : 

It is soen that the solution of a simple inequation giveB a set of 
values. These may be graphically shown on a number-line. For 
example, if, x+l >2, 

then x > 1. 

Now, on a line from left to right, points indicating, 0,1, 2, 3, 4, 6, 
eto. are marked successively at equal distances and each such point is 
placed in a circle. All but the circles round 0 and 1, are dotted solid 
and the portion of the line just-beyond the point 1 extending to the 
right is marked deep and fat as below. This fat portion of the line, 
every point on which gives a value for x greater than 1, is the graph of 
the inequation, x+l >2. 



0 12345678 


It is easy to see that the graph of the inequation, x > 1, will be 
the fat portion of the line below on which the circle round 1 is also 
solid. For, x ** 1 is a solution set of this inequation. 



Example 1. Draw the graph of 1 < x < 6. 

Let the points 0,1, 2, 3, 4 and 5 be plotted on the number-line 
below successively at one unit’s distance apart. Each suoh point is 
plaoed within a oirole. The ciroles round 2, 3 and 4 are made solid 
and the portion of the line beyond the point 1 upto a point just adjacent 
to 6 is marked fat. Since 1 and 6 are not on the graph, oiroles contain- 
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ing 1 and 6 are not solid. This fat portion of the number-line is tbe< 
graph of the inequation. 



Example 2. Draw the graph of 1 < x < 5. 

Here both the points 1 and 5 are on the graph. The portion of 
the number-line from the point 1 to the point 6, therefore, is the graph 
of the inequation, 1 < x < 6. Sinoe 1 and 5 are on the graph, oiroleB 
eontaining 1 and 5 are shown solid. This is given below : 



EXERCISE 2 


Draw the graph of: 


1. 

w > 8. 

2. 

*<7. 

3. 

(2b+ 5) > (b + 7). 

4. 

o < *;< s. 

5. 

* > 4 or x “ 4. 

6. 

x > 7 and x < 11 

7. 

5 > x > 1. 

8. 

2 < (b + 1) < 6. 

9. 

x 4. 

to. 

x ^ 0. 

11. 

x > 8. 

12. 

B < 6. 


Write down the inequation for each of the followings graphs : 



4. Simultaneous inequation : It has been seen earlier that a simple 
Inequation gives a set of values for the unknown and that these values 
plot a segment of a straight line. It will be presently seen in the 
(allowing examples that every pair of simultaneous inequations 
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involving two unknowns also give quite a few pairs of values for the 
variables. These pairs indicate points lying in a region and not on a 
straight line. It is, therefore, necessary to draw graphs of each of the 
simultaneous inequations so as to indicate the region, the co-ordinates 
of every point of which give a pair of solution of the inequations cod- 
oemed. The following examples will explain the matter in full. 

Example 1. Solve : ® + y - 3 > 0 
and 2® - y - 6 > 0. 

We have from 

«+y-3 >0, 

or, y > 3 — * — (1) 

Let us oompare this with the equation, y — 3-a. 

It is easy to see that for a particular value of x, the value of y of 
the inequation will be greater than that of the equation. This shows 
that the paired values of x and y of the inequation will give points 
lying on the upper region of the straight line, y - 3 - «. We, therefore, 
draw the graph of the equation with two mutually perpendicular 

straight lines XOX' and YOY' as the axes of co-ordinates and 5 times 
the length of a side of the smallest square of the graph-paper as the 
anit of length. 

(0, 8), (1, 2) and (2,1) are points on the graph indicated by 

«■* *•* 

BO. The region shaded #/ above BO, then, is the graph of the 
Inequation (1). 

Similarly, we have from 2® - V - 6 > 0, 
or, 2® - 5 > y, 

or, y < 2® - 5. ••• (ii) 

Comparing (ii) with the equation y** 2a-6, we find that the 
ordinate y of every point on (ii) is less than that of the equation, 
*-2®-G. The region indicating the graph of the inequation (ii), 
therefore, shall lie below the line, y - 2® - 6. With the same axes of 
eo-ordinates and the unit of length we draw the graph of this equation 

and indioate it by AB, the lower region of which is shaded ^ to 
Indioate the graph of the inequation (ii). 

It is now easy to see that the region within the angle ABO is 
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oommoQ to both the inequations and that the oo-ordinateB oi every point 
of this region give the solution of the inequation (i) and (ii). 



Example 2. Solve: 2as-3y-l>0 — (1) 

and 2x + 8y - 7 < 0 - (2) 

From (1), we have 

2a; -1 > By, or, y < 1 


Therefore, the ordinate y of every point of (l) is less than that of 
and hence the points on (l) will lie in a region below the 


line, y 


2a;-1 

8 


Again from (2), we have 

2® + 8y - 7 < 0, or, 3r<7-2®, 


This shows that the ordinate of every point on (2) is equal to or 
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less than that of v “ ~~ and hence the points on (2) will lie either on 

0 

7-2* 


#-> —„ or in the region below the line. 

0 

Now, with two mutually perpendicular axes,XOX* and YOY and 
with 5 times the length of a side of the smallest square of the graph' 

paper as unit, we draw the graphs of and V “ jj arid 

4 —► 

lndioate them by, AB and BO respectively. 



It is easy to see that all points in the common region within the 

angle ABO and along BO, give the solution sets of the given inequations 
(1) and (2). 

Example 3. A weaver has to produce at least 10 pieoes of 
'Krishna' and 6 pieces of ‘Kaveri’ saris (cloth) every week to stay in 
business. The cost of production of each piece of 'Krishna' is Bs. 60/- 
and that of every piece of 'Kaveri' is Bs. 80/-. If the weaver is unable 
to invest more than Bs. 1600/- per week, then, how many of each kind 
l&oold he produoe so as to produce the largest number of pieces 
together 7 
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Let the weaver produce x pieoes of 'Krishna' and y pieces of 
‘Kaveri’ saris every week so as to meet the given conditions. 

Then according to the question, 

60x + 80y < 1500. 

3k + 4j/< 75 ••• (i) 

and x > 10, ••• (ii) 

V > 5. ■■■ (iii) 

We now draw the graphs of k - 10, y**5 and 3k + 4y“ 75 and 

ladioate tbemjby AB, AC and BC respectively on the graph-paper 
below. 



It is easy to see that the co-ordinates of the points of the 
region bounded by the triangle ABC will give the solution sets of the 
above inequations. 

Since the number of pieoes of cloth must be integral, the values 
of x and y must also be integers and their greatest values^ must be 

indicated by the_jco-ordmate8 of a point on 3 k + 4y *“ 75 or BC. 

Again, since, V “ — and K > 10 and y > 3, 

when K** 13 1 and whenK"*17 1 
y=9 / »“6 1 

These two points viz. (13, 9) and (17, 6) are the only points on 
BO for integral values of x and y. 
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Now, 18 + 9-22 and 17 + 6-23 and 23 > 22. 
the required solution is x = 17 
and v-6 

That is, the weaver must produce 17 pieces of ‘Krishna' and 
6 pieces of 'Kaveri' saris per week under the given conditions. 

Example 4. A printing press takes 2 hours to compose 1 format 
of a book A in small pica and 1 hour to print 1000 copies of 1 format of 
the same book. The press takes 1 hour to compose 1 format of another 
pictorial book B in bigger types and 2 hours to print one thousand 
copies of the same format. If the press gain Bs 80/- by printing 
1000 copies of 1 format of A and Es 100/- by printing 1000 copies 
of 1 format of B, and if the working hours of the press do not 
exoeed 12 hours a day, then how many formats of each book should be 
oomposed and printed in one thousand copies each, so as to maximise 
the profit of the press ? 

Let x formats of A and y formats of B he composed and printed 
la 1000 copies each, so as to maximise the profit. 

Then, the total time devoted to composing is (2* + v) 'hours and 
2z + y < 12. - 0 

Again the total time devoted to printing is (a + 2y) hours 

and « + 2y C 12- ••• (ii) 

Also x > 0 and y > 0 

Now, in the graph-paper below, graphs of 2aJ + v —12 indicated 

♦4 * 44 «-4 

by AB and of e + 2y —12 indicated by CD are drawn, AB and CD 
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Intersect at P and OA and OB represent graphs of e-O and V'O 
respectively. 

It is evident that the co-ordinates of every point of the region 
bounded by OOPB will give the solution sets of the above inequa¬ 
tions. It is also seen from the graph that the values of both X and y 
in the region range from 0 to 6. 

The profit in rupees ” 80* + lOOy. 

It is now found from the table below that the profit is maximum, 
when s*4 and y>“4. 


Number of formats 

of A 

Number of formats 

of B 

Profit 

Bs. (80® + 100y) 

X 

V | 


0 

6 

Bs. 600 

4 

4 

Bs. 720 

6 

0 

Bs. 480 


.•. the press must compose 4 formats of each book and print 
1000 oopies of those formats so as to maximise its profit. 

EXERCISE 3 

Solve : 

t. ® + 2y-4 > 0 and 2®-y-3 > 0. 
t. 2x + 3y-7 > 0 and 3*-2y-4 < 0. 

3. 5* +3y > 11 and lx- 2 y > 3. 

4. 3* - 2y > 5 and * + 3y < 9. 

5. 5a:-3y-9 > 0 and3*-2y-5. 

#. 2* + 2y > 4 and 2*+v < 6. 

7. A man wants to buy at least 6 pieces of ‘Dhuti 1 and 4 pieces 
©t 'Sari' within 600 rupees. The cost of Dhutis and Saris 
tra respectively Bs. 30 and Bs. 40 per piece. How many pieces 
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of each kind of cloth should the man buy so as to get the max'mum 
number of pieces together ? 

8. A man proposes to spend 100 rupees for buying a few pieceB 
of article ’A' at 12 rupees per piece along with a few pieces of artiole 
'B' at 8 rupees per piece. He has to purchase at least one piece of A’ 
and a number of pieces of *B’ not exceeding 8. How many pieceB of 
each kind should he purchase so as to get the maximum number of 
those articles together ? 

0. It takes li hours in a machine A and $ hour in a machine B 
to produce one packet of articles marked x. One packet of another 
article marked y can be produced by working J hour in machine A and 
li hours in machine B. Each machine may be worked upto eight 
hours a day. If the profit per packet of x is Rs. 5 and that per packet 
of V is Rs- 3i then how many packets of each kind should be produced 
so as to maximise the profit ? 

10. 176 pilgrims have all together 35 quintals of luggage with 
them. They may reach their destination in two types of small buses. 
One type of these buses can carry 24 passengers and 5 quintals of 
luggage and the other can carry 16 passengers and 3 quintals of 
luggage. The charge per trip of the first is Rs. 250 and that per trip 
of the second is Rs. 200. How many trips of each of these buses 
should be arranged so as to carry all the passengers together with 
their whole lot of luggage so as to minimise the expense ? What will 
then be the minimum expense ? 

11. A weaver has to produce at least 12 dhutis and 8 saris 
per week to stay in business. If the cost of production of each dhuti 
Is Bs. 20 and that of each sari is Rs. 30 and if the weaver can invest 
not more than Rs. 600 per week, then how many pieces of dhutis 
and saris should the weaver produce per week, so as to put up 
maximum number of pieces for sale ? 

12. Two types of cycles, low-speed and high-speed are manufac¬ 
tured in a factory. The cost of production of each low-speed oyole is 
Bs. 150 and that of each high-speed cycle is Rs. 200. The managing 
authority of the faotory cannot spend in a week more than Bs. 6000 
for raw-materials and wages. And to stay in business, the faotory has 
to produoe at least 15 pieces of low-speed and 10 pieces of high-speed 
cycles. If the profit per low-speed oyole is Bs. 50 and that per high¬ 
speed cycle is Bs. 75, how many of each kind should tbh faotory 
produoe so as to maximise the profit per week ? 



ANSWERS TO EXERCISES IN THE APPENDIX 
Exercise 1 


2. 

(i) a > 0 ; (ii) 

a < 0 

! (iii) a > 

0 ; (iv) 

a < 0 ; 

(v) 6< 

a < 8. 

3. 

(i) positive ; 

(ii) positive ; 

(iii) positive ; 

(iv) negative ; 

(v) positive ; 

(vi) 

negative. 





4. 

x > 3. 

5. 

as > 3. 

6. 

x > 2. 

7. 

x > 1 

8. 

x > 6. 

9. 

os > 0. 

10. 

as>0. 

11. 

as > 8. 

12. 

0 <\x < 5. 

13. 

1 < a: < 6. 

14. 

* 0. 

15. 

»>0. 

18. 

5 < x < 7. 

17. 

3 < os < 8. 

18. 

2 < x < 5. 19. 

as-10. 

20. 

as—6, or 7. 

21. 

6, 7 8, 9, 10. 25. 

24. 

28. 

(i) 9; 


(ii) Bs 1'05 ; 

and Bs 1'45. 






^ *• 

Exercise 2 

( Bead the graphs as numbered^radeessively 13, 14 and 15. ] 
18. 0 < * < 4. 14. 1 < » < 3. 15. x ¥ < 3, 


Exercise 3 s 

1. Oo-ordinates of all points in the region above the graph of y - -g— 
and below the graph of y - 2* - 3. 

2. Co-ordinates of all points in the region above the graph ot 

n „ ^ 

V - —y an( l on or above the graph of y- g • 

8. Co-ordinates of all points in the region above the graph ol 
V- ^ g and below the graph of V — ^ ' 

4. Co-ordinates of all points in the region below the graph of 


V” 



9-os 
-• 
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8. Co-ordinates of all points in the region below the graph of 

8*-9 , , , 3*-6_ 

V“ —j— and on the graph of i/“—j—• 

8. Co-ordinates of all points in the region above the graph of 
#*■2 — x and below the graph of V“6-2*. 

7. 10 pieces of 'dhuti’ and 5 pieoes of ‘sari’. 

8. A —3 pieces, B —8 pieces. 

9. 4 packets of each kind. 

10. 4 trips of the 1st type of bus and 5 trips of the 2nd type of bus; 
jninimum cost Bs. 2,000. 

1L 18 pieces of 'dhuti' and 8 pieces of 'sari*. 

12. 16 low-speed and 13 high-speed. 







